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FOREWORD 


This  document  is  a  machine  translation  of  Russimn 
text  which  has  been  processed  by  the  AN/GSQ-16( XW-2 ) 
Machine  Translator,  owned  and  operated  by  the  United 
atates  Air  Force.  The  machine  output  has  been  fully 
post-edited.  Ambiguity  of  meaning,  words  missing  from 
the  machine's  dictionary,  and  words  out  of  the  context 
of  meaning  have  been  corrected.  The  sentence  word 
order  has  been  rearranged  for  readability  due-  to  the 
fact  that  Russian  sentence  structure  does  not  follow 
the  English  subject-vorb-predleate  sentence  structure. 
The  fact  of  translation  does  not  guarantee  editorial 
accuracy,  nor  does  it  indicate  USAF  approval  or  dis¬ 
approval  of  the  material  translated. 
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ANNOTATION 


This  book  ia  a  fivonograph  on  the  statiatical  theory 
of  radar.  It  oonsista  of  two  volumaa.  In  the  first  vol¬ 
ume  the  baale  problems  of  the  theory  of  detection  are  ex¬ 
pounded,  in  the  second  —  the  problems  of  radar  measure¬ 
ments  and  several  problems  on  target  resolution.  Methods 
for  analysis  and  synthesis  of  radar  systems  are  treated, 
as  are  many  results  and  r»»les  obtained  by  these  methods. 
The  book  is  designed  for  teachers  and  those  acquainted 
with  the  basic  aspects  of  the  theories  of  probability  and 
the  theories  of  random  processes.  The  necessary  infor¬ 
mation  from  the  theory  of  statistical  resolution  is  given 
in  the  book. 

The  book  is  intend^}  for  scientific  workers  and  en¬ 
gineers  »  those  concerned  with  radar  problems,  and  also 
for  post-graduate  students  and  students  of  corresponding 
specialities. 
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INTRODUCTION 


Devolopnent  of  radar  technology  made  necessary  the  creation  of  a  theory  of 
radar,  tihioh  would  eatablisi;  the  basic  regularities  and  unique  criteria  of  quality 
of  radar  systems. 

This  theory,  in  accordance  with  the  fuacti<»ia  pferforaed  by  any  radar  set,  is 
statistical.  Actually,  radar  is  used  for  detection  of  objects  and  neasurement  of 
paraiseters  of  their  motion,  the  {Sspeoence  or  absence  of  an  object,  as  well  as  thtss 
{taramsters,  are  random.  Besides  the  randocmees  of  meaeured  aa^fiitudes  there  aro 
other  causes  of  the  randcmsiess  of  input  radar  data  tlte  raitdomnesa  of  a  refleeied 
signal  (fluctuation  of  a  sigtuil)  and  the  maiidatory  presence  of  these  or  other  inter¬ 
ferences.  Such  interferon oee  can  be  natural  noises  of  roeeivere,  roflections  frcni 
nearby  objects,  the  surface  of  the  earth  aiid/or  sea,  and  also  specially  organleed 
interferences  of  various  foros  ea^oyed  for  <»»bat  with  systems  of  military  assign* 
msni.  As  a  result,  the  received  radar  signal  is  raMotc  and -the  radar  set  revealing 
the  object  or  msasuring  ite  <^rdinate  auet  receive  thoee  or  other  statietical  re- 
eolutiona  coupled  with  the  eignal  frca  the  object  (the  resolution  ehout  ths  pres¬ 
ence  or  absence  of  an  object,  or  about  the  various  valuee  of  its  imraneters). 

The  jproblen  of  analyeis  of  the  quality  of  radar  work  of  every  given  fom  rs- 
dueee  to  the  investigation  of  ratidaca  p*x>cssSSs  in  it  with  ths  influence  on  the 
receiver  iioiMt  of  a  random  signal  mixed  with  noises  or  interfermccss. 


The  problem  of  synthesis  of  radar  reduces  to  finding  optimum  (from  the  view¬ 
point  of  one  or  another  applied  statistical  criterion)  mathematical  operations  on 
the  received  signal  and  to  the  construction  of  a  functional  circuit  executing 
these  operations.  Thus,  in  the  synthesis  of  radar  in  the  mode  of  detection  the 
probability  of  errors  of  resolution  are  minimized  (the  probability  of  a  false 
alarm  and  the  omission  of  an  object)  and  on  this  basis  the  method  of  optimum 
treatment  of  the  signal  is  found.  In  the  mode  measuring  object  coordinates,  ran¬ 
domly  changing  in  time,  frequently  the  mean-quadratic  error  of  measurement  at  every 
moment  of  time  is  minimized,  which  is  attained  by  the  optimum  filtration  of  the 
signal. 

In  connection  with  the  rapid  development  of  radar  statistical  analysis  and 
the  synthesis  of  radar  systems  mi  on  their  basis  the  develoisnent  of  the  main  re- 
giilarities  peculiar  to  radar,  became  the  subjects  of  scientific  investigations 
rather  widely  conducted  in  the  past  few  years  in  various  countries.  First  of  all 
there  appeared  works  devoted  to  the  analysis  of  the  properties  of  applied  radar 
sets.  One  of  the  first  and,  probably,  the  most  complete  was  the  book  *'THreshold 
^Ugnals"  (Ij,  Subsequently  t4iere  aj^ared  various  works  in  which  were  resolved 
various  particular  problems  of  the  analysis  of  various  specific  forms  of  radar 
Kechiujisas.- 

First  resulte  of  statistical  ^thesis  of  radar  sets  appeared  later*  The 

significant  of  them  are  the  works  on  the  theory  of  radar  detection  by 
V,  Peterson,  T*  Serdsi^  and  V.  fox  Middlton  C3]*  0*  Hiddlton  and  Van 

Heter  C4j,  V*  Sibert  (Tj,  To  the  development  of  principles  peculiar  to 

radar  are  devoted  also  the  works  of  F. Woodward  and  1*  the  most  essential 

results  of  which  are  presented  in  the  bo^  of  F*  Woodward  tVobiems  of  the 
detection  of  signals,  not  only  a  background  of  noises  but  also  on  a  background 
of  certain  forms  of  interfering  reflecti<ms,  are  considered  in  the  works  of  t«  A. 
Vaynshteyn  and  V.  U.  ^ub^kov,  reflected  in  their  book 
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To  the  problems  of  radar  measurements  are  devoted  significantly  fewer  works. 
Besides  investigations  of  certain  particular  questions  coupled  with  specific  sys¬ 
tems  for  processing  of  signals,  one  should  mention  here  the  work  on  the  synthesis 
of  meters  by  S,  Ye*  Fal'kovich  [10].  A  series  of  interesting  problems,  pertaining 
to  the  theoiT-  of  detection,  as  well  as  to  the  theory  of  measurements,  is  presented 
in  the  book  of  D.  Middlton  [77]. 

There  should  be  mentioned  also  the  directions  coupled  with  the  application  of 
various  new  forms  of  signals  for  radar  aiid  with  the  theory  of  radar  survey  of  space. 
The  first  of  them  is  a  series  of  articles  on  phase  code  and  frequency  modulation, 
the  references  to  which  are  presented  in.  Chapter  1.  The  second  direction  was 
successfully  developed  by  Yu.  B.  Kobzarev  and  A.  Ye.  Basharinov  [11]. 

The  presented  references  on  theoretical  works  in  the  field  of  radar  are  in 
no  way  ful].,  and  are  done  only  in  order  to  underline  interest  in  theory  of  radar 
from  the  point  of  view  of  a  wide  range  of  specialists  in  various  countries.  Such 
interest  appeared  several  years  ago  for  the  authors  of  this  monograph.  This  was 
connected  with  the  necessity  of  comprehension  already  obtained  and  described  in, 
informational  literature  as  well  as  with  the  absence  of  many  results.  The  theory 
of  detection  .in  published  works  was  illuminated  in  detail  enoughj  however,  not  all 
problems  needed  for  practice  were  brought  to  a  conclusion.  The  theory  of  radar 
measurements  was  not  sufficiently  developed.  In  any  case  no  attempts  of  a  single 
account  of  the  main  principles  of  radar  measux'-ements,  including  the  resolution  of 
a  wide  range  of  problems  having  a  practical,  value  in  this  area  are  known  to  the 
authors.  These  circumstances  were  the  wain  cause  of  the  aeries  of  investigations 
conducted  by  the  authors. 

This  monograph  is  an  attempt  to  ayatematically  o:iiiiound  the  main  positions  of 
statistical  analysis  ainl  synthesis  of  i-^adai*  3yctes»s.  In  this  are  used  results 
obtained  earlier,  but  not  px’eaented  in  literature  in  a  single  forsn,  as  well  as, 
especially,  the  results  obtained  by  the  authors. 
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It  is  understood  that  the  book  does  not  pretend  to  be  <in  exhausting:  account 
ot‘  all  problems  of  radar  theory.  Many  of  them,  moreover,  are  not  even  developed 
nov^.  A  s.ipnificant  part  oi  the  obtained  results  relating  to  radar  ;jre  Intended 
for  work  on  one  object.  This  put  its  am  imprint  on  the  character  of  the  resolved 
problems,  although  many  results  and,  all  the  more  so,  the  methods  of  resolution  of 
proijlems  and  certain  marked  general  regularities  relate  in  equal  measvire  to  all 
types  of  radar  sets. 

Essential  to  the  peculiarity  of  the  statistical  approach  to  radar  is  the 
possibility  to  investigate  a  noiseproof  feature  of  radar  sets  in  reference  to 
various  applied  forms  of  interferences  inasmuch  as  they  arc  rajidom  processes. 
Therefore  the  statistical  analysis  of  radar  systems  by  various  distributive  laws  of 
probabilities  of  input  signal,  in  essence,  coincides  with  an  analysis  of  noiseproof 
feature. 

If,  however,  we  are  limited  only  to  an  analysis,  then  there  always  remains  a 
I’.nown  dissatisfaction  connected  with  the  jaroblem  about  the  fact  that  it  is  impos¬ 
sible  to  obtain  better  characteristics  (range,  accuracy,  resolving  power,  noise¬ 
proof  feature,  etc.)  than  given  by  the  analyted  systems. 

In  connection  with  this,  special  value  is  obtained  by  tho  synthesis  of  optimum 
systems  which  in  given  conditions  are  the  best  (best  qualities  of  detection,  high¬ 
est  accuracy,  etc*).  In  a  number  of  oases  it  appears  that  the  o.'dstlng  forms  of 
systems  posjirtos  properties  very  near  to  the  properties  of  opt  ijnia»  systems .  This 
indi cates  thu  fruitlessness  of  empirical  attempts  to  find  the  best  forms  of  ayatems 
!n  aih*>r  enee  i  it  appe«‘irs  that  optimum  systems  ensure  rather  large  gains  not  real- 

in  priictic’^.  In  these  cases,  theoretical  synthoslti  directly  promotes  the 
oht  .r'!nln/>  of  new  properties,  Kurthermore,  analysis  of  ab.nolute.ly  all  possible 
RtiHilfi cat  ions  of  radiirs  is  apparently  impossible*  Because  of  these  considerations, 
ihu  -uaiiofu  took  the  synthesis  of  optimum  radar  systems  as  .t  biisia  in  the  book, 


Statistical  synthesis  is  presented  in  accordance  with  the  functions  perfomed 
by  radar,  since,  by  only  specifying  these  functions  manages  to  formulate  a  speci¬ 
fic  criteria  of  optimumness,  and  to  bring  the  problem  of  synthesis  to  a  conclusion. 
In  light  of  modern  conceptions,  any  radar  set  performs  two  main  functions; 
detection  of  targets  and  measurement  of  the  parameters  of  their  motion.  The  first 
of  these  functions  is  investigated  in  detail  in  the  first  volume  of  the  book,  the 
second — in  the  second  volume.  The  problems  of  detection  include  both  detection  of 
a  reflected  signal  on  a  background  of  noises  and  interferences  in  every  point  of 
parameter  spaces  of  signal,  and  coverage  of  space  or  search  in  the  regions  of  space 
defined  by  data  of  external  target  indication.  The  problems  of  measurement  in¬ 
cluded  the  separate  measurement  of  parameters  of  the  motion  of  the  object  (range, 
velocity,  angles)  and  their  Join  measurement. 

The  authors  tried  to  illuminate  all  the  main  problems  in  the  following  plan* 
After  a  discussion  of  the  main  initial  sas^le  there  is  produced  a  synthesis  of  an 
optimum  system  and  its  properties  are  investigated,  then  there  is  produced  dn 
analysis  of  the  systems  near  to  optimum,  and  also  practically  applied  systems  for 
the  purpose  of  theij*  comparison, 

^thesis  of  optimum  mechanisme  is  conducted  in  most  cases  on  the  assumption 
that  the  reflected  signal  represents  a  normal  randran  process  and  is  mixed  with 
white  noise  or  with  seme  other  normal  process  appearing  due  to  interfering  x*e- 
fleotions*  Analysis  and  synthesis  in  other  assumptions  about  the  signal  have  a 
fragmentary  character. 

For  synthesi.sed  systems  an  analysis  is  produced  of  the  noiseproof  feature  in 
reference  to  certain  forms  of  interferences*  This  analysis,  in  view  of  the  diffi¬ 
culty  of  corresponding  calculations,  is  not  equally  conducted  everywhere  in  detail* 
For  convenience  of  discussing  the  problems  of  analysis  and  synthesis  of 
various  forms  of  radar  systems  they  are  first  considered  for  a  case  of  the  re¬ 
ception  of  a  cdierent  signal,  and  then  an  incoherent  one. 


In  the  book  there  is  taken  the  following  order  of  discussion. 

Chapter  1  is  devoted  to  radar  signals  and  interferences.  In  it  are  presented 
the  bases  needed  for  the  construction  of  the  theory,  characteristics  of  the  various 
forms  of  main  signals,  the  properties  and  signals  received  are  described. 

In  the  analysis  of  various  forms  of  radar  sets  it  is  always  necessary  to  use 
the  results  of  influence  of  signals  and  interferences  on  the  main  elements  of  the 
receiving  mechanians  (amplifiers,  detectors,  receivers  with  automatic  gain  control, 
etc,).  In  order  to  avoid  numerous  repetitions,  problems  of  influence  of  signals 
and  interferences  on  these  elements  are  considered  in  Chapter  2. 

In  Chapter  3  there  are  expounded  general  problems  of  the  theory  of  radar  de¬ 
tection.  In  it,  first  of  all,  are  presented  several  bases  of  the  theory  of  sta¬ 
tistical  resolutions  which  is  the  theoretical  base  of  the  synthesis  of  radar  sys¬ 
tems.  On  the  basis  the  general  aspect  of  theory  of  detection  of  ob^jeots  in  space 
is  considered  and  it  appears  that  in  all  oases  it  is  sufficient  to  produce  detec¬ 
tion  "along  the  points"  of  this  space.  There  are  revealed  several  general  regu¬ 
larities  of  such  detection  and  }xroblems  of  the  optimization  of  space  coverage  and 
investigation  of  the  object  are  considered. 

Chapter  4  is  devoted  to  the  detection  of  a  coherent  signal,  which  is  investi¬ 
gated  on  the  basis  of  the  general  results  of  Chapter  3.  First  of  all  considered 
is  the  detection  of  signals  on  a  background  of  noisesi  optimum  systems  of  detec¬ 
tion  are  synthesized  and  various  methods  are  invsstigated  of  their  realization. 
Investigated  are  dependences  of  oharaeterietlos  of  detection  on  the  width  of  the 
spectrum  of  fluctuations  of  the  reflected  signal,  the  number  of  utilized  carrier 
frequencies,  and  various  deviations  from  optimum  treatment  of  the  signal  inevitable 
in  the  practical  realization  of  a  eystem.  Analogous  problems  are  also  inveeti- 
gated  for  oases  where,  besides  noiss,  thers  are  passive  and  active  interferences* 
Furthermore,  there  are  considered  problems  on  the  possibility  of  improving  the 
ohoraoterlstios  of  dsteeti<»i  by  means  of  rational  8sleoti<m  of  a  law  of  si^ml 
modulation. 


Analy$i8  and  synthesis  of  systems  of  deteotion  of  incoherent  signal  consti¬ 
tute  the  cbntents  of  Chapter  5*  Synthesis  of  optimum  systems  leads,  in  a  given 
case,  to  a  conclusion  with  more  particular  conditions  than  with  the  detection  of 
a  coherent  signal.  Here  systems  are  considered  with  an  accumulation  of  squares 
of  values  of  received  signal  envelope,  with  a  binary  accumulation  and  with  the 
integration  of  range  scanning. 

The  enumerated  chapters  constitute  the  contents  of  the  first  volume  of  the 
book.  The  second  volume  starts  with  Chapter  6,  devoted  to  the  general  principles 
of  radar  measurements*  In  the  discussion  of  the  problems  of  coordinate  measure¬ 
ment,  in  light  of  statistical  theory,  a  special  stop  is  built  on  the  tracking 
radar  meters,  finding  wide  distribution.  Statistical  analysis  of  nontraoking  me¬ 
ters  is  conducted  in  less  detail.  The  main  attention  in  the  chapter  is  allotted 
to  the  synthesis  of  optimum  radar  meters.  Besides  the  discussion  of  the  possible 
aspects  of  such  a  synthesis  there  is  oonseoutiveXy  brou^t  to  a  conclusion  the 
synthesis  of  an  arbitrary  meter  with  the  Gaussian  statistics  of  measured  parame¬ 
ters.  With  respect  to  optimm  discriminates,  only  general  oedusions  are  drawn} 
specif ie  resolutions  are  eonsideed  in  aubsequent  chapters,  (^tijmai  amoothing 
cirouita  are  aynthsslsedln  the  chapter  in  a  general  fonu 

In  Chi^tere  7  and  B,  on  the  basis  of  gmsral  theory  presented  in  Chapter  6, 
problems  are  investigated  of  range  measurement  with  a  cohertsit  and  an  inoohermat 
aignal  accordingly.  The  main  attention  is  allotted  to  synthesis  of  optimum  dis- 
erimlnat<Mrs  and  consideration  of  various  technical  variants  of  diserlminatws* 
Consideration  is  given  to  an  arbitrate  modulated  elipal,  and  then  the  reeults  are 
made  speoifie  for  all  poeaible  applied  foxns  of  modulation.  PtoVkmB  are  investi¬ 
gated  of  the  aecuraqr  of  range  finders  with  various  discriminators  and  various 
mnoothing  circuits,  i^ihssised  in  Chapter  6.  Thar#  is  eoniidersd  the  influcncs 
cf  latsrfsrenees  on  range  finders,  twitching  the  nonlitUMu*  phe^sna  in  them,  to 
analysla  la  alao  made  of  lumtraddiig  rings  mstexui.  ^ 


In  Chapter  9  there  are  conducted  investigations  of  velocity  meters  based 
both  on  the  use  of  the  Doppler  effect,  and  on  the  range  differentiation  and  the 
angular  coordinates.  First  of  all  the  optimum  frequency  discriminators  are  syn¬ 
thesized,  and  the  various  possible  systems  are  considered  for  their  technical 
realization  with  an  analysis  of  the  characteristics  of  these  systems.  Problems 
are  investigated  of  the  accuracy  of  meters  velocity,  on  the  whole,  with  various 
forms  of  discriminators  and  smoothing  circuits,  and  also  with  the  application  of 
various  principles  of  measurement.  There  are  considered  certain  problems  con¬ 
nected  with  the  action  of  interferences  on  velocity  meters. 

In  Chapter  10  there  is  considered  the  measurement  of  angular  coordinates  with 
a  coherent  signal,  and  in  Chapter  11  —  with  an  incoherent  si^al.  The  distinc¬ 
tive  peculiarity  of  these  measurements  as  compared  with  measurements  of  range  and 
velocity  is  the  fact  that  analysis  and  synthesis  of  goniometers  are  conducted  fco* 
various  methods  of  angular  direction  finding.  With  this  there  is  synthesised  an 
optimum  radio  channel  (dlserittlnator),  the  form  of  idiich  is  specified  for  every 
method  of  direction  finding  and  aystems  near  to  optimum  are  investigated  with  the 
influence  of  both  noisee  and  ecne  forms  of  interferences.  An  analysis  is  made  not 
only  of  discriminators,  but  also  of  the  aeeuraoy  of  goniometers  on  the  idhole. 
Certain  nonlinear  phenomena  in  goniometers  are  investigated. 

In  Chapter  12  optimum  meters  of  several,  In  general,  interdependent  parameters 
of  the  motion  of  the  object  (objects),  are  synthesised  at  ance.  It  appears  that  the 
optimum  parameter  totality  meter  is  not  divided,  as  a  rule,  into  unoonneeted  me¬ 
ters  of  separate  parameters,  )>ut  represents  a  certain  Mmplieated  multichannel 
system,  the  channels  of  idiioh  are  interemnected.  The  general  solutions  found  are 
used  for  the  resolution  of  some  particular  problems. 

In  Ch^tcr  13  the  resolving  powar  of  radar  sets  is  investigated  in  the  mode 
of  detection  and  measurement  of  target  ooordinates.  In  it,  first  of  all,  are  ex¬ 
pounded  the  possible  approaohes  to  an  snalyels  of  the  resolving  power  and  synthesis 


of  optiMim  poKor  from  the  viewpoint  of  the  solution  of  targets  of  radar  sets. 

There  are  also  presented  possible  criteria  of  appraisal  of  the  resolving  power. 
With  the  help  of  the  developed  methods  the  resolving  power  of  sevin^al  forms  of 
systems  is  analyzed  and  optimum  systems  are  synthesized. 

It  is  necessary  to  en^aslze  that  although  the  book  emtnfaces  a  significant 
quantity  of  problems  of  statistical  theory  of  radar,  placed  as  much  as  possible 
in  a  general  fom,  by  210  means  were  all  problems  considered;  certain  discussions 
of  actual  but  still  unsolved  problems  are  contained  in  the  conclusions  to  Chapters. 


SIGNALS  AND  INTERFERENCE  IN  RADAR 


1*1.  Introductory  Renuufka 

For  a  satisfactory  resolution  of  the  problem  of  analysis  and  synthesis  of 
radar  systems  it  is  necessary  to  consider  the  real  properties  of  radar  signals* 

e 

In  the  first  place  this  concerns  the  randoc^  character  of  the  received  signal » 
stipulated  both  by  fluctuations  of  the  signal  reflected  from  the  target  (appear¬ 
ing  because  of  vibrations,  soundings  a»t  other  irregular  ecnqponents  of  the  motion 
of  the  target),  and  fadings  of  tho  signal  because  of  measurements  of  the  propa- 
gational  cemditions  of  radio  waves*  In  connection  with  this,  in  this  chapter  the 
statistical  charaoteriatlcs  are  considered  of  a  reflected  radar  signal,  mainly 
coupled  with  the  process  of  reflection  of  the  signal  from  the  target,  which  is  a 
characteristic  peculiarity  of  radar.  Fttrthei««re  there  are  briefly  described  the 
properties  of  a  sounding  radar  signal  detenaining  in  many  eases  toe  qtuallty  of 
work  of  various  radar  ayetems*  In  the  toipter  is  also  discussed  a  aatoamatleal 
description  of  the  received  radar  signal  toich,  to  a  sufficient  dtgjt—,  reflects 
its  real  properties  determined  hj  experimental  means* 

Under  the  e<»KiitiOAs  of  toe  practical  use  of  radar  syetems,  one  of  toe  main 
characteristics  is  thsir  noistproof  fssture  in  reference  to  natural  interferences 
(set  noisea,  reflections  from  esrth  and  water  surfaces,  etc*)  apscially  organlstd 

interferences*  Therefore,  here  le  also  prsssnted  s  brief  description  of  various 
forms  of  interferences. 


1.2.  The  Main  Radar  Signal 


Modern  radar  stations  are  presented  high  reqiLixemsnts^  ^ieh  reduce  to  long 
range  reception  with  specified  characteristics  and  target  detection  time,  high 
resolving  power  with  a  maximum  number  of  target  parameters  and  accurate  tracking 
by  various  coordinates.  The  necessity  for  fulfillment  of  these  sometimes  con¬ 
tradictory  requirements  puts  definite  limitations  on  the  character  of  the  main 
signal;  in  a  number  of  cases  for  differ^t  operating  modes  of  radar|  different 
forms  of  signal  modulation  are  used. 

Below  will  be  briefly  described  some  forms  of  main  radar  signals  utilized  at 
present  the  merits  and  deficiencies  of  separate  forms  of  modulation  shown  and 
their  influence  noted  on  the  characteristics  of  radar  systems*  Many  of  these  prob¬ 
lems  will  be  considered  more  specifioally  in  subsequent  chapters. 

1.2.1*  Modulation  and  Coherence  of  Main  Signal 

In  virtue  of  the  number  of  causes,  connected  mainly  with  the  conditions  of 
propagation  and  with  the  construction  of  antenna  systems,  in  radar  sv^per^igh  fre¬ 
quency  oscillations  are  used  as  main  signals*  Sud)  oscillations  allow,  by  Doppler 
shift  to  determine  the  radial  speed  of  the  radar  target;  however,  for  ddt«»aining 
other  chtfaeteristics  of  its  motion  (range  ^  angular  coordinates)  it  is  nsoesssry 
to  introducs  a  modulation  of  thess  oscillations.  In  s  gsnsrsl  east  hi^-fraqumey 
oscillations  can  bs  subleoted  to  aaplituds  and  frsqusncy  (or  phase)  modulation. 

In  accordance  with  Ws,  for  a  radar  signal,  we  Have  the  foUoidiig  notation; 

«st  Rc  a  (0  exp  f ,  j|. 

Now  and  henceforth  the  law  of  aspUtude  modulation  is  dsslgAStsd  by  U|^vt),  tHs 
fUnctiM  rapressnts  ths  law  of  phasa  modulaticm,  and  Its  tlais  darlvatiw# 

can  be  considered  ae  the  Imi  of  frequency  moddUtion*  It  is  also 
convenient  by  to  deslgnste  the  complex  law  of  modulsticsi. 

// 


By  Wq  and  we  will  designate  the  carrier  frequency  and  the  initial  phase  of 
the  radar  signal,  and  by  jr’j,  —  its  mean  strength. 

As  a  main  radai'  signal  we  will  mean  a  signal  already  emitted  into  space. 

With  such  a  definition,  as  modulation  of  the  main  signal  it  is  necessary  to  con¬ 
sider  modulation  created  by  the  transmitting  mechanism,  as  well  as  modulation 
superifl^sed  on  the  transmitted  signal  by  the  antenna  system.  The  latter  appears^ 
for  example,  during  scanning  (movement)  of  the  transmitting  antenna  of  the  radar » 
set  relatively  directed  on  target. 

Modulation  of  the  main  signal  is  accmplished  by  means  of  changing  one  or 
more  parameters  of  the  high-frequency  carrier  oscillation.  Usually  such  a  change 
is  periodic  and  is  characterized  by  its  own  period  Tj..  An  important  form  of  mod¬ 
ulation  of  the  main  signal  is  amplitude  pulse  modulation.  In  a  number  of  eases 
this  modvdation  is  combined  with  &.i  addititmal  frequency  or  phase  and  refer  at 
the  same  time  to  intr<q>ulBe  modulation.  A  description  of  separate  forms  of  mod¬ 
ulation  and  their  main  charaoteristies  will  be  presented  below. 

Along  with  the  emception  of  modulation  below  the  conception  of  ooherenoe  of 
the  main  signal  is  considered*  We  will  call  the  signal  coherent,  in  whidt  random 
changes  (Jumps)  of  the  phase  of  the  high-frequency  filler  are  absent.  This  defi¬ 
nition,  obviously,  also  embraces  signals  with  known  phase  Jumps}  when  these  Junps 
are  eliminated  during  reception  thinks  to  so-callsd  coherent  heterodyning,  with 
which  the  main  signal  ie  used,  for  exsB{d.e,  in  the  appropriate  way  as  hetarodyne 
voltage  shifted  in  frequency  and  time. 

In  the  frame  work  of  the  given  definition  continuous  emloeion,  during  tdiich 
it  is  possible  to  disregard  various  iitstid>ilities  of  the  <^perating  modes  of  ths 
transmitter,  is  always  i^hersmt.  As  api^itd  to  a  pulss  signal,  <»her«tkes  corres¬ 
ponds  to  a  sisq^e  eomtectlon  between  the  values  of  the  initial  phase  of  the 
following  one-after-the-<other  j^aea* 


A  coherent  pulse  signal  is  usually  formed  by  means  of  gating  the  aiqili^ring 
chain  of  a  transmitter)  to  ^ich  is  fed  a  high-frequency  oscillation  from  the 
master  oscillator  preliminarily  filtered  through  corresponding  frequency  multi¬ 
pliers.  Through  this  the  pulses  appear  as  if  cut  from  one  continuous  sinusoid. 

In  another  method  of  forming  a  pulse  signal  the  transmitter  generator  (for 
example  a  magnetron)  is  started  by  the  video  pulses  of  a  STnchronizeT)  and  the 
value  of  the  initial  phase  of  the  hi^-frequency  filling  of  adjacent  pulses 
(owing  to  set  noise  and  also  various  instabilities  in  the  transmitter)  appear  to 
be  random.  In  the  absence  of  the  above  noted  coherent  heterodyning)  such  a  pulse 
signal  will  be  called  incoherent. 

The  randomness  of  high-frequen^  phase  of  adjacent  pulses  of  an  incoherent 
sl^ial  does  not  allow  to  separate  those  phase  changes  of  signal  reflected  frcm  the 
target  which  are  connected  with  its  motion.  As  a  result  the  measureBient  of 
Doppler  shift  becomes  imposslblei  i.e.,  direct  measurement  of  the  radial  velocity 
of  the  target)  idiioh  is  cme  of  the  essential  defloisneles  of  an  incoherent  signal* 

1*2*2.  Function  of  the  Autoewrelatlon  of  the  Kain  Signal 

One  of  the  most  important  eharaetttrlstics  of  a  main  signal  Is  its  fonctlcn  of 
autocorrelation  serving  as  a  measure  of  that  orthogonality  of  the  initial  signal  and 
displaced  in  the  time  and  frequency  of  sieaalS)  which  ensures  application  of  tite 
given  form  of  modulation*  The  value)  added  to  this  eharaoteristic  of  the  ma^ 
eiffial)  ie  aaqilalned  by  the  fact  that*  ae  will  be  ehown  in  eubaequent  duq^tarS) 
the  formation  of  this  function  is  reduced  itt  essence  to  the  radiotechnieal  «q^a- 
ticn  in  different  radar  recelvere  which  produce  the  tailti|dlcation  of  the  received 

# 

In  a  number  of  caeec  it  appears  to  be  possible  to  measure  the  Oofpler  shift 
during  an  in^srent  signal  (during  the  time  of  one  pules))  but  the  accuracy  nf 
muk  iMMunirmmuit  usually  is  small*  thia  is  atatsd  in  more  detail  in  GhsqvUr  9* 


signal  by  the  required  and  subsequent  integration  for  a  decrease  of  the  influence 
of  noises.* 

Let  us  consider  some  general  properties  of  the  function  of  autocorrelation. 
In  accordance  with  that  presented,  the  function  of  autocorrelation  of  a  main 
signal  will  be  called 


C (t,  O) = J tt (/ 4,,) u* (/) = 

whereby  C(0,  0)  »  1,  and  the  effective  duration  of  the  signal 

r,*=  J|«(/)|V/.  (1.2.3) 


In  a  number  of  oases,  particularly  in  {o^oblems  of  measuring  coordinates,  it 
is  convenient  to  ctmeider  the  duration  of  the  signal  as  unlimited*  By  the  auto¬ 
correlation  function  we  will  understand 

^  (1.2.2* ) 

The  function  C(  f.  Q  )  is  easy  to  expopess  iJLso  by  the  spectrum  of  modulation  of 
the  main  sign^.  Indeed,  substituting  into  (1.2.2),  instead  of  u(t)  ^e  inverse 
Fourier  transfom  from  the  spectrum  of  noduLatioa 

(/(«)« (1.2.4) 

u  ■  ■  ■  4.  - 

■  we  have  .  . 

U.M) 

4i»  . 

a  . 

Time  «  and  frequency  Q  shifts  of  the  received  slpial  are  conneeted  with  the 
propagation  time  of  the  simal  to  the  target  utd  baidt  and  idth  the  Dop|4«r  effect 
during  refleetion  of  the  signsl  from  the  moving  target. 


Thus,  the  Fourier  tranefoim  from  the  funotion  of  autocorrelation  C  (t,  W)  ie 
written  in  the  form 

5.(e.  ^  (^^2.6) 

For  development  of  the  general  properties  of  the  function  C  (t,  fi)  it  is 
convenient  to  introduce  a  conception  of  its  effective  width  along  both  axes 

and  Q^eCt)  accordingly],  idiich  reflects  the  general  character  of 
the  drop  of  function  of  the  autocorrelation  in  these  directions.  The  effective 
width  C  (»,  Q)  along  the  axis  ^  is  determined  by  the  funoula 

<»♦  (0) «=  J I C Q)  ^  f  1  (•.  (1.2.7 ) 

Turning  to  the  expression  for  the  fUnctim  SH(e.  Q)  we  see  ti^t 

|S.(.,D)l*=l£fe!!l^±SlL.=,S.,,.),„,,+0,.  (1.2.8) 

idiere  0)  can  be  considered  as  qMiotrum  of  the  function 

C|(f)ssC(t»  0). 

Then  formula  (1.2.7)  can  be  rewrittm  in  the  fora 

(1.2.7*) 

Hwee,  in  particular,  it  follows  that  in  the  case  idisre  the  function  of  autocorve* 
laticn  C  (v,  Q)  has,  along  the  axis  «  ,  the  fom  of  a  short  pulse  (so  that 
spsctrum  of  aipears  to  be  wide  and  duidni  s*«al  Doppler  shifts 

^  the  effective  duration  of  the  function  of  autocorr^Laticn 
will  depend  weakly  cti  the  shift  along  the  axls  O. 
far  a  detersdnation  of  the  effective  width  of  the  function  of  autocerrelatiefi 
C(»,  Q)  alsiig  the  aide  tl  it  is  useful  to  note  thst,  ae  follows  ffos  (1.2.2), 
this  function  ein  be  coneidired  as  a  Fourier  transfora  relative  to  Ofunctisii  of 
«)s'(0  .  faking  this  into  account  we  will  obtain 

<>•»(«»»  (1.2.8) 


Hence,  in  particular,  it  follows  that  the  effective  width  of  the  function  of 
autocorrelation  along  the  axis  depends  only  on  the  amplitude  modulation  of 
the  main  signal. 

It  is  obvious  that  in  calculating  the  influence  of  noises  and  fluctuations 
of  the  radar  signal  the  signals,  characterized  by  the  parameters  (  t.  Q  )  and 
(0,  0)  are  practically  indiscernible  if  the  value  of  the  function  of  autocor¬ 
relation  C(t.12)  differs  little  from  C(0, 0)  .  If  the  function  C(t.  11)  slowly 

drops  from  the  origin  of  coordinates  then  by  the  same  causes  it  will  be  difficult 
to  indicate  which  are  the  true  target  position  data  within  the  limits  of  the  re¬ 
gion  (T.  C)  for  which  C(x.  11)  is  approximately  constant.  In  connection  with  this 
the  square  of  the  modulus  of  the  function  of  autocorrelation  1C(t.  11) p  will  be 
called  the  function  of  indeterminacy  of  the  main  signal.  In  form  of  function  of 
indeterminacy  it  can  be  judged  against  the  resolving  power  and  accuracy  which  can 
ensure  the  application  of  one  or  another  form  of  nusdulation, 

T))e  main  property  of  the  function  of  indeteminacy  is  the  constancy  limited 
by  its  volume.  Actually, 


xs..(»+0)rfat.»  glj,  [ 


(1.3.10) 


4 his  property  of  the  function  of  Indoteittdnacy  received  the  amo  of  in- 
deteiminacy  principle  in  radar*'  1a  ac^^ardance  with  this  principle  it  is  im¬ 
possible  to  arbitrarily -decrease,  the  ''volume  of  indeterminacy"  limited  by  the. 
function  of  indeterminacy  it  can  only  be  deformed  (compressed  along  one  of  the 
axes  owing  to  the  extenslan  along  the  other)  or  redistributed  on  the  plane  (  v.  fi  ) 


In  the  latter  ease  there  appear  additional  maxima  of  functions  of  indeterminacy 
idiich  lead  to  an  ambiguity  in  the  determination  of  the  target  coordinate  data. 

Such  a  redistribution  is  most  vividly  developed  with  a  periodic  signal?  connected 
with  it,  the  ambiguity  is  physically  explained  by  the  fact  that  the  del^  of  signal 
on  the  period  of  modulation  does  not  lead  to  a  change  of  any  characteristics  of 
signal,  and  a  frequency  shift  to  a  frequency  of  repetition  of  modulation  when  it, 
as  frequently  occurs,  is  considerably  smaller  than  the  width  of  the  spectrum  of  mod 
ulationj  it  also  does  not  practically  lead  to  a  change  of  signal. 

Let  us  consider  what  form  the  function  of  autocorrelation  of  the  main  signal, 
has  during  periodic  modialation.  In  real  conditions  the  total  duration  of  the 
periodic  signal  is  limited  (for  example,  owing  to  the  movement  of  the  transmitting 
antenna).  Introducing,  in  connection  with  this,  the  conception  about  the  envelope 
of  the  periodically  modulated  signal  g(t),  so  that  u(t)  =  g(t)uQ(t)  (>diore  u^Ct) 
is  periodic  signal  modulation  with  period  Tj.),  an  expression  for  the  function  of 
autocorrelation  of  such  a  signal  can  be  written  in  the  form 


m 

C  (x,  0) = ~  J  ^  -j- 1)  g  {t)u,  (t  %)  u\  (/)  == 

X  %  (0 


Here  we  divided  the  interval  of  integration  into  periods  of  modulation,  considered 
the  periodicity  of  modulation,  because  of  which  +  t)  “  u^Ct),  and  also  the 
smallness  of  change  of  the  envelope  g(t)  after  the  period  of  modulation  T^« 

Let  us  designate  by  (  t,  U  }  the  function  of  autoeo^Yelation  of  one  period 


of  modi  nation 


Let  us  note  henceforth  that  the  function  Cq  (  r,  fi  )  is  periodic  in  t  with  period 


Introducing  the  spectruir.  of  the  envelope  of  the  periodically  wodnlated 


signal 


C(-)=  JgCOe’-'-V/. 


the  function  of  autocorrelation  of  this  signal  can  be  rewritten  in  the  form 


C  (t.  Q)  _  J  J  do,,C  (a>,)  G'  (.»;)  X 


CO  «o 


-«  »JZo  ' 


(i.2.ia) 


where  is  the  delta-function. 


For  p\anifestation  of  form  of  function  of  autocorrelation  it  is  convenient  to 
assunte  that  the  envelope  g(t)  of  the  considered  periodic  signal  is  right-angled, 
%  an  increase  in  the  duration  of  the  signal  there  occurs  a  narrowing  of  the 

9lf9  W 

central  peak  of  function  {/(wjsa _ -^.L  whichi  is  the  spectrmr.  of  g(t).  Using 

T" 

the  “filtering"  property  cf  this  function  we  obtain  for  the  function  of  autocor¬ 
relation  of  the  periodic  signal  the  following  expression: 


C(f. 0)^CJ%.  fl)  J 


For  signals  with  high  resolving  power  with  respect  to  range  for  tdiieh  €•(«.  O) 
weakly  drops  along  the  axis  D  ,  the  function  of  autocorrelation  C(t.  Q)  during 
periodic  modulation  ropresents  as  a  function  of  D  the  totality  of  values  ofCt(«,  D)« 


taken  by  intervals  equal  to  the  frequency  of  repetition  of  modulation  = 
Because  of  limited  duration  of  the  periodically  modulated  signal  the  peaks  of 
function  of  autocorrelation  C  (t,  Q)  have  along  the  axis  O  a  finite  width  on  the 
order  of  =r^  .  With  a  fixed  Q  C(t,  Q)  is  in  accordance  with  (1.2.11)  periodic 

function  *  with  a  period  T^,.  The  general  form  of  the  function  C(t,  Q)  for 
periodic  signal  is  illustrated  in  Fig.  1.1. 

In  conclusion,  let  us  make  one  remark  concerning  the  fimction  introduced  by 
us  for  the  autocorrelation  of  one  period  of  modulation  Co(t,  Q).  as  it  is  easy  to 


seOj 


00 

~00  1 

~  2*-  J 


(1.2.13) 


where  (/,(•)  is  the  spectrum  of  one  period  of  modulation. 


(1.2.U) 


Pig.  1.1.  Punetion  of  indeteminaey  IC(«.a)l»  for  a  periodic  signal. 
Sh  i&  th«  width  of  thu  function  * 

KBfj  (a)  *♦  effective. 


The  approximate  equality  in  (1.2.13)  is  correct  under  the  condition  that 
Co(t.  Q)  sufficiently  rapidly  diminishes  with  the  growth  of  Itj  , 

A  comparison  of  (1.2.5)  and  (1.2.13)  shows  that  the  function  Co(t,  Q)  in 
the  interval  equal  to  the  period  of  modulation  possesses  the  same  general  prop¬ 
erties  as  the  above  considered  function  of  the  autocorrelation  of  the  main  signal 
with  nonperiodic  modulation. 


1.2.3.  Frequency  Modulation 


Proceeding  to  a  consideration  of  the  separate  forms  of  modulation,  we  will 
describe  their  characteristics  with  the  help  of  the  above  introduced  function  of 
autocorrelation,  reflecting  all  the  properties  of  the  main  signal  of  Interest  to 
us.  In  this  and  following  points  will  be  considered  the  various  forms  of  modu¬ 
lation  of  a  continuous  signal. 

As  follows  frm  the  preceding  [see  (1.2.7))  the  effective  width  of  the 
function  of  autocorrelation  along  the  axis  t  ,  and  accordingly  the  resolv¬ 

ing  power  with  respect  to  range,  depend  on  the  width  of  the  speotrun  of  modulation. 
One  of  the  possible  methods  of  expanding  the  spectrum  of  a  continuous  main  signal 
is  the  introduction  of  modulation  of  its  frequency.  Frequency  modulation  was 
historically  the  first  method  for  obtaining  resolving  power  with  respect  to  range 
during  continuous  emission. 

With  frequency  modulation,  the  f^uent^r  of  the  main  signal  can  be  represented 
in  the  form 


•(0 


(1.2.15) 


where 


fry 


5^1 


(1,2.16) 


is  the  period  of  modulation* 


In  case  of  einusoidal  frequenor  modulati<m  the  frequency  of  t^e  sigtial  duungts 
according  to  the  law  ...  . 


(1.2.17) 


and  the  i^ase  of  the  aignal—aceording  to  the  law 

t 

i  .  '  ‘ 

Autocorrelation  function  for  case  as  is  easy  to  see>  has  the  form 

*diere  0,=:^  ie  the  angular  frequency  of  the  repeated  modulation; 

\ 

6=^;  a  = 

To  take  the  integral  (1,2.17)  in  the  general  form,  unfortunately,  is  impossi¬ 
ble;  therefore,  we  are  forced  to  limit  ourselves  to  the  consideration  of  C,(t,  O) 
for  certain  characteristic  cases.  On  the  axis  Q 


C.(0.O)  =  5-j,^ 


■~wr~  * 


i.e.,)C,(0, 0)1* drops  along  the  axis  Q,  as  ■2|-(l--cosOr,)  .  For  (k  is 

an  integer)  the  exin'ession  (1.2*17)  coincides  with  accuracy  up  to  the  coefficient 
with  an  intsjpral  presentation  of  the  Bessel  function  [U'J,  so  that 

C,(f,  *•,):»(— 1)* 74(0)6  , 

where  4(a)  is  a  Bessel  function  of  the  k-th  order  of  the  1-st  sort* 

Usually  ^  >  1.  In  this  case 

•  |C»(e,*»,)j*aKjJ(iiia»), 

the  contour  of  the  function  of  indetaminaoy  for  sinusoidal  IM  is  represented 
in  Fig.  1.2  in  the  form  of  curves  *  const  on  the  planes  (A,  •„»)  .  As 

fi 

can  be  seen  from  the  figure  the  resolving  power  assured  by  the  use  of  a  hannonio 
Fh  is  rather  low:  at  fl‘»  0  (on  axis  «}  are  secondary  maxima  for  t^,  ths  firat 
magnltuds  of  theas  maxima  consUtuica  approximately  U%  of  the  baaa.  With  an  in- 
crtaae  in  Cl  there  t^oie  place  a  dii^placeiiettt  of  the  main  «>*v<»**«i*  along  ths  curves 


with  real  values  of  com  and  Tj,  this  slope  is  quite  small,  so  that  the  presence  of 
the  region  of  indeterminacy  shows  up  mainly  in  the  resolving  powers  with  respect 
to  frequency.  The  width  of  the  interval  of  frequencies,  within  the  limits  of  which 
the  solution  is  impossible,  approximately  coincides  with  the  width  of  the  spectrum 
of  modulation  and  for  the  case  considered  is  approximately  equal  to  n),,  . 


Fip.  1.3.  Change  of  frequency  of  con¬ 
tinuous  main  signal  with  linear  fre¬ 
quency  modulation!  a)  asymmetric 
sawtooth;  b)  symmetric  sawtooth. 


The  width  of  the  region  of  ambiguity 
along  the  axis  t ,  is  naturally  equal  to 
.  Graphically  the  function  O)* 

4i)ii 

with  linear  frequency  modulation  is  il¬ 
lustrated  by  Fig,  1,4. 

In  the  case  of  frequency  modulation, 
according  to  the  law  of  symmetric  saw¬ 
tooth  waves 

•  at  (1.2.20) 

Using  the  same  as8un>ption  on  the  small¬ 
ness  of  T  ,  we  obtain 


There  are  two  main  zones  of  indeterminacy  located  along  lines 

i  g 

the  magnitude  of  the  slope  of  which,  as  before,  is  equal  to  the  speed  of  change  of 
frequency  during  tm?dulation.  The  magnitude  of  the  function  of  indeterminacy 
|C,(t,  0)1*  in  the  zone  of  indeterminacy  (on  each  of  these  lines)  diminishes 

with  1/2  to  0.25  (in  case  of  asymmetric  sawtooth  0)1*  kept 

the  unit  value  in  this  region). 

Thus,  the  above  are  obtained  formulas  for  the  function  of  indeterminacy 
K*o(t.  i))!®  corresponding  to  one  period  of  modulation  with  different  forms  of 


near  to  }  secondary  maxima  are  displaced  almost  parallel  to  the  base. 

Extent  of  these  maxima  along  the  axis  %  can  be  estimated  by  a  magnitiide  of  the  or> 

der  ^  , 

*»■ 

From  other  possible  functions  of  (,>»(/)  the  most  frequently  used  is  the  linear 
change  of  frequency  by  the  lavs  of  asTimnetrle  and  sysnetrlc  sawtooth  waves  (Fig*  1*3) 


Fig.  1.2.  Section  of  the  function  of  indeter> 
minaoy  t  C,  («.&<•, )|*  for  sinusoidal  frequency 
modulation  of  a  continuous  main  signal. 


In  the  first  case«  with  a  continuous  main  signal  vs  havet 


The  function  of  autocorrelation  is  determined  by  formula  (1.2.12).  Replacing  for 


(1.2.18) 


a  small  %  the  difference  ^(<*|-«)— <^(/)  by  ,  we  obtain 


C;(ii.Q)caapj<^J^j 


(1.2.19) 


As  can  be  seen  from  the  formula,  |C,(t,  Q)|*ssl  is  along  straight  line 


Qa— 

Near  this  line  there  naturally  exists  a  region  of  indeterminacy  ,  within  the 

# 

limits  of  which  the  solution  of  targets  is  praotleally  impossible.  The  sl^  of 
this  region  to  the  axis  Q  coinoides  with  the  ^pesd  of  change  of  frequency  at  fM  t 


This  region,  of  course,  does  not  stretch  to  Infinity}  at  large  «  the  utilised 
approxlaation  becomes  insufficient}  the  function  of  autocorrelation  diiiniahes 
faster  than  this  follows  from  (1.2.19). 


frequency  modulation.  The  function  of  indeterminacy  |C(t,  12)  for  a  periodic  fre¬ 
quency  modulated  main  signal  will  be  formed  in  accordance  with  (1.2.12)  by  means  of 
a  periodic  one  (with  the  period  T^,)  —  repetition  of  the  function  |Co(t,  Q)!*  along 
the  axis  t  ,  by  which  along  the  axis  12  from  this  function  are  "selected  the  values 
of  !Co(t,  ,  where  k  is  an  integer.  The  width  of  the  maxima  formed  in  this 

was  along  the  axis  £2  is  the  reciprocal  of  total  duration  of  the  f.m.  signal. 

These  maxima  lead  to  ambiguity  in  determining  the  parameters  of  the  target. 


Fig.  1.4*  Section  of  the  function  of  inde¬ 
terminacy  for  linear  frequency  modulation* 


1.2.4.  Phase  Code  Manipulation 


By  phase  code  manipulation  (PCM)  is  understood  such  a  modulation  of  the  main 
signal  with  which  is  establi^ed  a  definite  sequence  (code) of  changes  of  initial 
phase  of  a  high-frequency  oscillation  in  so-called  code  intervals »  into  whioi\  the 
whole  period  of  modulation  is  divided,  during  continuous  emission*  Duration  of  the 

a 

code  intervals  is  constant  and  is  equal  to  ru . 


It  is  possible,  certainly,  to  call  an  interval  code,  within  the  limits  of 
which  a  shown  i^ase  remains  eonstuiit.  The  duration  of  every  suclt  interval,  naturally 
depends  on  the  code  utilized.  It  is  possible,  however,  to  find  the  interval  which 
is  the  greatest  eonoon  divisor  for  all  intervals.  Its  duration  is  also  designated 
by  . 


Any  PCM  signal  can  be  considered  as  the  sum  of  n  shifted  one  relative  to 
another  at  a  magnitude  Vn  of  elementary  sequences  of  right>angle  pulses>  each  of 
idiioh  is  formed  by  oscillations  in  code  intervals,  equally  located  in  adjacent 
periods  of  modulation.  Within  the  limits  of  one  period  the  modulating  signal 
can  be  recorded  in  the  form 

idiere  s 

is  the  relative  shift  of  the  initial  phase  in  the  j^-st  code  interval} 
/[f]  is  the  unit  right-angle  pulse  of  duration  V  . 

Substituting  this  e^qression  into  (1,2.11),  we  obtain  for  the  function  of 
autocorrelation  of  one  period  of  modulation  along  the  axis  the  foUoMlng  formula: 


c.W=-i- j|[(i  -  . „-(♦,)+ 

+^«ip  -(till, 

where 


(1.2.22) 


If  the  shift  of  PCM  of  the  signal  does  not  exceed  the  duration  of  code  interval 
(fssAs)  ^  then 

C,(e)«  r-^  [l  - -i-g  ^ 

If  the  shift  of  PCM  of  the  sl|pul  is  a  multiple  of  duration  of  code  interval(«'»*«ii). 

The  problem  of  constructing  a  code  reduces  to  the  selection  of  such  a  sequence 
and  such  values  of  phases  by  which  for  all  v  would  be  suffioimotly  small 

(in  principle  it  is  desirable  to  obtain  Cd(vftt)aa<0)  .  Thus,  the  funcUon  of  auto* 
eorrelatioa  of  the  PCM  of  a  signal  has  on  axis  f  one  maximai  at  and,  possi¬ 
bly,  ssveral  sdditioiul  maxina  ("ramaindsTS**)  at  t>fH  •  Ths  aagttituds  of  thsas 
"ramalndsra”  d^>ands  eonsidsrably  on  the  selection  of  the  oode. 


jj' 


The  main  characteristics  of  codes  are  the  duration  of  code  interval  th  deter- 
mininp  the  resolving  power  with  respect  to  range  at  a  considered  main  signal,  and 
the  quantity  of  code  intei^als  n,  determining  in  many  cases  the  magnitude  of  the 
"remainders"  during  encoding.  The  required  interval  of  uniqueness  is  still  one 
factor  influencing  the  selection  of  these  characteristics  inasmuch  as  T,=nT„. 

In  the  absence  of  the  completed  theory  of  phase  code  manipulation  there  is, 

however,  a  significant  number  of  works  devoted  to  this  form  of  modulation,  and 

noticeable  successes  are  attained  in  the  matter  of  practical  construction  of 

various  codes.  For  continuous  emission  binary  codes  were  offered  (particularly 

described  in  [7]),  for  which  the  initial  phases  of  high-frequency  oscillations  in 

adjacent  code  intervals  differ  from  0  or  n,  and  the  quantity  of  code  intervals  n 

is  determined  by  the  formula  n  =  —  1,  »diere  m  is  any  integer.  ''Remainders'*^ 

for  such  codes  have  a  magnitude  ~  (Hofftoan's  code),  since  at  the  quantity 

n— 

of  code  intervals  with  coinciding  values  of  initial  phases  are  always  of  less 
quantity  per  unit  of  such  intervals  with  noncoincident  values  of  initial  phases* 

It  follows  from  this  that  for  compensation  of  these  "remainders"  it  is  sufficient 
to  select  as  the  difference  of  initial  phases  a  certain  magnitude  *  It  is 

easy  to  see  that  —  arccos 

n  +  1 

Phase  code  manipulation  of  the  main  signal  has  obtained  lately  significant 
circulation.  In  favor  of  iriiase  code  manipulation  in  its  comparison  with  frequency 
ntodulailon  remaining  in  a  cerUin  sense  classical,  is  the  absence  of  indeterminacy 
in  the  treatment  of  frequency  shift  of  the  echo  signal  in  measuring  the  range  and 
velocity  of  a  target  and  high  simplicity  of  the  creation  of  the  corresponding  coding 
and  decoding  equipment.  These  simplifications  are  connected,  in  the  first  place, 
with  the  constant  duration  of  code  intervals  and  with  fixed  changes  of  of 

a  ■ 

There  are  ma^iitudes  of  additional  maxima  of  the  functicui  of  indeterminacy 


high  frequency  oscillations  at  the  lijolts  of  these  intervals*  l.e.*  with  allowed 
discretisation  of  the  characteristics  of  coders  and  decoders. 

1.2.5*  Pulse  Modulation 

In  aaiilitude  pulse  modulation  the  function  of  U|^(t)  is  considerably  different 
fr<Mn  zero  only  within  the  limits  of  a  certain  interval  th  *  of  a  smaller  period  of 
repetition  of  the  modulation  Tj.*  The  duration  of  this  interval  is  called  the  pulse 
duration  and  in  a  general  ease  is  determined^  as 


The  general  form  of  the  function  of  autocorrelation  of  a  periodic  pulse  signal, 
like  a  signal  with  any  othM*  periodic  modulation*  is  determined  by  formula  (1.2*12) 
and  does  not  differ  in  the  same  way  from  that  described  above  (Par.  1*2. 2).  The 
pulse  character  of  the  signal  appears  only  in  the  form  of  a  function  of  indeter¬ 
minacy  of  one  period  of  modulation  l^o(t,  fi)|>  ,  Let  us  consider  as  exam^es  the 
amplitude  modulation  of  the  signal  by  a  sequence  of  square  and  Gaussian  pulses. 

The  function  of  indeterminacy  for  one  period  of  m^ulation  in  the  ease  of  a 
square  pulse  of  the  duration  is  determined*  as  is  easily  verified*  by  the  fomdA 

corrected  when  %<u  •  For  a  random  Gaussian  pulse  cxpl**  the  function 

of  Indeteminaiqr  is  equal  to 

|C,(..0)l'-eip{-W7[(i)’+?^j}.  (1.2.24) 

Where  is  the  effective  (mice  duration. 

« 

One  can  determine  the  pulse  duration  also  hy  e  certain  level  of  the  function 


As  can  be  seen  from  these  formulas,  the  fimction  of  indeterminacy  for  one 
period  of  modulation  (or  for  a  single  pulse^)  has  a  maximum  in  the  origin  of 
coordinates  and  monotonically  decreases  with  an  increase  of  t  and  <i  (Fig.  1.1 ). 
With  a  decrease  in  pulse  duration  tw  the  drop  of  lCo(t,  0)1*  along  the  axis  t 
occurs  more  sharply  so  that  the  maximum  of  the  function  of  indeterminacy  in  this 
direction  is  narrowed;  the  changes  along  axis  carry  an  inverse  character* 

As  can  be  seen  from  the  foregoing,  obtaining  a  high  range  resolving  power  re¬ 
quires  a  shortening  of  the  pulse  which  in  turn  leads  during  a  periodic  pulse  sig¬ 
nal  with  a  limited  peak  power,  to  a  lowering  of  its  mean  power.  In  connection 
with  this  for  the  expansion  of  the  main  signal  spectrum,  at  present.  Instead  of 
shortening  the  pulses,  there  is  frequently  applied  an  additional  intrapulse  fre¬ 
quency  and  phase  code  modulation. 

For  a  frequency  modulated  pulse,  the  frequency  of  which  changes  linearly  In 
time  we  have 

«(0««*(/)expJ/a -yj . 


where  »  const  is  the  speed  of  frequency  change. 

For  one  period  of  frequency  modulated  pulse  signal  the  function  of  auto¬ 
correlation  will  be  equal  to 


«•£-  r 

•-i 


I  (1.2,25) 


Usuj^ly  the  pulse  duration  Is  long  eooqpared  with  the  width  of  the  peak  of  ihe 
function  of  Indeterminacy  along  axis  tt 


Is. 

•u 


where  stu  is  the  deviation  of  frequency  within  licdts  of  the  pulse*  In  connection 


^Besides  a  periodic  pulse  signal,  there  is  also  possible  a  main  signal  in  ^e 
form  of  an  isolated  sending*  Such  a  signal  will  be  formed,  for  example,  during  the 
motion  of  the  transmitting  radar  set  antenna  of  continuous  emission  relative  to  the 
direction  considered;  the  form  of  pulse  in  this  case  f.s  determined  by  fora  of  the 
pattern  of  directivity  of  the  antenna  syetem.  The  function  of  indeterminacy  of  such 
a  signal  coincides,  on  the  interval  of  duration  with  the  function  of  Indeterminacy 
of  one  period  of  the  eorresponding  periodic  pulee  modulation. 


vlth  thlsi  if  one  were  interested  in  C,(t.  O)  near  the  main  inaximum>  than 
and 

|C,K  0)r^|{/.(«t+D)l*.  (1.2.26) 

2 

idiere  </((•)  is  the  spectrum  of  function  of  u^(t). 

As  can  be  seen  from  (1,2.26),  in  this  ease,  as  in  frequency  modulation  of  a 

0 

continuous  signal,  the  sone  of  indeterminacy  is  along  line  -7  ,  idiich  because 
of  large  a  practically  coincides  with  the  axis  Q  •  The  formula  (1.2.26)  also 
allows  to  determine  the  law  of  amplitude  modulation  (the  form  of  pulse),  which 
ensures  the  extraction  of  the  desired  function  of  indeterminacy.  Thus,  for  ex> 
an^le,  for  a  decrease  intCo(T,  Q){*by  Gaussian's  law  it  is  required,  as  a  main 
signal,  to  take  the  sequence  of  pulses  also  of  a  bell  form.  Thus,  linear  intra¬ 
pulse  modulation  of  frequency  allows,  by  means  of  selectim  of  the  law  of  ampli¬ 
tude  pulse  modulation  to  obtain  the  desired  law  of  change  of  the  fbnetion  of  in¬ 
determinacy  along  the  axis  t  • 

Turning  to  jdiase  code  manipulation,  let  ue  note  that  during  pulse  emissica  it 
gives,  in  general,  poorer  results  than  during  continuous  nissicn  inssBUCh  as  in 
this  case,  wi^  mixing  of  the  received  and  pedestal  lapulsssf  part  of  the  codo  in* 
tarvals  is  not  covered  which  leads  to  an  increase  in  the  residual  level  function 
{CqIv.  Q)t*  •  Thare  were  binary  pulse  codes  ccmstrueted  CHX,  for  the  maipai- 
tude  of  this  levdL  is  on  the  order  of  1/n^  (Barker's  cede*).  However,  sudi  codes 
eadst  only  for  n  3*  4,  5,  7,  11,  13*  for  large  n's* which  are  required  for  the 
essential  increase  of  resolving  power  during  long  pulses,  this  levid  has  a  sagni*- 
tude  l/n,  which  in  many  cases,  is  insufficient.  The  way  out  of  this  positlcn  is, 
apparently,  the  use  of  a  apeci^Oly  selected  noncptiKae  (frost  the  viewpoint  of 
detection  rcliebility)  proceeeing  of  the  dgnel  during  reception,  idtich  ellowi, 
however,  to  lower  the  level  ef  minor  IdMus  of  the  function  of  indeterminaey. 

# 

Barker*  e  oodee  ere  eleo  applicihle  with  ecotlnuous  emiseion. 

J19 


Another  way  out  is  the  application  of  codes  with  a  higher  base,  and,  in  particular, 
a  quaternary  code  [15J,  >d»ich  with  a  pulse  signal  allows  to  receive  the  zero  ''re¬ 
mainders”  of  the  function  of  indeterminacy. 

1.2.6.  Random  Modulation 


As  was  shown  above,  the  periodic  modulation  of  a  main  signal  leads  to  the 
appearance  of  additional  maxima  of  the  function  of  indeterminacy  |C(t.  Q)|^  and 
accordingly  to  an  ambiguous  determination  of  the  coordinates  of  targets.  One  of 
the  possible  forms  of  nonperiodic  modulation  is  randan  modulation. 

The  essential  peouliarity  of  random  modulati(»\  is  the  fact  that  the  charac¬ 
teristics  of  the  main  signal  also  appear  random.  In  particular,  the  function 
C(t.  Q)  ,  determined  by  the  formula  (1.2.2),  can  be  considered  as  a  certain  trans¬ 
form  of  the  random  law  of  modulation  and  changes,  depending  upon  the  realizatiov 
of  the  main  Signal  to  random  form. 

01)  could  have  been  most  fully  diaracterised  with  t2)e  help  of  a  multi¬ 
dimensional  distributive  law,  however  by  far  this  law  is  not  found  in  all  eases* 
Therefore,  we  will  henceforth  be  limited  to  the  use  of  the  simplest  characteristics 
of  the  magnitude  interesting  us  the  mean  value,  dispersion,  and  one- 

dimensional  die^ibutive  law.  The  modulating  proeeee  idll  be  etmsidered  ergodic 
and  stationary.  The  distributive  laws  of  amplitude  and  phase  for  oasee  of  am- 
pUtude  and  phase  moduUiicn  wiU  be  consldeiod  normal. 

Let  us  first  turn  to  thi  east  of  asplitudt  noise  modulation#  that  form 
of  aodulatifici  the  mean  value  and  disfierslon  of  the  function  C{t,  il)  will  be  in 
accordance  with  (1«2«2)  to  be  determined  by  the  relationships 


.  ni 
-fit 

Jo 


(1.2,27) 

(1.2.^) 


tirtiere  is  the  coefficient  of  correlation  of  the  modulating  process. 

Usually  the  duration  of  the  signal  T  is  a  much  longer  time  than  the  corre¬ 
lation  of  the  modulating  process^  so  that  the  limits  of  integration  in  practical 
calc’ilations  can  be  spread  to  infinity. 

The  modulus  of  the  mean  value  of  the  function  of  autocorrelation  diminishes 
with  an  increase  in  jt]  and  jQ]  and  with  a  corresponding  selection  of  Pm  (t)does 
not  have  secondary  maxjma  which  can  only  appear  due  to  random  blips  of  the  func¬ 
tion  C(t,  i2)  .  Dispersion  of  the  function  of  autocorrelation  characterizes  the 

intensity  of  such  blips. 

The  value  of  C(x,  Q)  can  be  considered  independent  at  points,  distant  from 
each  other,  by  ~  along  the  axis  ,  or  by  ^  along  the  axis  O  ,  tdiere  A/m  is 

the  width  spectrum  of  the  modulating  process,  and  T  is  the  duration  of  the  main 
signal.  For  calculating  the  probability  of  the  absence  of  blips  of  the  function 
1C(-*,  Q)l*  ,  exceeding  a  certain  level  A,  it  is  sufficient  to  determine  the  prob¬ 
ability  of  absence  of  such  blips  at  the  points  where  the  value  of  this  function 
can  be  considered  independent  for  which,  in  turn,  it  is  sufficient  to  use  a  one¬ 
dimensional  distribution  of  this  function.  At  a  large  T  the  real  and  imaginary 
part  of  C(x,  Q)  can  be  considered  distributed  by  normal  law.  Considering  them 
uncorrelated,  we  obtain  for  lC(t,  Q)i'  an  e;q)onential  distribution. 

Then 

=  Ij,  (1.2.29) 

where  is  taken  for  the  considered  values  of  ,  and  Q  . 

.long  the  axis  Q==o  the  function  C(t,  Q)  is  real  and  |C(t,0)l*  is  dis- 
tr.lbuted  according  to  chi-square  the  law  with  one  degree  of  freedom.  At  large 

A 

we  will  obtain 


The  probability  of  the  absence  of  blips  on  the  parts  of  a  plane  (‘*.  0)  with 
the  dimensions  At  x  AQ  will  equal  to 

(At,  AQ)^  n  (1  -  ^  1  -  f  (1.2.31) 

/=!  /=! 

Where  n  =  is  the  number  of  independent  values  of  C(t,  Q)  in  the  con¬ 

sidered  part  of  the  plane  (t,  Q)  j 
Pj  is  the  probability  of  exceeding  level  A  at  point  j. 

Using  formulas  (1.2.28),  (1.2.29)  and  (1.2.31),  one  can  determine  (assigning 
a  specific  form  of  the  function  of  correlation  of  the  modulating  process)! with 
what  values  of  the  width  of  the  spectrum  of  modulation  A/m  and  the  duration  of  the 
sending  is  T  ensured  with  the  given  probability  of  P,i  ,  the  necessary  drop  of  the 
function  of  indeterminacy  (C(t,  il)[*  ,  characterized  by  level  A,  in  the  region  in¬ 
teresting  us  (AtXAQ)  .  In  such  a  calculation,  if  one  were  to  be  interested  in 
the  order  of  the  obtained  magnitudes,  the  difference  need  not  be  considered  between 
(].2.29)  and  (1.2.30),  and  also  one  should  take  advantage  of  the  fact  that  disper¬ 
sion  of  the  function  C(r,  Q)  does  not  depend  on  v  outside  the  basic  maximum  and 
during  real  Doppler  shifts  slightly  depends  on  Q ,  so  that  in  the  considered  part 
AtXAQ  oan  be  considered  constant* 

Analogously  consideration  is  given  to  {^ase  noise  modulation  u(t)  s'  e}q;> 
for  which 

* 

jl  -?*g«(T)]},  (l»2«32) 


where  a  is  the  coefficient  characterizing  the  depth  of  modulation, 

and  fii(<)is  the  dispersion  and  coefficient  of  the  correlation  of  the  modu¬ 
lating  process  (T(?}isaO)  . 

The  mean  value  of  C(i^  0)  ,  as  before,  is  deteimdned  by  fomuda  (1.2.27}, 
into  which,  instead  of  g„(t)  .  one  should  substitute  (1.2.32): 


••‘-I 


(i.a.33) 


For  dispersion  of  the  function  of  autocorrelation  we  will  obtain 


*C= — ' - f - 


~9u  ((  +  *)-  Pm  (/  - 1)]}  - 1) 


(1.2.34) 


The  probability  of  the  absence  of  blips  of  the  function  lC(t,  Q)i*  in  the  areas  of 

4Lso  be  calculated  by  the  formula  (1.2.31).  The 
necessary  value  of  dispersion  of  3*  for  calcvilations  by  this  formula  cozresponds 
to  the  case  of  ,  for  vriiich  we  have 


aj=:exp{— 2a*a*} 
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(1.2.35) 


Assigning  the  form  of  the  function  of  correlation  of  the  modulating  process  p^(x) 
the  final  formulas  for  all  cases  interesting  us  can  be  obtained. 

The  considered  forms  of  random  modulations,  ensuring  practically  identical 
(with  an  equal  width  of  the  spectrum  and  the  time  of  existence)  characteristics 
of  the  main  signal  allow,  in  distinction  from  the  usually  utilised  forms  of  per¬ 
iodic  modulation,  to  produce  an  unambiguous  determination  of  the  coordinates  of 
targets.  This  proximity  of  random  modulation  to  the  ideal,  for  idiloh  the  function 
of  indeterminacy  has  a  single  maximum  and  uniform  "remainders”  on  the  remaining 
part  of  the  plane  (t.  Q)  it  is  correct,  certainly,  at  a  sufficiently  large  T, 

A  known  difficulty  in  the  practical  use  of  random  modulation  is  the  necessity 
for  storage  in  the  receiving  mechanism  of  tlte  developed  law  of  modulation,  and 
also  a  lowsring  of  the  work  economy  of  transmitters  becauso  of  the  randooi  <dtangs 
of  output  power  by  thm. 


1.2.7.  Hultifrequency  Signal 


In  a  number  of  oases  a  totality  of  several  signals  with  various  carrier 


frequencies  is  used  as  a  main  signal.  Such  a  multifrequency  signal  is  applied, 
in  particular,  for  smoothing  fluctuations  of  a  signal  reflected  from  the  target 
which  increases  the  reliability  of  its  detection  (see  Chapter  4).  In  these  cases 
the  main  signal  can  be  recorded  in  the  form 

m  _ 

jf ^ j/^2 P j  Retf  j(/)exp  {inj  »  (1.2.36) 

y=i 

where  m  is  the  quantity  of  the  utilised  carrier  frequencies; 

Pj  is  the  mean  power  of  the  j-th  signal; 

Uj(t)  is  the  complex  law  of  modulation  of  the  j-th  signal. 

With  a  multifrequency  signal  it  is  already  insufficient  to  consider  the 
function  of  autocorrelation  of  each  of  its  frequency  components  and  it  is  necessary 
to  also  introduce  the  function  of  their  mutual  correlation 

Cyk(t,  ay  — J  tfj (/  +  «)«*  (OX 

(1.2.37) 

As  is  shown  below,  in  the  practical  use  of  a  multifrequenoy  signal  they  strive 
to  ensure  independence  of  the  signals  reflected  from  the  target  on  each  of  the 
constituent  frequencies  udiioh  allows  to  produce  their  independent  processing  (the 
multiplication  of  each  of  tho  signals  by  the  required  signal  and  integration). 

The  necessjury  (but  not  sufficient)  condition  of  independence  of  the  reflected  sig* 
nals  Is  the  orthogonality  of  the  corresponding  constituent  of  the  main  signal* 

From  (1.2*37)  it  is  clear  that  this  orthogonality  cannot  be  ensured  by  the  selec¬ 
tion  of  laws  of  modulation  since  the  Fourier  transform  of  the  function 
tXf,  is  the  product  of  the  speetoa  of  modulation  of  the  J-th  and 

k-th  signals  one  of  which  vUl  shift  in  frequency  to  a  magnitude  £l,k  so 

tiiat  the  required  equality  to  aero  of  this  function  at  J  k  is  attained  only  at 
a  nonoverlapping  of  the  shown  spectra,  i.e.,  at  a  sufficiently  great  magnitude  of 
.  Henceforth  in  disouasing  the  oharaoteristics  of  various  radar  systttns 


in  the  case  of  a,  multifrequency  signal  this  condition  will  be  considered  carried 


out. 


1.3.  Reflected  Radar  Signal 

During  reflection  the  radar  signal  undergoes  a  number  of  changes  connected 
with  the  properties  of  the  reflecting  objects.  It  is  natural  to  distinguish  the 
useful  signal  received  as  a  result  of  reflection  from  the  target,  the  detection 
and  measurement  of  the  coordinates  of  which  are  a  problem  of  the  given  radar  set, 
and  the  signals  conditioned  by  presence  of  any  kind  of  reflecting  objects  camou¬ 
flaging  the  target  (passive  interferences).  Such  objects  can  be  the  surface  of 
the  land  or  sea,  dipole  reflector  clouds,  hydrometeors,  etc.  A  number  of  the 
general  properties  of  a  useful  signal  and  interfering  reflections,  with  certain 
assumptions,  can  be  considered  without  specifying  the  form  of  the  reflecting  ob¬ 
ject  wliich  justifies  the  unification  of  these  questions  under  discussion. 

Let  us  start  with  a  qualitative  consideration  of  the  properties  of  the  sig¬ 
nal  reflected  from  the  target..  With  this  we  will  endeavor  to  establish  a  coimeo- 
ti  m  between  the  statistical  ciiaracteristico  of  the  reflected  signal  necessary  for 
the  future  and  the  radar  ohai’acteristica  of  the  target  usually  utilised  in  engi¬ 
neering  practice. 

First  of  all  one  should  note  that  the  power  of  the  reflected  signal  depends  on 
the  range  of  the  target  and  its  effective  reflecting  surface,  the  frequency  and 
delay  of  signal  —  on  the  velocity  and  range  of  the  target  relative  to  the  radar 
set.  Furthemore,  as  it  is  known,  the  amplitude  and  phase  of  the  signal  reflected 
from  the  target  depend  on  its  aspect. 

the  dependence  of  the  power  of  the  eciio  signal  on  the  aspect  of  the  target 
is  usually  in  the  form  of  a  pattern  of  secondary  emission,  which  for  the  majority 
of  radar  targets  at  the  utilised  working  frequencies  of  radar  sets  is  strongly  cut 
with  large  gaps  between  its  extremes <  For  targets  of  a  simple  geometric  form  the 


pattern  of  secondary  emission  can  be  calculated  theoretically  as  a  result  of  a 
more  or  less  strict  resolution  of  corresponding  electrodynamic  problems.  However, 
for  real  targets,  to  make  such  a  calculation  is  almost  never  managed  and  it  is 
necessary  to  define  the  pattern  of  secondary  emission  experimentally.^'’ 

The  patterns  of  secondary  emission  are  only  static  characteristics  of  the  re¬ 
flected  signal.  Under  real  conditions,  owing  to  the  motion  of  the  target  and 
change  in  conditions  of  the  propagation  of  radio  waves,  the  reflected  signal  al¬ 
ways  fluctuates  in  amplitude  and  phase.  The  fluctuations,  connected  with  the 
changes  of  propagation  conditions,  are  not  specific  for  radar  and  we  will  not  re¬ 
main  on  them;  the  fluctuations  connected  with  the  motion  of  the  target  are  due  to 
the  change  of  aspect  of  the  target  (hunting)  and  the  vibration  of  its  surface. 
During  hunting  the  pattern  of  secondary  emission  is  turned  in  a  random  manner  re¬ 
lative  to  the  direction  to  the  radar  set,  and  owing  to  the  vibrations  changes  the 
form  of  this  pattern,  which,  as  a  result,  appears  to  be  a  random  function  of  time. 

In  virtue  of  all  the  shown  causes,  the  signal  reflected  from  the  target  is 
a  random  process  and  can  be  written  as 

where  is  the  power  of  signal; 

u(t)  is  the  oomi^ex  law  of  modulation  introduced  in  the  preceding  paragraph; 
f  and  are  the  delay  and  Doppler  shift  of  the  rejected  signal  frequency; 

are  the  laws  of  amplitude  and  phase  auotuations  of  the  echo  signal. 

Formula  (1.3.1)  is  approximate  and  is  true  with  an  assumption  of  sufficiently 
small  dimensions  of  target,  when  “erosion”  of  the  law  of  modulation  with  a  re¬ 
flection  from  its  separate  parts  can  be  disregarded. 

An  adequate  description  of  the  random  process  x(t)  is  possible  only  with  the 
inclusion  of  statistical  theory.  The  fullest  characteristic  of  such  a  ^oess 

Analogous  pattern  can  be  constructed  for  the  phase  of  the  reflected  signal; 
however,  it  represents  significantly  less  interest  and  is  not  used  at  all  in  radar 
practice. 


%rtiich  at  the  same  time  is  necessaxy  in  resolving  a  whole  series  of  problems  of  the 
analysis  and  synthesis  of  radar  systems,  is  a  totality  of  mxiltidimensional  prob¬ 
ability  distributions  of  the  values  of  this  process.  With  a  tendency  of  the  di¬ 
mension  of  the  number  to  infinity  there  can  be  obtained  the  so-called  functional 
of  the  probability  density  representing  the  probability  density  of  the  realizations 
of  the  process  (see  Section  1.4). 

To  directly  find  the  distribution  of  probabilities  proceeding  from  the  real 
properties  of  target  and  its  motion  is  very  difficult.  It  appears  unavoidable, 
in  connection  with  this  to  use  a  more  or  leas  simplified  radar  model  of  the  target. 
As  such  a  model  the  presentation  is  v^ry  convenient  of  the  target  in  the  form  of 
a  totality  of  a  large  number  of  independently  and  randomly  (in  accordance  with  a 
definite  distributive  law)  located  reflecting  elements,  transferred  one  relative 
to  another  and  relative  to  the  raa  set.  In  virtue  of  a  central  limiting  theorem 
[20]  the  signal  from  such  a  totality  of  the  reflecting  elements  is  a  normal  random 
process.  All  multidimensional  distributions  of  sucl't  a  process  are  Gaussian  and 
have  the  form 


/ 

I 

n 

2 

u 

_  1 

(2«r'’vr«^ 


(1.3.2) 


Here  is  the  totality  of  values  of  the  process  x(t)  at  the 

considered  mranent  of  timei  is  the  determinant  of  a  correlated  matrix  composed 
of  values  of  the  function  of  correlation  R\l„  <*)  of  the  signal  x(t)}  \\Wik\\ 
is  the  inverse  matrix  of  the  correlation;  its  elements  are  determined  by  the 
equations:  „ 

IbI 

where  la  the  Kroneckor  delta  symbol: 


1  i^k 
0 


(1.3.3) 


For  detecting  the  elements  of  the  inverse  matrix  it  is  convenient  to  use  the 
equality  [18] 

where  {R}^)±s  the  cofactor  of  element  Rjj^  of  the  correlation  matrix. 

In  formula  (1.3.2)  the  mathematical  expectation  of  the  reflected  signal  x(t) 
is  assumed  as  equal  to  zero.  This  is  observed  in  the  case  of  a  small  change  in 
the  average  density  of  reflectors  at  an  interval  equal  to  the  wavelength  y&ien  for 
the  phase  of  9(0  it  is  natural  to  obtain  in  the  interval  of  {0,2v)  a  uniform  dis¬ 
tribution  of  probabilities. 

Use  of  described  model  of  radar  target  is  Justified  by  the  fact  that  in  a 
large  number  of  oases  the  target  has  dimensions  significantly  exceeding  the  wave¬ 
length  due  to  the  fact  that  in  calculating  the  signal  reflected  from  such  a  target 
it  is  possible  to  use  the  geometric  optics  approach.  Taking  this  into  account, 
the  signal  from  the  target  is  considered  as  the  sum  of  signals  from  separate 
"bright  points"  on  the  surface  of  the  target.  The  number  of  these  points  for  tar¬ 
gets  is  usually  very  high,  and  their  mutual  location  changes  in  a  very  indefinite 
manner  depending  upon  the  aspect  of  the  tvget  so  that  it  can  be  fully  considered 
random.  Results  of  experimental  determination  of  a  onenlimensional  distributive 
law  for  a  signal  reflected,  for  example,  from  a  flying  aircraft  showed  that  this 
law  sufficiently  accurately  approximates  the  normal.  Width  of  the  spectrum  of 
fluctuations  of  the  echo  signal  has  an  order  of  ten  cycles  per  second  [19}. 

The  assumption  of  normality  of  the  reflected  radar  signal  is  still  justified 
to  a  large  degree  in  the  case  of  interfering  reflections  from  the  earth's  surface, 
the  clouds  of  metallized  dipoles,  and  similar  objects,  since  in  these  oases  the 
number  of  rand«nly  located  elmnentary  reflectors  fori^ng  the  interfering  signal  is 
very  large. 

In  order  to  completely  characterize  the  normal  random  process  which  we  will 
consider  a  reflected  signal,  it  is  sufficient  to  find  its  function  of  correlation. 


H 
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L«t  us  calculate  the  function  of  correlation  for  an  arbitraiy  totality  of 
reflecting  objects,  and  then  specify  the  obtained,  result  for  a  useful 
passive  interferences  (interfering  reflections).  The  calculation  of  the  function 
of  correlation  of  the  signal,  reflected  from  passive  interference,  for  a  number  of 
particular  cases  is  made  in  [1,  9,  20].  The  calculation  below  of  the  function  of 
correlation  of  the  reflected  signal  vrill  be  made  in  a  more  general  form  so  that 
the  obtained  results  are  useful  for  a  large  number  of  possible  cases. 

Let  us  consider  at  first  the  cases  of  single-frequency  operation.  A  signal, 
reflected  from  every  elementary  reflecting  object,  is  delayed  at  the  time  of 
propagation  of  the  main  signal  with  a  modified  amplitude  and  phase,  and  can  be  re¬ 
corded  iii  the  form 


X,  (K)  =  Y Re 4  X 

_  e  ^  . 


XMt) 


(X.3.4) 


where  du  are  the  spherical  coordinates  of  the  considered  reflecting  object, 

taken  from  the  antenna  of  the  radar  setj 
is  the  emitted  power} 

%  is  the  carrier  frequency} 

1  is  the  Viavelength} 

Oil  0,  are  the  gains  of  the  transmitting  and  receiving  antennas} 

9^  is  the  effective  reflecting  surface  of  object,  neutralized  along 
all  possible  orientations} 

g(?/  0  is  the  product  of  standardized  coefficients  of  the  directivity  of 

the  transmitting  and  receiving  antennas. 

Substituting  into  expression  (1.3.4)  the  value  of  these  functions  at  the  same 
moment  of  time,  we  will  disregard  the  displacement  of  the  receiving  diagram  during 
the  time  of  propagation  of  the  signal. 

The  coefficient  oj^(t)  takes  into  account  the  reflecting  properties  of  the 


object  at  the  considered  frequency  at  a  given  moment,  the  relation  of  the 

effective  reflecting  surface  to  its  mean  value,  and  S]_(t)  characterizes  the  phase 
shift  diuring  reflection.  This  coefficient  takes  into  account  also  the  polarization 
properties  of  the  reflecting  object  and  is  different  for  antenna  systems  with  a' 
different  polarization.  The  change  of  s^^Ct)  during  the  time  of  propagation  was 
disregarded. 

The  signal  from  the  totality  of  reflectors  x(t)  represents  the  sum  of  the 
signals  xlit)  all  along  1.  The  upper  limit  of  this  sum  (the  number  of  reflectors) 

N  can  also  be  a  random  function  of  time  (for  example  in  examining  the  signal  re¬ 
flected  from  a  strongly  intei-sected  sit©  or  the  signal  reflected  from  a  cloud  of 
dipoles  when  formulation  of  interference  during  observation  is  continued).  How¬ 
ever,  usually  during  the  time  of  correlation  of  the  reflected  signal  N  changes 
little,  and  this  change  practically  does  not  affect  the  results.  Therefore,  we 
will  not  consider  it  henceforth. 

Considering  the  above  marked  equality  as  a  zero  mean  value  of  the  reflected 
signal,  and  considering  the  position  of  the  reflectors  as  independent,  for  the 
function  of  correlation  R(t2^f  t2)  we  obtain 

R(U,  Oi.  /,)g*(?;.  o;.  iystU,)5](U)K 
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(1.3.5) 


(1.3.5) 


where 


«  2r»Mo,o,«, . 

— » 


dt,  ft,  hi  are  the  coordinates  of  the  reflector  at  moment  t^,  and  ii^ 


at  moment  t2. 

Averaging  in  (1.3.5)  should  be  produced  by  the  random  variables 

dt,  </j,  ft,  ?,i • 

In  order  to  obtain  a  simpler  expression  for  R(t^»  t2},  let  us  apply  the 
following  additional  conditions,  usually  d<me  in  practice: 


1.  Let  us  disregard  the  change  of  angular  coordinates  during  the  tii&e  of 
correlation  of  the  reflected  signal,  considering  that  dialing  that  time  the  re¬ 
flector  is  displaced  by  a  small  share  of  the  width  of  the  pattern  of  directivity. 

2.  Let  us  segregate  and  consider  separately  two  components  of  the  motion  of 
every  reflector:  one,  that  connected  with  the  motion  of  all  the  totality  of  re¬ 
flectors  on  the  irtiole,  and  the  other,  that  connected  with  the  random  transferences 
of  reflectors.  We  will  consider  that  the  regular  motion  occurs  with  an  xmaltering 
radial  speed  of  u((p,(i)  during  the  time  of  correlation. 

With  this 

d;=di-v(fo 

where  Adi  random  transference  during  the  time  of  At  —  t^  —  i^ 

3.  The  random  transferences  and  changes  in  the  orientation  of  the  reflector 
will  be  considered  independent  of  its  initial  position.  Moreover,  the  relative 
change  of  d^  during  the  time  of  correlation  of  the  reflected  signal  will  be  con¬ 
sidered  low. 

4.  Differences  in  the  regular  radial  transferences  of  reflectors  striking 

the  antenna  beam  will  be  considered  small  as  compared  with  the  interval  of  so¬ 
lution  with  respect  to  range.  This  will  allow  us  to  substitute  into  the  argu¬ 
ment  the  magnitude  — o,(/i  — /»)  , 

where  o,  is  the  mean  value  of  velocity  for  ^  reflectors  0(7.  6). 

5*  The  properties  of  all  reflectors  will  be  considered  identical. 

With  the  assumptlor^e  made,  averaging  into  (1.3*5)  should  be  done  by  (/(,  71.  bt,  Ad| 
and  by  si  (/,),  s*{(^)  .  Averaging  by  di,  fi,  Oj  reduces  to  multiplication  of  the 
sum  by  the  probability  density  P(d,  7.  <0  and  to  the  integration  all  along  the 
space.  Moreover,  in  virtue  of  the  identity  of  the  terms  under  the  Integral  there 
will  enter  the  magnitude  ^P(d,<f,f^)=^n(d>(p,h)  representing  the  mean  density  of 
the  reflectors  at  the  point  (d,  7,  4)  at  the  moment  of  tiaw  t;|^.  As  a  result  we 


obtain 


00  }«  « 


/?(/../a)==Re  p.  {m  sin  0  (9, 0,  /, )  g'  (?.  0.  /,)X 


(1.3.6) 


If  in  the  considered  totality  there  enter  reflectors  of  various  forms,  then 
all  the  results  will  remain  correct,  but  (1.3.5)  and  (1.3.6)  should  be  summed 
through  all  the  varieties  of  reflectors. 

In  the  obtained  formula  it  is  convenient  to  Join  all  members,  independent  of 
the  law  of  modulation  and  determined  by  the  character  of  fluctuations,  conditioned 
by  motion  of  the  reflectors  relative  to  the  radar  set  and  the  rotation  of  the 
antenna.  With  this  (1.3.6)  is  rewritten  in  the  form 


vdiere  l  *  i 
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-  SIJLSm  <j 

*(<•)*•(/.)«  • . 

In  the  esqpressioA  for  Rots;  h,  h)  it  Is  convenient  to  separate  a  factor  [we  wlLi 
designate  It  by  o(s) j,  determining  the  distribution  of  the  intensity  of  the  re¬ 
flected  signal  by  the  values  of  lag  s,  the  coefficient  of  correlation  of  fluctu¬ 
ation  f(2;  ti,  ti)  [considering  that  «d}loh  in  a  general  case  can 

also  depend  on  s,  and  the  factor  exp{W(^)  t  index  of  «diloh  chu'aeterlzee 

the  magnitude  of  the  Doppler  phase  shift  of  the  reflected  signal  correspoxvilng  to 
the  interval  of  lags  (z,  *  Taking  into  account  these  designations,  instead 

of  (1.3.6)  we  obtain 


(1.3.7) 


Presentation  (1.3*7)  of  the  function  of  correlation  of  the  reflected  signal 
is  very  general  and  correct,  in  particular,  at  noncoinciding  positions  of  the 
transmitting  and  receiving  antennas*  In  the  Just  now  considered  case  of  coin¬ 
ciding  antennas  the  coefficient  of  correlation  r  and  the  Doppler  shift  (o^  do  not 
depend  on  z. 

The  coefficient  of  correlation  r{z;  ti,  takes  into  account  the  dep«)d«fioe 
of  the  fluctuations  of  the  reflected  signal  on  random  and  regular  dislocations  of 
reflectors  and  changes  of  their  orientation  relative  to  the  radar  set*  Using 
(1*3*7)>  it  is  possible  to  specify  the  form  of  the  function  tj)  tor 

various  particular  cases  of  the  distribution  of  reflectors  in  space  (targets  of 
different  construction,  a  three-dimensional  cloud  of  dipoles,  terrestrial  surface, 
etc* )  and  the  law  of  motion  of  the  antenna* 

Formula  (1*3.7)  can  be  generalized  without  much  trouble  in  the  case  of  multi- 
frequent  emission  with  the  arbitrary  laws  of  modulation  on  each  of  the  oarriwr 
frequencies*  Repeating  for  that  case  the  conclusion  of  formula,  (1.3*7)  and  con¬ 
sidering  for  simplicity  the  reflecting  properties  of  objeeta  identical  for  all 
utilized  frequencies,  we  obtain 

til  (1.3.8) 

x«i(^ -f)  4*  ^ 

where  is  the  law  of  modulation  of  osoillatiim  with  the  carrier  frequenqF  wi* 
Usually  in  practice  with  multifTequmiey  work  the  utilized  frequencies  are  i|)aeed 
sufficiently  far  apai't,  so  that  the  correspoi«iing  reflected  sisals  are  statistic 
eally  independent*  5ueh  a  selection  of  the  working  frequencies  allows  to  receive 
a  gain  In  range  of  detection  of  the  taxget  and  to  izqa«ve  the  quality  of  sileeticn 
of  a  moving  target  (mc  a  background  of  paseivc  interferences  (Chaptuir  U)»  Fontula 
(1*3*8)  allcws  to  fonmlate  the  conditions  of  ind^pKindencc  of  the  reflected  signals 
having  a  large  jtfiiotical  valus* 


As  can  be  seen  from  (1.3.8),  for  the  conversion  of  any  c<»nponent  from 
j  k  to  zero  is  siUffieient,  so  that  the  wavelength  of  the  separation  frequency 
— 1™:^!  was  small  as  compared  with  the  interval  of  noticeable  change 

9(z)r{z,  M  and  the  separation  frequency  |  I  was  small  as  compared  with 
the  sum  cf  the  widths  of  the  spectra  of  modulation  of  J-th  and  k-th  signals.  In 
using  continuous  emission  without  modulation  ,  and  the  degree  of 

correlation  of  signals  is  ccmpletely  determined  by  the  relationship  between  ijk 
and  the  extent  of  totality  of  reflecting  objects  with  respect  to  range.  The  same 
is  obtained  in  the  case  of  a  asnall  dimension  of  the  source  of  reflection  as  com* 
pared  with  the  intervals  of  solution  in  range,  corresponding  to  the  considered 
signals.  Moreovtu*,  z/j  — ^  caa  be  carried  out  in 

(1.3.8)  after  the  integral  sign. 

To  the  condition  of  independence  of  the  reflected  signals  can  be  added  the 
following  ^^phio  formulatimt  tho  reflected  signals  ars  statistically  inde¬ 
pendent  in  the  case  where  the  wavelength  corresponding  to  the  separation  frequenoyi 
is  small  coiqiared  with  the  oxtmt  of  the  eoasldtrod  reflecting  object  in  range 
(with  a  givm  aspect  of  it  relative  to  the  radar  sat)  or  ^th  the  aiciant  of  in- 
tarvals  of  retolutim,  etmaponding  to  the  laws  of  modulaticm  of  the  e<»i(d,dared 
.  ai©jals.  ■  \  ‘ 

Ut  I define  concretely  the  obtained  genarel  rslationidilps  the  ease  of 
signals  reflaetad  f^  the  target  and  interfering  with  the  reflectionB.  the 
dimensions  of  taiget  we  will  henceforth  esstieit  small  as  compared  with  the  width  of 
the  pattern  of  directivity  of  ^s  antenna,  as  well  aa  ccs^pared  with  the  aslant  of 
the  intervals  of  aolutiiMi  in  range,  and  ws  will  diaregard  the  diffusion  of  osdu- 
lation  of  ths  reflaeted  signal  owing  to  the  ej^ent  of  the  target*  Furthentcre, 
in  most  casta  wi  wiU  diaregii^  distortion  of  the  msdulaticii  of  the  refleeted 
si^ial  owing  to  the  Ih^pfO^ar  effect 


Tho  function  of  the  coxrelation  of  the  signal  reflected  from  the  target  is 
recorded  in  the  form 

^  (/,.  /,) = Re  Pc g  (?,.  0..  /,) u  (/,-•*)  tt* («,— c)X 

(1*3.9) 


>di©ra  f(/|  — /,)  is  the  coefficient  of  the  correlation  of  fluctuations  of  the  re¬ 
flected  signal; 

Pft  is  the  power. 

The  factor  6„  /)  in  resolving  a  number  of  problems  can  be  included  in 
the  law  of  modulation  of  the  reflected  signal  u  (/— t) . 

In  this  case  the  function  of  correlation  during  multifrequency  omission  will 
be  converted  in  a  similar  manner 


Rc(/..  /.)=Re5]^g(f,.  6..  /,)X 


idiere  p(/,  — /,)  is  the  coefficient  of  the  correlation  of  fluctuations  (exemplarily 
assumed  as  identical  to  all  the  utilized  flrequenoies); 

•*i  is  the  Doppler  shift  of  the  j-th  carrier  frequency; 

>1^  is  the  amplitude  of  the  ;S-th  reflected  signal. 

The  coefficient  (»j*  determines  the  degree  of  correlation  of  the  J-th  and  k-th 
signals 


Pi*’ 


(1.3.U) 


whore  is  the  distribution  density  of  the  reflecting  surface. 

For  interfering  reflections  from  amall-sise  objects  (henciforth  we  will 
such  objects  discrete  interferences  or  interferences  of  the  type  "interfering » 
false  target" )  the  function  of  correlation  of  the  reflected  signal  ear\  also  be  re* 
corded  in  the  form  of  (1.3.9),  (1.3.10). 


There  is  significant  interest  in  the  case  of  a  slow  change  of  the  function 
/(/) ^  corresponding  to  extensive  passive  interference. 
Physically  it  is  obvious  that  this  case  is  the  most  complicated  from  the  view¬ 
point  of  protection  of  the  radar  set  fron  the  influence  of  interfering  reflections. 
Therefore,  an  analysis  and  synthesis  of  the  means  of  protection  from  the  inter¬ 
ferences  under  consideration  in  this  case  correspond  to  the  minimum  approach  en¬ 
suring  the  best  effect  in  the  worst  case.  The  practical  use  of  the  results  of 
synthesis  does  not  require  a  knowledge  of  the  distribution  of  elementary  reflec¬ 
tors  in  space  which  profitably  distinguishes  the  given  case  from  the  remaining. 

In  the  case  of  extensive  interference,  the  expression  for  the  function  of 
correlation  can  be  simplified  considerably.  If  the  main  signal  is  a  multiple  modu¬ 
lated  single  sending  and  f(z)  changes  littlo  in  the  interval  equal  to  the  dur¬ 
ation  of  the  sending  then  from  (l,3«7)  we  ob. ain 

Rea(/j)r(/,; (1,3.12) 

whore  is  the  Doppler  frequency  6f  interference j 

C(t)  is  determined  by  the  equality  (1,2.2)  , 

The  factor  in  this  formula  takes  into  account  the  distortion  of  modulation 
owing  to  the  motion  of  the  target.  Usually  they  are  sufficiently  weak  and  their 
consequence  need  not  be  considered.  Calculation  of  these  distortions  will  be 
given  In  Section  4,9. 

If  u(t)  is  the  periodic  signal,  then  for  obtaining  a  formula,  analogous  to 
(1.3 ‘12),  it  is  sufficient  to  require  a  mill  change  of  f(t)  after  the  diuration  of 
the  period,  and  in  the  case  of  statiimaiy  noiao  modulation  of  the  main  signal  — 
during  the  time  of,  and  several  timee  exceeding  the  time  of  correlation  of  tlte 
modulating  random  process.  Moreover,  in  accordance  with  (1.3.7)  and  (1.2.2') 

(1.3.13) 


As  can  be  seen  from  (1,3.12)  and  (1.3.13),  in  the  case  of  extensive  passive 
interference  the  transience  ie  dependent  only  on  the  presence  of  the  factor /a). 
Retximing  to  formula  (1.3.5),  it  is  easy  to  perceive  that  r(z;  liJj)  depends  not 
only  on  the  difference  of  t^  and  t2»  but  also  on  their  absolute  values  »rtiich  are 
connected  with  the  change  of  position  of  the  pattern  of  directivity.  In  the  mode 
of  detection  the  position  of  the  pattern  of  directivity  usually  clianges  sufficiently 
slowly.  During  interference  extended  at  angles,  rizJiJt)  can  be  considered  as  the 
slow  function  of  t^^,  which  diminishes  sxifficiently  fast  with  an  Increase  of  Ki— /j1  . 
Henceforth,  we  will  consider  this  assumption  to  be  carried  out.  Moreover,  as 
follows  from  (1.3.12)  and  (1.3.13),  the  signal  reflected  from  extensive  passive 
interference  can  be  considered  a  qua$i-st at ionary  random  process.  In  Chapter  4  it 
will  be  shown  that  for  use  in  problems  of  analysis  and  synthesis  of  results  ob¬ 
tained  for  stationary  interference,  it  is  sufficient  to  reqxiire  a  smallness  of 
change  of  f(z)  in  the  interval  of  solution  in  range. 

In  the  case  of  extensive  passive  interference  and  multlf^equency  moission  the 
above  mentioned  conditions  of  the  independence  of  reflected  signals,  corresponding 
to  various  carrier  frequencies,  coincide  with  the  conditions  with  the  se¬ 
parate  reception  of  these  signals  is  possible  (1.2)  and  are  always  satisfied* 
Therefore,  the  function  of  correlation  cf  the  reflected  sl^aX  in  this  oasa  is  the 
sum  of  the  functions  of  correlation  of  the  separate  constituents. 

It  was  earlier  indicated  that  the  normality  of  the  reflected  radar  signal  is 
based  on  the  presentation  of  the  target  in  the  form  of  a  totality  of  a  large  numb«r 
of  random,  transferred  one  relative  to  another,  “brilliant"  points.  The  parameters 
of  a  normal  random  process  utilised  for  a  description  of  this  signal  depend,  nat¬ 
urally,  on  the  aspect  of  the  target  since  with  change  In  its  orientation  relative 
to  the  radar  set  the  quantity  and  peculiarity  changes  of  those  “l»rilliant“  points, 
which  participate  in  forming  the  echo  signals.  Xn  most  cases  the  tiurget  (for  ex. 
ao^e  an  aircraft)  for  the  duration  of  a  long  interval  of  time  does  not  praotloally 


changes  its  orientation  so  that  the  presentation  of  the  reflected  signal  in  the 
form  of  a  normal  random  process  with  fixed  values  of  parameters  is  comprehensive. 

In  some  cases  the  target  in  this  sense  is  not  stabilized  and  participates  in  com¬ 
plicated  rotations  (for  example  artificial,  earth  satellites).  Morsover,  the  re¬ 
flected  signal  for  every  orientation  of  a  target,  as  before,  can  be  considered 
normal,  but  the  orientation  of  the  target  itself  is  random. 

Usually  the  rotation  of  a  target  is  rather  slow,  and  in  a  number  of  cases 
after  intervals  of  tljae  the  parameters  interesting  us  of  the  normal  random  pro¬ 
cess  (echo  signal)  practically  do  not  change,  although  they  remain  indefinite. 

In  connection  with  this  in  calculating  the  diai'acteristics  of  radar  systems  working 
on  such  ballistic  targets  It  is  possible^  as  before,  to  use  an  idealized  reflected 
signal  in  the  form  of  a  normal  random  process  neutralizing  then  the  calculated 
characteristics  of  the  radar  set,  taking  into  account  the  probability  of  the 
various  target  orientations.  With  this  neutralizing,  if  the  form  of  the  function 
of  correlation  of  the  echo  signal  practically  does  not  depend  on  the  orientation 
of  the  target  it  is  sufficient  to  limit  ourselves  to  those  of  its  characteristics 
as  the  probability  of  the  various  magnitudes  of  the  effective  reflecting  surface 
which  determines  the  intensity  of  the  reflected  signal. 

The  above  conducted  inveetlgaticm  of  the  oharaot eristics  of  the  reflected 
radar  signal  is  connected  with  those  of  ite  changes  which  are  determined  by  the 
process  of  re.fXeotion  from  the  target.  With  an  Incoherent  pulse  signal  there  are 
still  additional  random  changes  of  the  echo  signal  connected  with  "jvmtps"  of  the 
Initial  phase  of  the  high-frequency  filling  of  adjacent  pulses  of  the  main  signal. 
In  connection  with  this  the  distribution  of  probabilities  for  an  incoherent  eehc 
signal,  considering  its  change  Aram  pulse  to  pulse,  is  not  normal.  This  question 
will  be  considered  in  more  detail  in  the  chapters  devoted  to  the  caloulation  of 
the  oharaeteristics  of  inosherent  radar  systems* 


1.4.  The  Received  Radar 


The  input  signal  for  different  radar  systems  (the  received  signal)  is  a 
mixture  (sum)  of  the  reflected  signal  and  set  noises  of  the  receiver,  converted 
in  the  input  of  the  system.  Into  the  received  signal  one  should  also  include 
various  interferences  inevitable  vmder  real  conditions  of  the  use  of  radar  sys¬ 
tems. 

Earlier  it  was  indicated  that  in  many  cases  the  reflected  radar  signal  is 
subordinated  to  the  normal  distribution  of  probabilities.  Set  noises,  as  it  is 
known,  in  most  cases  can  also  be  considered  as  normal  and  "idiite"  (having  constant 
spectral  density  of  within  the  limits  of  the  band  pass  cf  the  receiver);  also 
normal  are  many  forms  of  interfering  signals  including  such  wide-spread  forms  as 
active  noise  interferences  and  reflections  from  passive  interferences  in  the  form 
of  a  cloud  of  dipole  reflectors  and  also  reflections  from  the  earth’s  and  sea’s 
surface.  In  virtue  of  the  circumstances  presented,  the  received  radar  signal  is 
frequently  a  normal  random  process.  Its  mathematical  description  is  given  as 
also  for  a  reflected  signal,  by  the  multi-dimensional  probability  of  density  of 
the  form  (1.3.2). 

In  distinction  from  the  reflected  si^al  the  correlated  function  of  the  re¬ 
ceived  signal  clearly  determining  the  distributive  law  of  inrobabilities,  is  the 
sum  of  the  correlated  functions  of  all  constituents  of  the  signal.  Henceforth, 
in  the  mathematical  description  of  a  received  signal  y(t),  besides  the  multi¬ 
dimensional  probability  density,  there  will  be  widely  used  the  functional  of  the 
probability  density  which  is  obtained  from  the  n-dimensional  probability  density 
for  the  values  of  the  signal  at  moments  2, ....  n)  as  a  result  of  mayimtcn 

transition  during  A/-*0  and  n-*oo  *  Let  us  consider  more  specifically  this 
functional  and  its  properties. 


Limit  of  the  index  of  exponents  in  (1.3«2)  is  easily  calculated 


lim 
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where 
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The  functional  of  the  density  of  probabilities  is  recorded  thus: 
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/'l^(01  =  /f,exp{— 1  t,)y(t,)y(U)dl,dU  ).  (I.4.I) 

Equation  (l.3*3}>  determining  the  elements  of  the  inverse  correlated  matrix, 
can  be  written  in  the  form 


converted  &t  and  n-^oo  into  ah  integral  equation 

«)V(5.  (1.4.2) 

where  R(t^,  t^)  is  the  function  of  correlation  of  the  received  elgnal,  equal  to 

R(t„ 

(X.4.3) 

Here  Nq  Is  the  spectral  density  of  set  noises  of  the  receiving  mechanism. 

The  factor  ^  «*preooion  (1.4.1),  in  general,  Is 

Infinitely  large*  However,  in  resolving  practical  problems,  this  circumstance  Is 
immaterial  since  in  the  synthesis  of  measuring  radar  systems  we  use  (Chapter  6) 
the  logarithmic  derivative  of  the  functional  of  probability  density,  and  In  syn» 
thesis  of  radar  syii««i  of  detection  (Chapter  3)  —  the  relation  of  these 


functionals.  It  is  easy  to  verify  that  both  these  functions  are  finite. 

The  logarithmic  derivative  of  the  functional  F[y(t)J  by  the  arbitrary 
parameter  >.  is  determined  as  the  sum  of  logarithmic  derivative  aiid  the  deriv¬ 
ative  of  the  index  of  e:}q>onents  in  (1.4«l)  by  this  parameter,  which  physically 
can  be  range,  velocity  or  any  other  coordinate  of  the  target, 

For  we  have 
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(1.4.4) 


Here  (Rn^)  is  the  cofaetor  of  the  elecMti  the  dash  signifies  the  differenti¬ 
ation  on  the  parameter  1. 

As  a  result  of  maximum  transitiiMi  at  ah.oo  andg/^Ove  will  obtain 

.It.,  as  a. I  ? 
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where  the  function  W(t].,  ts)  is  determined  by  equation  (1.4.2). 

Finally,  for  the  derivative  on  the  parameter  A  from  the  logarithum  of  the 
functional  FCy(t)J  we  have 

. 


(1.4.5) 


Formula  (1,4.4)  easily  eillows  to  establish  the  finiteness  of  the  relation  of 
determinants  of  correlated  matrices  for  two  arbitral^  normal  processes*  In  the 
particular  case  interesting  us,  pertaining  to  the  problems  cf  detection,  one  of 
the  considered  processes  is  the  arbitrary  interference  with  the  function  of  cor¬ 
relation  Ra(tuh)  and  second  is  the  sum  of  the  useful  signal  and  the  inter¬ 
ference  with  the  function  of  correlation,  which  can  be  recorded  in  the  form 
ti) .  Moreover,  we  are  interested  in  the  determinant 


Iff.,  ny— _ _ _  1 
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where  IlirBj*|l  is  the  matri^c,  the  inverse  of  ||/?n;*ll  ;  and 


In  the  limit  at  A/  -*•  0  and  n  -*  oo  we  obtain 
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Applying  to  the  determinant  the  formula 
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which  follows  from  (1.4.4),  >diere 

Mt 

we  have  ^ 

whereby  for  the  equation  Is  correct 

Changing  to  the  limit  at  a/  ^  0  ^  n  -»•  oo ,  we  have 
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(1.4.6) 
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where  V{t„ 
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and  there  is  determined  from  the  eqtiation 

(1.4.10) 

^rtiich  can  be  revnritten  in  the  form 

T 

I Q(^.  s)K(«.  /J.  (1.4.11) 

Comparing  (1.4.9)  and  (1.4.11)  and  considei'ing  the  eynanetry  of  the  matrix 
IIQi»ll  >  we  see  that 

and  the  function  «(/„  /,)  in  accordance  with  (1.4.10)  and  1.4.11)  is  determined 
by  the  integral  equation 

•(<».  |q(<».  «)•(«.  /J.  (1.4.13) 

Formulae  (1.4.12)  and  (1,4.13)  allow  to  find  the  limit  of  the  determinant  of  the 
matrix  of  the  form  (1.4.6).  Thus,  the  relation  of  functionale  of  the  probability 
of  density  of  the  received  signal  with  the  absence  and  presence  of  the  useful,  sig¬ 
nal  is  obtained  by  the  application  of  the  obtained  formulas. 

All  the  expressions  connected  with  the  functional  of  the  density  of  prob¬ 
abilities  are  easily  generalised  by  a  multi-dimensional  ease  where  for  some  re¬ 
solutions  of  the  parameters  of  the  target  it  is  necessary  to  use  m  signals  re- 
oeived  on  independent  channels.  These  problems  will  be  considered  in  Chapter  10 
and  12|  devoted  to  multi-dimMisi<mal  msasuremonts. 


Under  the  conditions  of  the  practical  use  of  various  radar  systsM  an  m tent  1  si 
role  is  played  by  their  noiseproof  featur%  which  in  ma^r  eases  predetermines  the 


possibility  of  fxxlfillment  by  radar  of  problems  placed  before  it.  Jamming  in 
radar  can  be  created  naturally  and  artificially.  Natural  jananini?;  includes,  in 
the  first  place,  set  noises  of  the  receiving  mechanisms,  and  also  reflections 
froiA  local  objects,  the  earth,  and  sea  surfaces,  galactic  noises,  and  other  fac¬ 
tors,  which  are  connected  with  the  peculiarities  of  the  construction  of  a  radar 
set  and  the  conditions  of  its  operation.  Here  touch  the  so-called  mutual  inter¬ 
ferences  connected  with  the  presence  in  space  of  the  sim’-iltaneous  emissions  of 
many  radar  stations.  The  main  forms  of  natural  interferences  and  their  charac¬ 
teristics  were  briefly  described  above  with  considerations  of  the  properties  of 
the  reflected  and  received  radar  signals.  Here  will  be  cited  that  which  is  nec¬ 
essary  for  the  further  information  on  artificial  interferences  especially  created 
for  jamming  the  normal  operation  of  radar  stations  [1,  21,  22,  23,  76]. 

Artificial,  specially  organized  interferences  by  their  own  character  can  be 
active  .-aid  passive.  Active  interferences  are  created  by  special  jamming  trans¬ 
mitters,  passive  are  the  result  of  the  reflection  of  a  main  radar  signal  from 
specially  fixed  reflecting  objects.  Let  us  first  consider  active  interferences. 

According  to  target  designation,  active  interferences  can  be  divided  into 
spot  and  barrage.  Spot  jammings  are  tuned  to  a  fixed  frequency,  have  a  compar¬ 
atively  narrow  spectrum  and  are  intended  for  the  suppression  of  separate  radar 
sets.  For  the  creation  of  such  interference,  preliminary  and  sufficiently  accur¬ 
ate  intelligence  of  the  main  parameters  of  the  suppressed  radar  set  is  necessary 
in  connection  with  which  the  corresponding  jamming  equipment  should  be  joined  with 
the  reconnaissance  receiver.  This  form  of  jamming  is  intended  basically  for  .^Ji- 
dividual  radar  protection  of  an  object  and  allows  to  create  the  necessary  excess 
of  level  of  interference  above  the  reflected  radar  signal  even  for  stations  with  a 
small  operating  range.  Barrage  jammings  cover  a  sufficiently  wide  ran<?e  of  fre¬ 
quencies,  do  not  require  accurate  reconnaissance  equipment  and  can  simultaneously 
jam  several  radar  stations.  Barrage  jamming  oan  be  used  for  individual  protection 


/ 


as  well  as  for  radar  cover  of  a  group  of  targets  with  the  help  of  special  pro¬ 
ducers  of  interference. 

The  ijrqwrtant  forms  of  active  interferences  are  noise  and  reciprocal  (relay), 
Interference  in  the  form  of  continuous  noise  signal  ("smooth"  noise  interference) 
is  able  to  disturb  the  operation  of  range  measuring  mechanisms.  For  increasing 
the  effectiveness  of  noise  interference  in  reference  to  goniometrical  radar  sys¬ 
tems  it  is  necessary  to  increase  the  spectral  constituents  in  the  areas  of  possi¬ 
ble  scanning  frequencies. 

Henceforth,  for  noise  interference  there  is  taken  an  idealization  in  the  form 
of  normal  ^ite  noise  which  is  justified  by  the  fact  that  the  width  of  the  spec¬ 
trum  of  noise  interference  in  most  cases  significantly  exceeds  the  bandwidth  of 
the  input  circuits  of  the  receiving  mechanism.  In  accordance  with  this  ideali¬ 
zation  the  noise  interference  will  be  characterized  by  a  single  parameter  with 
a  spectral  density  of  N„  , 

Reciprocal  active  interference  controls  the  main  radar  signals  corresponding 
jamming  transmitters  either  overradiate  an  intensive  and,  especially,  a  thoroughly 
modulated  signal  of  a  radar  station,  or  are  triggered  by  this  signal.  Reciprocal 
interference  can  have  a  pulse  as  well  as  a  continuous  character,  and  can  be  either 
single  or  repeated  (with  "multiplication',').  Traiismittera  of  single  reciprocal  in¬ 
terferences  intended  for  jamaing  autotracking  systems  can  give  signals  modulated 
in  addition  by  amplitude  or  lag  time,  Multipl.e  reciprocal  (limitation)  jamming 
is  applied  against  radar  doteotlon  sets.  Such  joimuing  creates  false  blips  on  ^e 
radar  screen,  irtiioh  can  mask  a  group  of  targets  ps’oeeeding  fr<«n  beijind,  and  a 
pulse  repetition  period  selected  iii  the  ajjpropriate  way  —  and  a  producer  of  inter¬ 
ferences.  Tranemittero  of  j^ciprocal  interforence  are  distixiguiaJ’ked  by  sittqplioity, 
small  delay  time  of  relatively  useful  jamming  oignol,  broad-bandness,  small  re¬ 
covery  time  and,  as  a  result,  the  ability  to  aimuli<u)ieous  jam  many  radar  stations. 


Besides  noise  and  reciprocal  Jamming,  one  should  note  also  pxilse  Jamming 

with  a  regular  period  of  repetition  (interference  of  the  type  "railing")  and 

random  pulse  Jamming  (RPJ)  with  a  random  repetition  period.  The  amplitudes  of 

pulses  of  interference  will  be  considered  constant,  and  their  duration  —  of  the 

same  order  as  the  pulses  of  a  useful  signal.  Considering  the  average  porosity 

i 

of  random  pulse  Jamming  0“"^  where  v  is  the  mean  frequency  of  the  appearance 
of  interference  pulses,  significantly  larger  than  one  can  be  taken  for  the  prob¬ 
ability  of  appearance  of  n  pulses  of  RPJ  in  the  interval  of  duration  t  of  the 
Poisson  distribution 

(1.5.1) 

At  large  v,  vtu  is  comparable  with  one,  should  consider  that  physically, 
pulses  of  RPJ  cannot  be  overlapped.  Then  the  full  probability  ndt  of  appearance 
of  a  pulse  of  interference  In  the  interval  of  (t,  t  +  dt)  is  equal  to  the  product 
of  the  probability  vJ/  of  the  appearance  of  a  pulse  in  this  interval  under  the 
condition  that  in  the  interval  of  the  pulses  of  RPJ  do  not  appear  on  the 

probability  of  this  condition.  It  follows  fi>om  this 

(1.5.2) 

Therefore,  in  the  case  of  large  vtH  it  is  possible  to  use  distribution  (1.5.1), 
taking  instead  of  v  the  equivalent  mean  frequency 

The  described  forms  of  active  interferences  can  be  created  practically  in  any 
of  the  presently  utilized  bands  of  Ar>equeneles  and  act  either  constantly  or  inter¬ 
mittently  at  definite  or  random  moments  of  time. 

By  passive  interference  we  will  mainly  mean  dipole  reflectore  from  various 
materials.  Reflectors  are  made  up  into  packs  which  usually  contain  ten  thoueand 
dipoles.  The  dimension,  form,  and  material  of  the  dipdie  la  determined  by  Its 
basic  eharactwistioss  the  neutralised  effective  reflecting  surface,  polarisation 
of  the  signal  reflected  from  it,  the  rate  of  descent,  the  coefficient  of  adhesi<m* 


The  effective  reflecting  surface  of  one  half-wave  dipole  is  estimated  by  the 
formula  0,I8X^  where  >.  is  the  working  wavelength.  The  coefficient  of  adhesion 
estimates  the  decrease  of  the  number  of  effective  dipoles  owing  to  adhesion  and 
the  breakdown  of  the  reflectors  w:lth  aperture  of  the  pack.  An  important  char¬ 
acteristic  of  passive  interference  is  also  the  time  of  dispersion  necessary  for 
full  "development"  of  a  cloud  of  interference  after  aperture  of  the  pack.  The 
signal  reflected  from  the  cloud  of  dipole  reflectors  will  be  considered  a  normal 
random  px*ocess.  The  form  of  its  function  of  correlation  is  presented  in  Section 
1.3. 

Equipment  for  passive  interference  consists  of  automata  for  discharging  the 
reflectors  and  also  special  equipment  for  raising  the  interference  in  front,  on 
the  side,  and  to  the  rear  of  the  covered  object. 

An  iniportant  foinn  of  interference  is  also  the  so-called  false  targets  which 
fulfill  a  misinforming  role  and  are  in  contrast  to  the  method  of  coarse  force 
( superpowerful  transmitters  of  active  interferences,  "dense"  clouds  of  dipoles  of 
a  large  extension).  In  a  nvmiber  of  cases,  as  a  means  of  creating  false  targets, 
there  can  be  used  active  md  passive  Interferences  ««  tiers  of  reciprocal 

(imitation)  jacamlni:,  mdl  aepai'ately  located  clouds  of  dipole  reflectors,  and  so 
forth.  Along  with  this  there  can  be  applied  stpeciai  equipment  —  decoy  ("radar 
traps"),  i^ich  will  carry  specl^O,  equlpjnent  irlmvajitlifig  the  signal  f rsms  a 
target* 


In  this  chapter  ftonaiderof)  the  mlsr  of  ■  applied, 

laws  of  -  modul-ation  of  the  ma-ln  radar  signal,  the  fluctuating  pr^Hkm  of  the 
reflected  sigiml,  ^md.iklso  possible  : 

Very  impo-rtiwit  for  the  future  iB  Xhw.  of  the  echo  in 

■  a  eerioa  of  Incidents,  the  entire,  slpal  recelveti  in  form  of  a  norviAl  random 


X'/ 


process.  Since  this  presentation  corresponds  well  to  the  essence  of  the  majority 
of  problems  fomid  at  present  in  radar,  then  it  limits  little  the  oonrnunlty  of  the 
below  obtained  results.  Some  of  these  results,  as  will  be  shown  in  subsequent 
chapters  also  pervade  signals  not  subordinated,  in  general,  to  the  normal  dis¬ 
tributive  lair  of  probabilities. 


,C  H  A  P  T  E  R  2 

THE  INFLUENCE  OP  SIGNALS  AND  INTEKFEIRENCES  ON  THE  ELEMENTS  OF  THE 

RADIO  RECEIVER  MECHA^aSM  ' 

2.1.  Introductox'y  Remarks 

The  radio  receiver,  mochanism  is  aft  obligatoiy  component  pai*t  of  any  radar 
set.  Moreover,  within  the  limits  of  one  radar  station  the  same  receiver  is 
frequently  used  to  perform  the  iuost  diverse  functions  connected  with  detection, 
tha  measurement  of  coordinates,  and  tracking  of  any  target  parameter. 

■The  receiving  mechanism,  to  a  great  degree,  is  subject  to  tho  influence  of 
interferences  of  a  distinct'  form  and  fluctuations  of  the  signal  reflected  from 
the  target,  vdiereupon  it  will  convert  the  signal  and  interference  in  such  a  way 
that  their  characteristics  at  the  output  appeal’  to  be  significantly  ffiodified  and 
dependent  on  the  selection  of  parameters  of  the  receiver,  Thei'c/fore,  during  the 
analysis  of  systems  of  radar  detsction  and  measureiuent  it  is  necessary  to  know 
the  characteristics  of  signals  and  interferences  at  the  output  of  the  receiver 
or  its  separate  elements. 

The  receiving  mechanisms  differ,  depending  ujxift  the  functions  perfo'‘med  by 
them  and  the  form  of  the  received  signal.  Thus,  there  ca^i  be  receivers  of 
coherent  and  incoherent,  pulse  and  continuous  sigimls.  Of  com'se  it  is  difficult 
to  describe  all  the  possible  laodifications  of  the  circuits  of  receiving  weehaniams. 
The  circuits  applied  in  various  chanuels  of  the  radai'  set  will  be  givm  in  eubae- 
quent  chapters.  However,  in  spite  of  the  difference  of  forms  of  receivers  aafiy 


elements  from  which  they  are  constructed  appear  to  be  identical  and  change  only 
in  their  requirements.  We  will  dwell  briefly  on  the  elements  of  the  receiver. 

They  include  the  input  high-frequency  mechanisms  including  the  waveguide  channels 
and  preselectors.  Many  modern  receiving  mechanisms  have  high  frequency  amplifers 
built  on  the  basis  of  parametric  amplifiers,  molecular  amplifiers,  or  traveling 
wave  tube  amplifiers.  The  obligatory  elements  of  radar  receivers  are  mixers, 
in  which  there  occurs  the  conversion  of  the  signal  spectrum  owing  to  the  inter¬ 
action  of  the  signal  and  heterodyne  voltages.  The  essential  peculiarity  of 
coherent  signal  receivers  is  the  fact  that  the  voltage  of  heterodynes  is  rigidly 
connected  by  phase  with  the  main  signal.  Usually  this  is  obtained  by  the  fact 
that  the  heterodynes  and  the  transmitter  of  the  station  have,  as  a  general  source, 
a  quartz  generator.  Besides  this,  the  application  is  possible  of  a  coherent 
heterodyne  phaseing  from  the  transmitter.  In  incoherent  reception  such  a  rigid 
connection  between  the  main  signal  and  the  heterodyne  voltage  does  not  exist  and, 
as  heterodynes,  in  this  case,  klystron  generators  are  usually  used. 

The  majority  of  modern  receivers  have  intermediate  frequency  an^lifiers 
(IPA).  The  exception  constitutes  receivers  of  a  direct  amplifier  which  in  radar 
are  applied  oompwatlvely  x  ^ely  in  view  of  their  low  sensitivity.  In  incoherent 
pulse  receivers  the  pass  band  of  the  IPA  is  selected  in  accordance  with  the 
spectrum  of  received  pulses  (or  wider).  In  optimum  receivers  of  «  pulse  coherent 
signal,  as  one  will  see  below,  tliO  IPA  should  consist  at  minimum  of  two  amplifiers. 
11)0  first  arnplifior  is  a  wide  band,  and  in  it  is  carried  out  the  gating  of  the 
signal.  The  second  aJtiplifier  is  a  narrow  bond  with  the  pass  band  coordinated 
with  the  spectrum  of  fluctuatious  of  the  received  signal. 

After  proceeding  through  the  IPA  the  signal  is  detected  by  a  second  detector 
and  proceeds  to  the  input  of  the  video  ajsiplifier  in  pulse  incoherent  receivers,  or 
the  low  frequency  iunplifier  in  coherent  receivers.  Prom  the  output  of  these 
wapllfiers  the  signal  proceeds  to  various  channels  of  the  radar  set,  intended 


for  the  detection  of  targets^  range  measureraent, angles  etc. 

In  radai'  sets  using  for  the  measurement  of  angles  the  pi’inciple  of  instantan¬ 
eous  amplitude  comparison  of  signals,  the  receiving  luechandsm  usually  consists 
of  three  identical  channels.  Signals  from  the  output  IFA  of  these  channels  mve 
to  the  phase  detectors,  in  the  output  of  which  are  produced  voltages  proportional 
to  the  angular  displacement  of  the  direction  on  target,  relative  to  an  equisignal 
direction.  Phase  detectors  are  also  applied  in  the  channels  of  measwement  of 
velocity  of  a  target  of  stations  with  coherent  emission  and  in  autofreq[uency 
control  syst^sms. 

Finally,  the  majority  of  modern  receiving  mechanisms  have  a  sy:.tem  of  auto¬ 
matic  gain  control  (AGC ) ,  For  the  various  types  of  receiving  mechanisms  the  system 
of  AGC  can  be  accomplished  differently.  However  in  investigating  the  influence  of 
the  AGC  systejn  on  the  characteristics  of  a  signal,  the  receiving  mechanism  vdth 
AGC  can  be  represented  in  the  form  of  m  equivalent  diagram  widch  is  cojmain  for 
many  cases* 

It  is  adMl sable  to  prelimin&idly  estpound  the  problSEUj  of  the  action  of  signals 
and  interferences  on  the  enumerated  eiemanta  of  the  radio  rsoeiving  mechanism, 
inasmuch  as  th&y  arc  comon  for  the  sajord-ty  of  im.,sequent  Idirthomore,  ■ 

it  is  useful  to  introduce  ncfini t#.  ideaJi mtions  for  xho  ctiamcterietios  of  the. 
elmnenta  of  the  rKwelvlng  mo'nmxim  mvik  ta  stlptuato  the  of  iitolr  application, 

in  Oislor  to  then  widely -uae  such  ehcvractariyviba,''  TIhs®«  problems  are 

the  cbnttnta  of  the  presfutt  chapter,  ■  Cssrtiv.lo.ly,  it  in  pretend 8  tc  be- a  . 

full  aooouftt  of  all  the  probl^rnis  of  the  irifltienct!  cd"  tnterft'rencisa  ofj  receiving 
aechaniaow»*  .'in  radio  rocclviiig  isfeuhiuumiiw.iitiy'  rmaln  diseontented  by' 

the  fact  th'it  in  reference  to  the  se{:)ajt*r,te  ehimentiis  of;. receiver  the  _ idea ■ 
taken  are  too  rough,  itowever,.  one  should  cc^eider  that  ■.r?‘equfthiiy'  this  i'»  done  . 
for  the  purpose  of  simpliiying  the  aniilyulr)  o.f  radar  aystffm  on  the  vhalOj  w1')ich 
is  oonduoted  in  aabeoquoFii  chapters.  Lot  m  not#  that  the  mterial  preaentod  can 


represent  an  independent  interest  \mder  the  influence  of  interferences  jointly 
with  a  useful  signal  at  the  receiving  mechanism. 

In  the  account  are  widely  used  the  results  of  analysis  of  the  influence  of 
random  processes  on  the  elements  of  radio  reception  mechanisms  which  are  contained 
in  the  works  of  V,  I,  Bunimovich  [24]»  B,  R,  Levin  [17J>  S,  0,  Rays  [25]  and 
others.  In  view  of  the  limits  of  volvuae,  detailed  mathematical  computations  are 
lowered,  and  only  the  final  expressions  are  given  and  the  method  of  obtaining  them. 
Along  with  the  already  known  results,  in  the  chapter  is  contained  the  original 
material  relating  to  the  problems  of  the  influence  of  random  signals  and  inter¬ 
ferences  on  the  receiving  mechanism  with  automatic  gain  control. 

Before  going  to  an  analysis  of  the  passage  of  signals  and  interferences  through 
the  separate  elements  of  the  receiving  mechanism  let  us  consider  the  problem  of 
noises  in  the  receiver, 

2,2,  Noises  In  Receiver,  The  Noise  Factor  and  the  Effective 
Noise  Temperature  of  the  Reoeivlng  Nechanlsm 

Since  noises  ore  of  a  wider  band  than  the  receiving  mechanism  we  will  hence¬ 
forth  consider  that  in  the  input  of  the  ideal  receiver  there  takes  place  a  noise 
voltage  idealized  by  white  noise.  Then  the  only  characteristic  that  will  be 
necessary  in  subsequent  chapters  is  the  spectral  density  Nq  of  this  equivalent 
noise  converted  to  the  input  of  the  receiver.  In  order  to  find  this  characteristic 
let  us  consider  the  cause  of  the  appearance  of  noises  and  the  quantitative  ahor- 
acteristios  of  noise*  First  of  all  let  us  note  that  if  even  the  receiving  aeohonism 
itself  was  ideally  noiseless,  in  the  input  of  the  receiver  there  would  take  place 
a  noise  voltage.  The  causes  of  the  appearance  of  these  input  noises  will  be 
indicated  somewhat  below,  Since  the  receiving  mechanism  Itself  is  imperfect  and 
creates  additional  noises,  then  noise  voltage  in  the  output  of  the  receiver  will 
be  determined  by  input  as  well  us  set  noises.  If  the  receiver  does  not  contain 
low-noise  high  frequency  amplifiers  them  the  noise  voltage  determined  in  the 


output  will  be  set  noises. 

In  order  to  quantitatively  estimate  how  far  a  real  receiver  differes  from 
an  ideal  noiseless  set  there  is  U8;ially  introduced  the  conception  of  the  noise 
factor  of  a  receiving  mechanism. 

The  noise  factor  P  of  a  certain  linear  quadripole  is  called  the  number 
showing  how  many  times  the  ratio  of  signal  to  noise,  by  the  power  on  its  input, 
is  larger  than  the  corresponding  ratio  of  signal  to  noise  in  the  output. 


Pm 


(2.2.1) 


A 

Where  is  the  ratio  of  signal  power  to  noise  power  at  the  input  in  the 

quadripole- pass  band; 

P-——  is  the  ratio  of  signal  power  to  noise  power  on  the  output, 

rm  auii 

From  the  relationstiip  (2,2.1)  it  is  clear  that  for  an  ideal  noiseless 
quadripole  the  noise  factor  is  equal  to  one  and  for  any  real  one  P>1. 

Lot  us  represent  the  receiving  mechanism  in  the  form  of  series  connected 
quadripoles  wMch  accordingly  have  the  noise  factors;  P2,  P3*...  If  the 
loads  of  tho  quadrii^oloa  coordinated,,  then  for  the  noise  factor  of  the  receiving 
>neotuuiisffl  it  is  simple  to  obtain  the  following  i^elationship; 


(2.2.2) 


where  and  0^  are  the  amplificatlosi  factors  of  quadripoles  by  power. 

Prom  the  obtaiiied  expreasion  it  is  cleai*  that  if  the  receiver  )ias  &  high 
frequency  amplifier  with  a  large  oiaplifioatlon  fjiotor,  then  its  noise  factor 
will  be  basically  determined  by  U;e  set  noises  of  this  amplifier  and  the  input 
circuits. 

However,  receivers  of  the  microwave  range  frequently  do  not  have  high 
frequency  amplifiers.  In  such  receivers  the  first  intense  noisy  eleswit  will  be 


the  mixer,  the  second— the  intermediate  frequency  amplifier.  Noises  of  the 
mixer  are  composed  of  set  noises  of  the  crystal  detector  and  heterodyne  noises. 
Usually  the  noise  properties  of  the  mixer  are  assumed  to  characterize  the 
relative  noise  temperature 

where  is  the  effective  noise  temperature  of  the  mixer; 

T  is  the  absolute  temperature  of  the  elements  of  the  receiving  mechanism; 
and  is  the  transmission  factor  by  power  and  noise  factor  of  mixer. 
Then  the  noise  factor  of  a  receiver  will  be  recorded  in  the  form 


Here  F2  is  the  noise  factor  of  the  IFA, 

Thus,  the  noise  factor  of  the  receiver  is  basically  determljied  by  noises  of 
the  intermediate  frequency  amplifier  and  noises  of  the  mixer.  There  are  many 
causes  of  appearance  of  noises  of  the  IFA,  It  is  possible  to  indicate,  for 
example,  such  sources  of  noise  as  thermal  resistance  noises,  noises  appearing 
owing  to  the  Sohottky  effect  in  electron  tubes,  and  others. 

As  follows  from  formula  (2,2,2),  the  noise  factor  of  the  whole  Intermediate 
frequency  amplifier  is  basically  deterained  by  the  noise  factors  of  its  first 
stages.  Therefore,  during  projection  of  the  receiving  mechanisms,  special 
attention  is  given  to  the  noise  properties  of  the  input  circuit  and  the  first 
s^ges  of  the  ZFA.  Not  remaining  in  detail  on  these  problems,  we  will  indicate 
that  the  noise  factor  for  microwave  receivers  in  which  there  is  no  aB^lifieation 
at  high  frequeitcy,  usually  ocoiurs  on  the  order  of  10-15  db  (27], 

If  the  receit^ng  mechanism  has  a  high  frequency  amplifier,  which  is  used 
as  a  traveling-wave  tube  (1W  tube),  then  the  noise  factor  of  euoh  a  receiver  has 
on  the  order  of  3-5  db  (28], 


Knowing  the  magnitude  of  noise  factor,  it  is  possible  to  easily  calculate 


the  power  of  noise  on  the  output  of  the  IFA.  From  fonaula  (2,2,1)  we  obtain 

^ib»ux~OFP naxi 


where  G  is  the  amplification  factor  by  the  power  of  the  channel  of  the  receiving 
mechanism  to  the  second  detector. 

The  power  of  noises  on  the  input  in  the  pass  band  of  the  IFA  can  be  calculated 
by  the  known  formula 


Pj,  n==  Ar»x^/»e» 


(2.2.4) 


where 


r«i  is  the  equivalent  noise  temperature  in  the  input  expressed  in 
absolute  \inits; 

A/,*  is  the  effective  pass  band  of  the  IFAj 
k  is  the  Boltzmann  constant. 

Then  power  of  noise  in  the  output  of  the  IFA  will  bo  equal  to 


^  —  kT  (2.2.5) 

where  iin  the  effective  noise  temperature  of  the  receiving  mechanism. 

It  is  necessary  to  note  that  the  noise  factor/ included  in  these  formulas 
is  the  noise  factor  measured  at  an  effective  noise  temperature  in  the  input  , 
which  can  differ  from  the  standard  temperature  of  To  “  290**  K.  Then  one  may  use 
the  following  relationship  between  the  noise  factors  measured  at  temperature  Tm  * 
and  the  standard  noise  factor  measured  at  temperature 

(a.2.6) 

Receiver  noises  limit  the  real  sensitivity  of  the  recei^dng  mechanism  and 
signify  the  maximum  range  of  the  radar  station,  furthermore,  owing  to  the 
presence  of  noises,  there  takes  place  additional  fluctuating  errors  in  the  measure¬ 
ment  of  target  position  data.  In  coiuieotion  with  this,  the  most  important  problem 


of  projection  of  the  receiving  mechaniems  of  radar  stations  is  lowering  the  level 
of  noises. 

Recently,  to  this  encl  essential  successes  were  reached  owing  mainly  to  the 
application  of  parametric  and  molecular  amplifiers.  Their  set  noises  turn  out 
t.o  be  comparably  smaller  than  the  level  of  input  noises. 

The  input  noises  will  be  those  noises  appearing  before  the  first  low-noise 
amplifier.  By  the  causes  of  their  appearance,  it  is  possible  ‘  >  nr,  divide  into 
two  groups.  To  the  first  group  belong  noises  which  appear  owing  to  the  emission 
of  a  celestial  background  (cosmic  noises),  the  secondary  emission  of  an  absorbent 
medium  (atmospheric  noises),  thermal  radiation  of  the  earth  sensed  by  the  lateral 
lobes  of  the  directivity  pattern  of  the  antenna*  To  the  second  group  belong  the 
noises  which  appear  in  the  antenna  and  the  elements  of  the  receiving  channel  of 
the  preceding  amplifier*  To  them  belong  the  noises  which  appear  owing  to  the 
finite  conductance  of  the  surface  of  the  metallic  antenna,  losses  in  the  wave¬ 
guide  channel  from  the  antenna  to  the  low-noise  amplifier,  direct  losses  in  the 
antenna  switch  etc. 

If  the  constituent  noises  of  antennas,  appearing  owing  to  heated  earth,  can 
be  influenced  by  lowering  the  level  of  the  lateral  lobes  owing  to  an  laprovement 
in  the  construction  of  the  antenna,  thtm  more  complicated  is  the  problem  of 
lowering  the  level  of  emission  noise  of  the  sky,  received  by  the  station  f^^om  the 
direction  of  the  main  lobe  of  the  directivity  pattern  of  the  antenna.  This  noise 
consists  of  constituents  due  to  scattering  and  absorption  in  the  atmosphere,  and 
also  of  noise  emission  arriving  from  space  located  beyond  the  limits  of  the  Iono¬ 
sphere  (oosffiie  noise).  Althouj^  the  problem  of  the  dependence  of  the  level  of 
noises  on  the  working  frequency  of  the  station  is  stil3  Inouf flciently  investi¬ 
gated,  there  is  Information  giving  the  possibility  to  judge  the  feet  that  the 
level  of  cosalo  noise  is  Invereely  proportional  to  the  frequan^.  Thla  ia 
illustrated  by  Fig.  2.1*  borrowed  from  U6j«  In  the  figure  le  shown  ths  dspendsnet 


of  effective  noise  temperature  of  ideal  antennas  on  the  frequency.  At  higher 
frequencies  (above  10,000  Me.)  atmospheric  noises  start  to  show  up  strongly  which 
are  increased  with  an  increase  in  the  working  frequency  of  the  station.  Hence,  in 
particular,  there  apparently  exists  a  certain  optimum  range  of  working  frequencies 
at  which  the  noise  temperature  of  the  antenna  is  minimum.  Furthermore,  the  given 
graph  gives  the  possibility  to  estimate  the  magnitude  of  the  noise  temperature 
of  the  antenna  fa  . 

Noises  of  the  elements  of  the  receiving  channel  to  the  low^olse  amplifier  can 
be  easily  estimated.  If  there  is  a  certain  sovurce  with  an  equivalent  noise  temper¬ 
ature  T»  and  we  must  calculate  the  effective  noise  temperature  on  the  output  of 
the  passive  quadripole  with  a  transmission  factor  with  the  power  G,p  ,  then  it 
is  possible  to  use  the  following  formula: 

r«  =  r4G,p4‘7’»p(l -0,,),  (2.2.7) 

«diere  is  the  absolute  temperature  of  a  passive  quadripole. 

The  influence  of  additional  quadripole  elements  can  easily  be  estimated  by 
a  series  application  of  expressions  of  this  t/jw. 

In  the  case  of  the  application  of  parunotric  or  molecular  ao^plifiers  a  more 
convenient  characteristic  of  the  noise  properties  of  the  receiver  is  the  effective 
noise  temperature  *  It  will  be  oo^aed  of  the  noise  teoperature  at  the  input 
and  the  temperature  of  the  set  tioises  of  the  amplifier: 

As  a  result,  we  will  obtain  that  the  effective  noise  temperature  of  the 
receiving  mechanism  can  be  estimated  by  the  formula 

(2«2.0} 

where  is  the  equivalent  noise  temperature  of  the  antenna} 

is  the  absolute  temperature  of  the  waveguide  channel} 

Gtv  ie  the  tranamiselon  factor  by  the  power  of  this  ehennel} 


Tyc  is  the  noise  temperature  of  a  high  frequency  amplifier. 
T/S 
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Fig.  2.1.  Effective  noise  temperature  of  ideal 
antennas,  moleculetr  and  parametric  amplifiers: 

1}  ideal  antenna  aimed  horizontally  at  galactic 
center;  2}  ideal  antenna  vertically  aimed  at 
galactic  pole;  3)  molecular  amplifier;  4) 
parametric  an^lifiers, 

KEY:  (a)  f,  Me, 

According  to  Fig.  2.1  it  is  possible  to  estimate  the  effective  noise  tempera* 
ture  of  moleciUar  and  parametric  asplifiers  and  its  dependence  on  the  working 
frequency.  As  can  be  seen  from  the  ^aph,  the  noise  taiq)erature  of  the  aoleoular 
amplifier  turns  out  to  be  especially  low  (several  degrees  of  X*};  therefore^  in 
resei^dng  ireohanisms  with  such  aaqpdifiers  the  in{mt  noises  start  to  play  a  very 
large  role.  In  connection  with  this,  a  serious  problem  is  the  decrease  of  noisea 
on  the  input.  This  can  be  done  by  an  improvement  in  the  construction  of  the 
antenna*  selection  of  the  working  frequency  of  the  station,  cooling  of  the  elements 
of  the  antMiaa-wavegulde  channel  to  the  low-noise  amplifier  and  a  decreaee  of 
losses  in  these  elements, 

Httserforth  we  will  operate  everywhere  with  the  spectral  density  of  noise 
which  is  easy  to  obtiln  from  the  4d}ove-m^  relationehipa: 


or 


2 
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(2.2.10) 


2.3.  Passage  of  Signal  and  Interferences  Through  an 
Intermediate  Frequency  Amplifier. 

Let  us  consider  the  idealizations  idiich  will  be  taken  in  subsequent  chapters 
with  respect  to  the  characteristics  of  the  IFA  and  the  question  about  how  well 
these  idealizations  are  performed  in  practice.  VRiile  the  signal  on  the  input  of 
any  stage  of  the  IFA  is  significantly  less  than  the  region  of  Hnearity  of  the 
anode-grid  characteristic  of  the  stage^  the  IFA  can  be  simply  characterized  by 
its  own  amplification  factor  and  frequency  response. 

Depending  upon  the  construction  of  the  intermediate  frequency  anqptlifier^  the 
form  of  its  frequency  response  can  be  different*  If  the  required  pass  band  of 
the  receiver  is  comparatively  small  ,  then  the  IFA  is  usually  con¬ 

structed  from  Identical  stages,  tuned  to  the  intermediate  frequency  of  • 

If  the  number  of  stages  is  low,  the  frequency  response  of  the  IFA  can 

approximate  the  resonance  curve  of  a  single  circuit. 

In  this  case. 


(2.3.1) 


idiere  is  tho  effective  pass  band  of  the  IFA; 

K  is  the  ampUfioation  factor  of  the  IFA; 
is  the  intermediate  frequency,  and 

With  a  large  number  of  oingle  tun^  stages  (in  practice  more  than  elx)  the 


frequency  response  of  the  IFA  eufficiently  well  ap|pa*oxiisates  a  Oaussian  curve 

(•>0).  (2.3.2) 


The  IFA  of  broad-band  receivers  consists  of  a  detuned  relatively  Interaediate 
frequency  of  a  pair  or  a  set  of  three  stages.  In  this  case,  at  a  giv«i  pass 


band  there  is  obtained  a  higher  amplification  in  the  stage  and  a  higher  selectivity 
than  in  the  case  of  resonant  IFA’S.  With  this,  the  form  of  the  frequency  response 
approaches  a  square*  Therefore,  for  such  IFA'S  the  frequency  response  can  be 
considered  ideally  square: 

^  K*  at 

lo  at  + 

(2.3.3) 


In  virtue  of  the  broad-band  characteristics  of  noise  in  the  input  of  the 
receiver,  the  spectral  density  of  the  noise  in  the  output  of  the  IFA  is  determined 
as  A/o!W(»<*»)l*.  Since  usually  the  pass  band  of  the  IFA  is  significantly  less 
than  the  mag^iitude  of  the  intermediate  frequency,  then  in  the  output  a  narrow- 
band  normal  random  process  will  take  place.  It  is  not  difficult  to  show  that 
with  syimetric  frequency  response  relative  to  flap  of  IFA  the  function  of  cor¬ 
relation  of  the  process  on  the  output  will  have  the  form 


(2.3.4) 

where  a(t)  is  the  slowly  changing  function  (for  the  period  i  connected  with 
the  frequency  response  of  IPA  end  the  epeotral  density  of  noise  in 
the  input  Nq  by  the  relationship 


«(•) 


(2.3.3) 


where  Hi  (fe)  H  (hup  ^  Hi 
I 


i^  tbs  dispersion  of  noise  In  the  output  of  the  XPA. 
Producing  a  calculation  for  various  forms  of  f^equsncy  responses  of  IPA,  «• 
obtain: 

—for  the  resonance  curve 


—for  the  Gaussian  curve 


4(«)ede  *  i 


(2.3.6) 

(2.3.7) 


—for  the  ideally  square  frequency  response 


«(t)= 


I 

•I11-5- 


(2.3.8) 


These  results  will  be  required  henceforth  in  the  determination  of  the  quanti¬ 
tative  characteristics  of  noise  on  the  output  of  the  detector. 

Presentation  of  IFA  in  the  form  of  a  linear  quadripole  is  correct  only  as 
long  as  the  amplifier  works  without  overloadings.  Since  the  power  of  a  useful 
signal  and  interferences  on  the  input  can  vary  within  rather  wide  limits^  for  a 
guarantee  of  linear  operating  conditions  of  IFA  and  all  of  the  receiving  mechaniam 
on  the  whole  there  is  applied  a  system  of  AGC  »Meh  varies  the  a»q>lifiqation 
factor  of  the  receiving  mechanism  inversely  proportional  to  the  an^ilitude  of 
the  input  signal.  Therefore^  XFA  can  be  considered  linear  within  a  wide  range  of 
variations  in  amplitude  0?  the  input  signal. 

In  spite  of  the  a^lication  of  a  system  of  ADC*  in  the  IFA  there  can  appear 
overloadings  by  strong  signals  or  int«rferenosS|  with  which  the  IPA  can  no  longer 
be  considered  linear.  Hiis  can  occur  due  to  one  of  following  causes: 

1,  if  power  of  the  signed,  or  interference  on  the  tnj^t  of  the  sintea  of 
ACSC  exoewls  the  range  of  power  In  idiich  it  normally 

2.  With  large  juaq^s  in  the  level  of  the  si^tsJ.  or  interfereace  on  the  in|H^ 

of  the  receiver#  which  can  arise,  for  ekaa^jle,  in  the  mode  of  eia^sy  the  ^  ^  ^  ^ 
'system .  cannot  instantly  |^?oces»-4haa:and-,l^^  aeaeats  of '  ■:tlme 'ovej^^ 

of  the  IFA  can  arise. ;  ■ 

3*  Dtu^lng  the-' iJiflusnce  of:  a  different' fo*«- of 
of  ;hi^  power,  ^  "  " 

':  The . )^«Bioae»oft  of ■  over'ii^tding' the  .IPA.  consists;:^ 

-thh  input- of  - the  'l4h't'''St^  the  IPA^havc  's^- large 'amplitudes  that  the  ' 
acteristlcs  of  tubes  can  no  longer  be  considered  linear. 

Jet  us  note  that  in  certain  receiving  mschanisms  utilised  inJhe  mode  of 


selection  of  moving  targets,  the  amplitude  limitation  in  the  IFA  is  introduced 
intentionally  for  the  purpose  of  stabilisation  of  the  level  of  a  false  alarm 
in  the  mode  of  detection  of  targets  in  passive  interferences. 

Considering  that  in  most  oases  we  will  be  interested  in  such  operating 
conditions  of  a  receiving  mechanism  with  which  the  IFA  is  not  overloaded,  and 
also  taking  into  consideration  the  conq>lexity  of  the  theoretical  analysis  of  the 
passage  of  signals  and  interferences  in  the  mode  of  overloading  through  the  IFA 
and  all  radio  channels  of  the  station  on  the  idiole*  we  will  henceforth  require 
that  the  amplifier,  at  any  interference  or  signal#  wox4c  in  the  linear  mode  and 
be  described  by  the  frequency  response  of  the  approidmations  %diich  were  made  above. 

Let  us  stop  at  the  problsns  of  gating  intermediate  frequency  amplifiers. 

For  the  purpose  of  protecting  pulse  receivers  from  a  different  form  of  non- 


synohronous  j^lse  interfere  'ces  gating  is  applied. 

Fran  that  which  follows  it  will  be  clear  that  gating  is  connoeted  with  the 
optiimim  tmtiasnt  of  signals.  Gating  takes  place  UMUklly  at  cutoff  of  the  last 
stages  of  the  XFA  at  all  tiMS  exnept  the  tiwi  of  action  of  the  gatea* 

Aw  a  result  of  this  there  takea  place  a  aelection  of  the  signal  in  time. 

Kowever  full  ^tof f  of  the  IFA  etai^  outside  ^e  gat#  is  pmtieally  accos^M 
oidng  mainly  to  dirtet  paaiage  of  interfei^Hncta  through  tiwi.  of  the  anode 

the  grid  of  tube,  and  the  aeaee^ly  ciMpacitanoea  ^  a  well  #s  amplifier  tk« 
attenuatiim  introdueed  outside  the  gate  by  <^e  gati^^^^  e  is  obtained 

\on  the  order  .of  .20.  db.  -HOKNiOfer- tiddng  .into 

.f^trls  overloaded  by -strong  .interfeiwittoiHi# -three' to  .1^  '''ef;'th«.':- 

IFA  aj^wiars  to  be  suffi«dL«nt  fon  :ielectlng  ini-iyfer^e' of 
'  eonelueicnlet  .tts' .tiote-t^t/in''e.'tnmdNn^';Of ':oeieS;.du^^ 


influence  of  -  a  different-  'form  of  iiM)erfidsnaceS'0i.-4.th0:^^^  the. -strobe 


'  .fow- will;  be  assuand  ';as'  square*; v 


2,4»  Detection  of  Noise  Concurrently  with  a  Usefiil  Siigial 


One  of  the  essential  nonlinear  conversions  of  noises  and  a  useful  signal 
producible  by  the  receiving  mechanism  is  detection.  With  this,  the  characteristics 
of  the  signal  and  noise  are  changed  owing  to  their  interaction.  For  a  subsequent 
analysis  it  is  necessary  to  know  the  mathematical  e^q^ectation,  the  spectral  density, 
the  correlation  faction,  and  also  the  distributive  laws  of  the  probabilities  of 
the  random  process  in  the  output  of  the  detector.  These  characteristics  are 
given  in  the  present  paragraph. 

Depending  upon  the  circuit  and  operating  mode,  there  can  be  the  following 
forma  of  detectors:  anode,  grid,  cathode,  and  diode.  In  radar  the  largest  appli-* 
cation  is  received  by  the  diode  detector.  Considering  that  all  the  enumerated 
types  of  detectors  easily  reduce  to  the  diode  with  certain  eqxiivalent  parameters 
we  will  henceforth  consider  only  the  diode  detector. 

The  most  important  characteristic  of  the  detector  is  the  dependence  of  the 
detector  current  on  the  applied  voltage:  /«•=<!)(«)  ®  This  dependence  is  nonlinear. 

For  low  input  voltages  it  is  well  approximated  by  the  function  of  the  form  /#=?«*  » 
in  this  case  the  detector  is  quadratic.  At  high  input  voltages  the  dependence 
of  the  current  of  the  detector  on  the  applied  voltage  can  be  approximated  by  the 
function  of  the  form 


«>0, 

«<p. 


In  this  case  the  detector  is  called  "linear". 

During  the  analysis,  the  influence  of  the  lag  of  the  load  of  the  detector 
will  be  considered  approximately  assiuning  that  on  the  output  of  the  detector  are 
only  low  frequency  constituent  signals  and  noises,  and  high  frequency  constituents 
are  filtered  out  in  the  load  and  subsequent  circuits. 


2,4*1.  Influence  of  a  Normal  Signal  of  Constant  Amplitude 
Concxurently  with  Noise  on  a 
Linear  Detector 

Let  us  analyze  the  influence  of  a  normal  sinusoidal  signal  of  constant 
amplitude  in  the  presence  of  set  noises  of  the  receiver  or  broad-band  noise 
interference  on  a  linear  detector.  Following  V.  I,  Bunimovich  [24],  the  narrow- 
band  random  process  on  the  output  of  the  IFA,  which  takes  place  owing  to  the 
influence  of  noise,  can  be  represented  in  the  form 

a  (/)  =  f  (/)  CO$ 'I*  (/)=£■{/)  cos  (.ap/ —  0  (/))  = 

=  (i)  cos  Bap/ -|- (/)  sJn  a>npf , 


(2.4.1) 

where  E{1)  and  0(/)  are  the  slowly  changing  random  functions  of  time,  >riiich  are 

called  accordingly  the  envelope  and  phase  of  the  random  process; 

A{/)  sftd  B(0  are  the  normal  random  processes  with  zero  mean  values  and 
dispersions  equal  to  dispersion  o*  of  the  process  u(t).  In 
coinciding  moments  of  time,  the  processes  A(t)  and  B(t)  are 
independent; 

•np  is  the  central  frequency  of  the  adjustment  of  the  IFA. 

In  accordance  with  that  said  above,  the  voltage  on  the  output  of  the  detector 
will  be  equal  to 


=  fcos<I>>0. 

10  at  £‘cos'I»<0. 

(2.4.2) 

Distributing  the  nonlinear  function  tp  (E  cos®)  in  the  Courier  series  and 
limiting  ourselves  to  the  first  member  of  the  series,  we  find  the  low-frequency 
constituent  voltage  on  the  output  of  the  detector 


f  ^  cos  . 

}  "  (2.4.3) 

High  frequency  constituents  do  not  interest  us  inasmuch  as  they  will  be 
filtered  out  by  the  load. 


Consequently#  the  voltage  on  the  output  of  the  linear  detector  with  accuracy 
up  to  a  constant  factor  is  equal  to  the  random  process  envelope  on  the  input. 

For  finding  statistical  characteristics  interesting  to  us  of  the  random  process, 
on  the  output  it  is  necessary  to  know  the  laws  of  distribution  of  the  probabilities 
of  the  envelope.  Let  us  consider  the  case  where  besides  the  noise  on  the  input 
of  the  detector  there  is  also  the  influence  of  a  sinusoidal  signal  of  constant 
amplitude  E^,  which  can  be  represented  in  the  form 

tfc(0  =  ^oCOS(iJ)ny/  — 6o)  =  ^o  COSu)np/-f*5oSin®Bp<,  ' 

(2.4»4} 

Then  the  full  ejqjression  for  the  random  process  on  the  input  of  the  detector 
will  have  the  form 


tt  (0  ==  [A  (t) + Ac]  cos  ®np^  4-  (0  +  5cl  sin  •„p/  = 

=£(/)  cos  l®3p/  — 0(01. 


(2.4.5) 


Inasnmch  as  processes  A(t)  and  B(t)  in  coinciding  moments  of  time  are  indepen¬ 
dent,  then  from  the  equality  (2.4*5)  it  is  simple  to  see  that  the  problem  of  finding 
a  one-dimensional  distributive  law  of  the  envelope  E(t)  of  the  sum  of  the  sinusoidal 
signal  and  the  noise  on  the  input  of  the  detector  reduces  to  finding  the  pi*obability 
density  of  the  length  of  the  radius  vector,  the  components  of  which  are  independent 
and  have  a  normal  distribution  with  the  parameters  [a,  Ac]  and  l^>  , 

Resolving  this  problem  with  the  help  of  the  known  methods  of  the  theory  of 
probability,  it  is  simple  to  obtain  the  ejq)ression  for  a  one-dimensional  law  of 
distribution  of  the  envelope  of  the  additive  mixture  of  the  sinusoidal  signal 
and  noise 


£>0. 

/•(^>^°  (2.4.6) 

Where  /,(x)  is  a  Bessel  function  of  the  order  from  the  imaginary  argument. 


Thus,  the  first  distribution  function  of  the  envelope  of  the  sum  of  the 


sinusoidal  signal  and  noise  on  the  output  of  the  IFA  represents  the  generalized 
distributive  law  of  Rayleigh, 

During  the  absence  of  a  useful  signal  £c=0  and  the  distributive  law  of  the 
envelope  changes  to  the  usual  Rayleigh  law 


/,(f)=0  at  £<0, 


(2.4.7) 


Henceforth  the  useful  signal  will  most  frequently  be  in  the  form  of  a  normal 
random  process.  It  is  clear  that  the  sum  of  such  signal  and  noise  will  also  be 
a  normal  process.  Then  the  distributive  law  of  the  envelope  of  the  additive 
mixture  of  such  a  signal  and  noise  will  be  expressed  by  the  formula  (2.4.7), 
where  o*  is  the  dispersion  of  the  sum  of  the  signal  and  noise. 

The  two-dimensional  distributive  law  of  an  envelope  in  a  general  case,  when 
there  is  a  normal  sinusoidal  signal  and  noise,  is  described  by  the  following 
expression: 


00 


i-tni-uHt,! 


vV’,  /  r r  p  I  ^ 

^  r"  '-“'Wlj  »‘'ll  J'^ 


X 


V /  r  —  p  1 


Where  £j,  =  £o(0.  £c,  =  £'c  (<  +  <); 
E^  ~  £  (/);  '£,  £  ^/  -j- 

«,=  1;  »m”2  at  /«>0; 


(2.4.8) 


Jmix)  is  a  Bessel  function  of  the  ■n'  order  from  the  imaginary  argument. 

Inasmuch  as  the  voltage  on  the  output  of  the  detector  is  proportional  to 
the  envelope  of  the  random  process  on  the  input,  it  is  obvious  that  with  the  help 
of  these  expressions  the  distributive  laws  of  the  random  process  on  the  output  of 
detector  are  simply  determined. 

Using  formula  (2.4.3)  and  (2.4.6),  for  the  mathematical  expectation  of 


voltage  on  the  output  of  the  detector  we  obtain 


After  integration  and  neceeaary  conversions  we  have 

«i«(0=i^e  (2.4.9) 

£2 

Where  9=^-^  is  the  relation  of  signal  power  and  noise  on  the  input  of  the 
detector. 

The  graph  of  the  dependence  of  the  relation  s.ux  (0/«iux  m  (0  on  1/9  is 
shown  in  Fig.  2.2.  Here  the  mean  value  of  voltage  on  the  output  in  absence  of 
a  useful  signal  1^  =  01  is  described  by  the  followiiig  ojqjressionj 


«-..(<)=  j^.  (2.4.10) 

From  the  graph  it  is  clear  that  with  high  ratios  of  signal  to  noise  9^1  ^ 
the  curve  asymptotically  approaches  the  line  .  At  small  values  of  ^<l 

there  takes  place  a  suppression  of  the  signal  by  the  noisoi  since  an  increase  of 
voltage  on  the  output  with  weak  signals  is  less  than  those  which  were  in  the 
absence  of  noises. 

Using  the  expansions  of  the  Bessel  functions  we  obtain  the  fact  that  with 
small  values  of  ^<1  (a  weak  signal)  the  relationship  (2.4*9)  can  be  written 
in  the  form 

“•W+-)'  (2.4.11) 

For  a  strong  signal  (  9>1  )  the  following  asyoptotio  expression  will  be 
correct; 

■5;^7(0=4l'5?(l+r,+  (2.4.^) 


// 


Not  remaining  In  detail  on  the 


Fig.  2.2.  Dependence  of  the  relative 
mathematical  expectation  of  voltage  on 
the  output  of  the  linear  detector  on 
the  ratio  of  signal  to  noise. 


Substituting  into  formula  (2.A»13) 


derivation  of  the  formula  for  the 
function  of  correlation  of  the  process 
of  the  output  of  the  detector,  let  us 
present  its  final  expression 


Rtm  (■*)  «  UP  \b^a  (t)  -j-  (■*)],  ^  J 


idiere 


at 


x=>0 


b,-*0 

we  obtain  the  expression 


at  ^-►oo. 
for  the 


dispersion  of  voltage  on  the  output  of  the  detector 


^  "gj"  (^1  ^*1* 


(2.4.14) 


Characteristics  of  the  random  process  in  the  output  of  the  linear  detector 
in  the  absence  of  a  sinusoidal  signal  is  simple  to  obtain  by  substituting  into 
the  preceding  formulas  q  ^  0.  Then  the  function  of  correlation  and  the  dispersion 
of  noise  in  the  output  of  the  detector  will  have  tho  form 


t  **•» 


(2.4.15) 

(2.4.16) 


For  many  practical  problems  which  will  be  considered  in  subsequent  chapters, 
it  appears  to  be  necessary  to  know  the  value  of  the  spectral  density  of  the 
voltage  on  the  output  of  the  detector  at  o^O.  Converting,  according  to  Fourier, 
both  parts  of  the  equality  (2.4.15) i  for  the  spectral  density  of  noise  on  the 
output  of  the  linear  detector  we  obtain  the  following  expression: 


Considering  a=0 ,  we  have 


S.«(0)= 


- 

Substituting  formulas  (2.3.6),  (2.3.7)  and  (2.3.8)  into  (2.4.17)  and  effecting 
integration  for  various  forms  of  frequency  response  of  the  IFA  we  find: 


—for  the  resonance  curve  of  a  single  circuit 


5M»t(0)=*-|E;*  (2.4.18) 

—for  the  Gaussian  curve 

A'** 

Sw.  (0)s=  :  (2.4.19) 

—for  the  square  frequency  response 

(2.4.20) 


2.4.2.  Characteristics  of  Noise  on  the  Output  of  a  Square**Law  Detector 
Let  us  consider  the  problem  of  the  influence  of  noise  on  a  square-law  de«>eotor. 
Noise  on  the  input  of  the  detector,  as  before  will  be  considered  a  stationary, 
narrow-band,  normal  random  process  with  a  zero  mean  value  and  dispersion  equal  to 

0*  . 

The  noise  voltage  after  nonlinear  conversion  in  the  detector  (without  calcu¬ 
lation  of  filtration  in  the  load)  u,  (t)  will  be  connected  with  the  voltage  on 
the  input  of  the  detector  by  the  relationship 


.,(()=»«■«).  (a.4.a) 

Then  it  is  obvious  that  the  mathematical  expectation  of  noise  on  the  output 
of  the  square-law  detector  will  have  the  form 

(2.4.22) 

Using  fomulas  (2.4.21)  and  (2.4*22),  the  function  of  correlation  of  the 


voltage  tf*  (t)  can  be  written  in  the  form 


=  +  a*l. 

Let  us  use  the  formula  for  the  compound  central  moment  of  the  fourth  order  of 
normally  distributed  random  variables 


x^JCtX^^=sR^,Rt^  4* 


(2.4.23) 


where  Rii  is  the  correlated  moment  of  random  variables  Xi  and  Designating 

and  using  the  obtained  relationships «  the  e3q>ression  for  the  function  of  correlation 
of  voltage  Ma  (t)  can  be  written  in  the  form 

Substituting  expression  (2.3.4)  for  R  (t)  into  (2.4.24)  and  considering  that 
the  filter  of  the  detector  will  separate  only  low-frequency  constituents  of  the 
voltages  of  nolsesi  we  obtain  the  function  of  correlation  of  the  voltage  on  the 
output  of  the  detector  in  the  form 


Hence  the  dispersion  of  noise  on  the  output  is  equal  to 


(2.4.25) 


•L»  “**'’*• 


(2.4.26) 


As  was  already  noted,  for  an  analysis  of  the  Irtfluence  of  set  noises  of  the 
receiving  mechanism  or  noise  interference  on  the  radio  channel  of  the  radar  set, 
it  is  necessary  to  calculate  the  value  of  the  spectral  density  of  noise  on  the 
output  of  the  detector  at  (li-O  .  Converting,  according  to  Fourier,  both  purts 
of  the  equality  (2.4.25)«  for  the  spectral  density  of  noise  on  the  output  we 


(2.4.27) 


Considering  «=0  ,  we  obtain 


5«m»  (0) — 2^ V  f  a’  (t) 


(2.4.28) 


Calculating  5•^((0)  analogousljr  to  the  preceding,  and  for  Yarlous  forms 
of  frequency  response  of  IFA,  we  obtain: 


-for  the  resonance  curve  of  a  single  circuit 


5.«(0)=2AV5J-; 


—for  the  Gaussian  curve 


5.«(0)=2AV^; 


(2,4.29) 


(2.4.30) 


—for  a  square  frequmcy  response 


(2.4.31) 


2.4.3.  The  Influence  of  Noise  Concurrent,  with  a  Si^ial  on  a 

Square-Law  Detector 

Let  us  now  consider  the  deteotion  of  noise  in  the  presence  of  a  signal.  Let 
the  input  of  the  detector  be  influenced  by  the  sum  of  the  signal  s(t)  and  noise 


M(t)sss(/)^  n  (/). 


(2.4.32) 


The  signal  will  not  be  specified  for  now  and  the  noise,  ao  before,  will  be 
considered  a  narrow-band,  normal  random  process  with  a  mean  value  of  zero  and 
a  dispersion  of  o*  .  Naturally,  the  signal  and  noise  are  independent* 

The  voltage  on  the  output  of  the  detector  will  be  recorded  in  the  form 


A  (5  (0 +«(/)!*. 

The  mathematical  expectation  of  this  voltage  is  equal  to 


(2.4.33) 


(2.4.34) 

Using  (2.4.33)  and  (2.4.34),  it  is  simple  to  find  the  function  of  correlation 


of  the  random  process  on  the  output  of  the  square-law  detector 


{t,  %) = Un  (/) «,  (/-f  —  a*  (/)  a;i  (/  -f  ^)  = 


where  the  component 


(2.4.35) 


resulted  from  the  presence  of  the  signal;  the  second  component 

/?,.  0) =rt*(/)nV-j-t)  -  i»^)  + 

resulted  from  the  presence  of  noise,  and  the  third  component  appeared  owing  to 
the  interaction  of  the  signal  with  the  noise.  In  the  derivation  of  this  expression 
it  wis  considered  that 

central  moments  of  an  odd  order  of  nonnally  distributed  random  variables. 

Let  us  now  consider  the  specific  foxmis  of  a  useful  signal.  In  Chapter  1  it 
was  shown  that  the  signal  reflected  from  a  target  can  be  represented  in  most 
oases  in  the  form  of  a  narrow-band  normal  random  process.  If  the  function  of 
correlation  of  a  signrl  on  the  output  of  the  IFA  is  equal  to  at*b{x)  coidiuft  , 
then  from  the  formula  (2.4*34)  it  follows  that  the  mathematical  expectation  of 
the  random  process  on  the  output  of  the  detector  will  be  equal  to 


(2.4*36) 

Thus,  an  increase  of  the  constant  constituent  of  voltage  on  the  output  of 
the  detector  is  proportional  to  the  dispersion  of  the  useful  signal  on  the  input. 

Let  us  turn  to  a  determination  of  the  function  of  correlation  of  the  voltage 
on  the  output  of  the  detector* 

Since  the  sum  of  the  signal  and  noise  in  the  given  ease  represents  a  normal 
random  process,  then  for  the  function  of  correlation  /?,us(')  formula  (2*4*25) 
is  correct  in  which  o*a*(v)  must  be  replaced  by  (3'6(^)+a*a(«}l*  *  e®  &  result 


of 


«u..(')=»’K»W+'>’<>Wl'-  (2.4.37) 

Consequently,  the  function  of  correlation  of  the  voltage  on  the  output  of 
a  square-law  detector  is  proportional  to  the  square  of  the  sum  of  the  envelope 
functions  of  correlations  of  a  useful  signal  and  noise  on  its  input* 

Dispersion  of  the  process  on  the  output  of  the  detector  is 

(2.4.38) 

Comparing  formula  (2*4*38)  and  (2*4*36),  it  is  simple  to  note  that  the  disper¬ 
sion  of  the  random  process  on  the  output  of  a  square-law  detector  in  the  ease 
considered  is  equal  to  the  square  of  its  mathematical  expectation* 

In  the  case  where  the  useful  signal  is  a  sinusoidal  oscillation 

S  (/) 

the  mathematical  expectation  can  be  found,  again  using  the  general  forsula 

(2*4.34), 

_  f  f?  1 

«4(/)as4  j-^-4***^*  "If*  . 

Since  the  high-frequenojr  constituents  will  be  filtered  out,  the  final 
expression  for  the  mathematical  expeotatlon  of  the  voltage  on  the  output  of  the 
detector  will  have  the  form 

(2.4.39) 

where  q  is  the  above  introduced  relation  of  the  power  of  the  signal  and  noise  on 
the  input  of  the  detector* 

The  function  of  correlation  of  the  process  on  the  output  of  the  detector 
according  to  the  formula  (2*4*3$).  It  is  obvious  that  at 

coseui./  cos  + v)l, 

The  remaining  constituents  of  formula  (2*4.35)  we  have  already  calculated. 

Then  2**  cos  /?•(<)!• 


Since  the  filter  standing  in  the  load  of  the  detector  neutralizes  the  random 
process  in  time,  we  will  be  interested  in  the  function  of  correlation 
neutralized  in  time. 

Considering  that  the  average  in  time  is 

cos  »np‘«. 

we  obtain 

'R7iCi)=^  2k*  (^*  (t)  4-  E^Ru  (t)  cos»m.tl.  (2.4.40) 

Substituting  into  (2.4.40)  the  expression  for  the  function  of  correlation  of 
noise  (2.3.4)  and  being  interested  only  in  the  low-frequency  constituents  of 
voltage  on  the  output i  we  find  the  final  expression  for  the  function  of  correlation 
of  the  voltage  on  the  output  of  a  squaz^-law  detector 

(t)  «=!  *V|a*(»)  4- 2va{t)J.  (2.4.41) 

The  dispersion  of  low-frequency  constituents  of  the  voltage  on  the  output  of 
a  detector  is 

{a.4.42) 

It  is  useful  to  note  that  the  intensity  of  low-frequency  eonatituents  On 
the  output  of  a  square-law  detector  coneiste  of  two  parts.  The  first  part  doea 
not  depend  on  the  useful  signal  and  is  caused  only  by  noises,  the  seo«md  part  is 
caused  by  the  interaction  between  noise  and  a  useful  signal  at  detection* 

Let  us  find  the  distributive  laws  of  the  voltage  on  the  output  of  a  detector* 
Applying  the  envelope  method,  it  is  easy  to  show  that  the  low-frequency  part  of 
the  voltage  on  the  output  of  a  aquare-law  dateoior  la  proportional  to  the  aquare 
of  the  envelope  E(t)  of  the  raivloffi  proceas  on  the  input.  The  probability  denaitiea 
of  tha  envalope  for  oaaea  intaraating  ua  will  ba  expiMtaed  by  formulas  (2*4.6), 
(2.4*7),  (2.4.8).  Conssqusntly,  it  is  nscsssary  to  find  the  distributive  laws 
of  ths  rindom  proosss  x(t),  which  is  eonnsoisd  with  £(t)  by  the  relationship 


if  the  distributive  laws  of  the  process  E(t)  are  known. 

Appling  the  rules  of  the  theory  of  probability  we  obtain  the  e:q)re88lon  for 
a  two-dimensional  probability  density  of  the  square  of  the  envelope  of  the  random 
process  consisting  of  the  additive  mixture  of  the  sinusoidal  signal  and  noise  [173: 

ft  (•^»t  Jf*.  <)  ==  —  a*(f)]  ^ 


Xe 


S.  /  •£»  1 V 

■rsO 


X/. 


‘I  •Mi-< 


•a»W| 


£f,— g.ia(t) 


at  x,>0ti«ix,>0, 


(2.4.43) 


where  x,s:==£*(0:  remaining  designations  are  the  sasw_a8  in  the 
formula  (2.4.6), 

In  the  case  whei^  a  useful  signal  is  absent,  the  two-dimensional  distributive 
law  of  the  random  process  on  the  output  of  a  square-law  detector  will  be  determined 
from  (2.4.43),  where  it  is  necessary  to  place 


where  JKi>0  •M  A#>0. 

(2.4..44) 

the  one-dimensional  probability  density  of  the  lu^iuirs  of  the  envelope  of 
the  sum  of  the  sinusoidal  sisnal  and  n^se  can  be  obtained  from  (2*4«43).  It 
has  the  fens  ' ; 


ftiXt  e 


I  J 


where  4(>0. 


(s.4.4$) 


For  the  ease  where  a  useful  signal  is  absent  ,  f rom  foramla  (2*4.4$)  at  £c»0 
we  will  obtain  a  one-ddmenslonai  of  the  square  of  the  noise 

envelope. 

Let  us  nets  that  the  diatributiye  iaws  of  probabilities  of  square 


of  the  envelope  of  the  sum  of  the  useful  signal  In  the  form  of  a  normal  random 
process  and  noise  will  also  be  described  by  formulas  (2*4*44}  and  (2*4*4$)>  where 
the  parameters  o*  and  o(t)  refer  to  the  sum  of  the  signal  and  noise* 

Thus,  we  have  considered  the  main  statisticeU-  characteristics  of  the  random 
processes  on  the  output  of  the  detector*  These  characteristics  will  be  reqiiired 
in  subsequent  chapters* 


2*5*  On  the  Passage  of  a  Siiafial  and  Interferences  Ttirough  a  _ 
vidae  Anpiifiar  and  a  low  Freauencv 
Amplifier 

After  detection,  the  signal  proceeds  to  the  input  of  the  video  aiq)llfier  in 
radar  sets  with  incoherent  reception  or  a  low  frequency  amplifier  in  coherent 
receivers*  These  amplifiers  can  be  of  the  most  divers  forms* 

Not  remaining  on  their  specific  peculiarities  let  us  consider  the  Idealisations 
which  will  be  used  hmoeforth,  and  the  question  about  to  what  meamire  these  ideal¬ 
izations  are  carried  out  in  practice* 

First  of  all  let  us  note  that  the  amplitude  diaracterlstios  of  these  anplifiers 
can  be  considered  linear  only  within  the  limited  range  of  changes  of  the  input 
sii^ial*  An  analysis  of  the  radio  ehannel  will  be  conducted  in  subsequent  chapters 
on  the  assumption  that  the  amplitude  characteristic  of  aiplifiers  is  linear  up 
to  a  certain  value  of  amplitude  of  signal  in  the  input,  and  then  there  bsgine  the 
ideal  limitation  (Fig,  2*3), 


has 


l^g*  2*3*  Aaq>litude  charaeterietic  of 
-  an  atgplifier . 


Fig*  2*4*  Amplitude  ehareeiarieUc  of 
an  amplifier. 


In  certain  amplifiers  of  a  special  form,  along  with  the  limitation  above, 
a  certain  threshold  cutoff  or  limitation  is  Introduced  from  below.  The  exemplary 
form  of  the  amplitude  characteristic  of  such  an  amplifier,  the  broken-line  curve 
approximating  it  is  shown  in  Fig.  2*4* 

Let  us  note  that  since  usually  the  amplification  factor  of  a  video  aii^>llfler 
or  low  frequency  aa^lifier  becomes  rather  high,  the  level  of  the  signal  Umitatior 
in  the  receiving  mechanism  on  the  whole,  in  most  cases,  is  determined  by  the 
limitation  in  these  amplifiers* 

The  signal  from  the  output  of  a  video  amplifier  or  AFA  usually  proceeds 
to  the  input  of  circuits,  the  inertness  of  which  is  significantly  higher  than  the 
inertness  of  an  amplifier.  For  example,  in  channels  of  tracking  by  angular 
coordinates,  in  the  stations  using  the  method  of  conical  scanning  or  method  of 
tracking  by  bundles  of  pulses,  the  signal  moves  to  the  input  of  the  pulse  detector 
The  pass  band  of  the  pulse  detector  on  the  envelope  is  significantly  less  than 
the  pass  band  of  a  video  amplifier. 

In  the  channels  of  range  tracking  in  time,  the  disorizdnator  le  a  slffsifloant] 
more  Inertial  mechanism  than  the  video  amplifier,  etc*  Iherefon^in  an  analysis 
of  the  influence  of  Interferences  on  the  radio  channel  the  video  amplifier  or  AFA 
will  be  considered  an  inertialess  link  with  a  broken-41ne  amplitude  ourve. 

Since  the  signal  on  the  input  of  these  amplifiers  is  much  larger  than  in 
an  intermediate  frequency  asqplifler  then  Uteg^  to  large  degrees,  are  eubjeot  to 
overloadings.  The  phenomenon  of  overloading  eoneists  basically  of  the  fact  that 
dtiring  the  income  of  strong  slgials  or  interferences,  the  transient  end  eoupling 
capacitors  are  charged.  Due  to  this,  after  the  inccme  of  such  interference  there 
occurs  a  temporary  decrease  of  ampUfloatlon.  If  for  the  duration  of  thie  time 
a  useful  signal  appears,  then  it  will  not  practically  paae  throu^  the  amplifier. 

Kowever,  in  most  cases  we  will  be  interested  In  such  operating  modes  of  the 
video  amplifier  or  AFA  when  they  are  not  overloaded  and,  that  in 


their  construction  special  circuits  are  applied  for  controlling  the  consequences 
of  overloadings,  we  will  henceforth  not  take  these  phenomena  into  accoxint* 

2.6.  Characteristics  of  Voltage  on  the  Output  of  Phase  and 

Pulse  Detectors 

Important  and  very  frequently  utilized  elements  of  radio  channels  are  phase 
detectors.  They  are  applied  in  various  goniometer  and  frequency  meter  systems 
an  analysis  of  which  will  bo  conducted  in  subsequent  chapters.  Usually  phase 
detectors  are  divided  into  two  groups:  switching  and  vector  measuring. 

Ihe  diagram  of  a  switching  phase  detector  is  in  Fig.  2.5.  Its  characteristic 
peculiarity  is  the  presence  of  a  high-speed  electronic  commutator  (of  the  forming 
stage),  which  with  the  period  of  the  reference  voltage  U2(t)  given  it  switches 
and  disconnects  the  amplifying  tubes.  The  operation  of  the  oomnutator  is  completely 
unconnected  with  the  input  voltage  ui(t).  Consequently,  the  circuit  appears  to 
be  linear  on  the  input  voltage,  and  the  voltage  to  the  low-frequenoy  filter 
is  expressed  by  the  formula 

where  v(t}  is  the  square  voltage  obtained  from  the  reference  limitatipn. 

If  the  reference  voltage  is  not  subject  to  interferences,  and  in  the  spectrum 
U3^(t)  the  components  on  the  third  henaonio  of  the  pedestal  frecptenoles  sre  small* 
then,  as  it  was  shown  in  [30]  u^(t)  it  is  possible  to  consider  it  originating  from 
U],(t)  by  means  of  cmltiplioation  by  l^e  main  harmonic  of  the  rsferenot  voltage. 
Commutational  {^se  detectors  usually  are  used  at  low  frequencies  (in  circuits  of 
goniometrio  channels  of  stations  with  etmleal  sctfining). 

At  high  frequencies,  for  example  In  circuits  of  Instantaneous  coapu^ison  of 
signals,  mere  frequently  used  are  veotorHnsasuring  detectors,  a  diagram  of  idtich  ^ 
is  shown  in  Pig.  2.6.  On  diode  is  the  sum  of  the  voltages  u^(t)  and  u^Ct), 
and  on  diode  is  the  difference  of  the  same  voltages.  The  voltages  rsoelved 
as  a  result  of  dstectlon  are  subtracted  by  means  of  special  sidtchlng  of  the 


Fig.  2.5.  Diagram  of  a  phase  detector  of  the 
svfitching  type. 

KEY:  (a)  Filter. 


loads  of  the  amplitude  detectors. 

The  presence  of  diodes  in  con^ination  with  RC-nets  makes  a  oirouit|  strictly 
speaking  nonlinear  relative  to  U;|^(t),  However,  considering  the  an4>litude  detectors 
as  mechanisms  separating  the  envelope  or  square  of  the  envelope  of  the  input  nar- 
row^band  random  process,  it  is  easy  to  obtain  the  mathematical  operations  carrying 
out  the  phase  detector  of  such  a  type. 


Fig.  2.6.  Diagram  of  a  phase  detector  of  the 
vector  iseasuring  type, 

KEY:  (a)  Diode  1;  (b)  Diode  2. 

With  quadratic  amplitude  detectors,  desig^ting 

caO (0  cos  Ki>H' 9.  (01. 


for  the  square  of  the  envelope  of  the  sum  and  the  difference  of  these  voltages 
we  obtain 


4  (0 = (0  +  2£,  (/)  £,  (/)  cos  If,  0)  -  ?.  (01  +  £*  (/). 
£L  (0 = £;  (0  ~  2£,  (/)  £,  (0  cos  if,  (/)  -  f,  (/)! + El  (t). 


where  £^(0  is  the  envelope  of  U2(t)+ui(t); 

E-(t)  is  the  envelope  of  U2(t)--u-j^(t). 

Hence j  considering  the  presence  of  subtraction  in  the  circuit) for  voltage 
on  the  output  of  the  phase  detector  we  have  the  following  expression: 


tt.«.  it) = ,  (0  f ,  (0  cos  1?,  (/)  -  9.  (/)!. 


(2.6,1) 


where  kg  is  the  proportionality  factor,  having  the  dimension 

Thus  a  phase  detector  with  qvuulratic  characteristics  of  diodes  is  equivalent 
to  a  simple  orosa>-oiultipl7ing  mechanism  (with  further  rejecting  of  higher  hanaonios 
of  oiup  }.  With  linear  characteristics  of  diodes  the  equivalences  of  the  multi* 
plication  of  input  voltages  is  not  obtained.  In  this  case,  as  is  easy  to  show. 


the  phase  detector  is  equivalent  to  the  cross-multiplied  voltage  tt;]^(t)  with  the 
standardized  reference  voltage  (again  with  rejection  of  the  higher  haraonioe 


Let  us  define  the  oharaoteristlos  of  the  random  prooees  of  a  phase  detector 
with  quadratic  characteristioe  of  the  diodes.  Let  on  one  input  be  the  sum  of  the 
signal  3(t)  and  noise  n^(t) 

«.(0*‘»(04*a*(0- 


On  the  other  input 

a,(l)««M(0“j*««(0. 

where  n^it)  is  the  noise  voltage,  wieorrelated  with  nx(t); 
a  is  the  positive  value,  smaller  than  one. 

Suoh  a  position  takes  place,  for  example,  in  radar  seta  with  eoherent  radi¬ 
ation  using  the  method  of  instantaneous  at^plitude  eompaidson  of  signals  (see 
Ch.  10).  the  useful  signal  s(t)  represents  a  narrow-band  normal  random  process. 


Then  from  fonnula  (2,4.23)  it  followa  that  the  function  of  the  correlation 


of  process  obtained  as  a  result  of  multiplication  of  u^(t)  and  by  U2(t)  will 
equal  to 


where  Rue'S)  and is  the  function  of  correlation  of  random  processes  on  two  inputs 
accordingly] 

R„(^)  and  is-  the  function  of  mutual  correlation. 

S 

In  view  of  narrow-band  characteristic  of  processes  these  functions  of  cor¬ 
relation  will  have  the  form  of  (2.3.4). 

Considering  that  the  high-frequency  constituents  of  the  process  in  the  output 
will  be  filtered  out  by  the  detector  load  and  subsequent  inertial  circuits,  for 
the  function  of  correlation  of  voltage  on  the  output  of  the  detector  we  obtain 
the  following  expression: 


where  analogous  to  expression  (2.3.5) 


«0 

«ii  (t)  ^  24  j  (•)  ^*1  tos  •«/»; 

"2ii'  J 2j//,uu»)  ;•  (.V4u))4. 

m  '  ' 

I  ? i //, (i«)  i* (ttt) etw  et <i(«. 


(2.6.2) 


(2.6.3) 


Here  and  are  low-frequency  equivalents  of  the  frequency 
response  of  IFA  «nid  the  spectral  denoity  of  the  useful  sig^  on  the  input  of 
IFA;  la  as  before,  the  spectral  density  of  the  inimt  nolee. 

It  Is  obvious  that  the  mathematical  expectation  of  the  voltage  on  the  output 


of  the  phase  detector  will  have  the  form 


(0  —  Ru  (0)  =  (0)  = 


(2.6.4) 


Since  subsequent  circxdts  are  very  inertial  in  relation  to  the  correlation 
time  of  the  process  on  the  output,  then  a  sufficient  characteristic  of  the  process 
will  be  the  value  of  the  spectral  density  at  zero  frequency  5,ux(0)  ,  Analogous 

to  the  preceding 

tV  * 

S,ux  (0)  =  j  (x)a„  (t)  4-  a„  (,)a„  (t)l  dz. 

Using  equality  (2.6.3)>  according  to  the  Parseval  theorem  we  obtain 


(2.6.5) 


On  the  output  of  the  receiving  mechanism  in  the  angle  measuring  channels  of 
the  stations  using  the  method  of  conical  scanning  or  the  method  of  tracking  by 
bundles  of  pulses,  is  placed  the  pulse  detector  which  should  separate  the  envelope 
of  pulses.  The  circuit  of  the  detector  is  shown  in  Fig.  2.7.  Usually  the  time 
constant  of  the  charge,  determined  by  the  product  of  ,  is  much  longer 

than  the  duration  of  the  gate,  therefore,  it  is  possible  to  consider  that  the 
detector  integrates  the  input  voltage  during  the  time  of  gate  action. 

Consequently  the  voltage  on  the  output  of  the  detector  to  the  end  of  the 
action  of  the  strobe  is  equal  to 


k  f 

(2*6.6) 

As  was  shown  in  (31)  the  pulse  detector,  during  the  absence  of  overloadings, 
is  equivalent  by  the  envelope  to  a  simple  RC^ilter  with  an  equivalent 
constant  determined  by  the  formula 


I\,SSS3-, 


IT. 


r,+tr 


(2.6.7) 


where  T  is  the  time  constant  of  discharge; 
is  the  time  constant  of  charge; 

t  is  the  space  charge  coefficient. 

In  connection  with  this,  the  pulse 
detector  will  henceforth  be  frequently 
considered  equivalent  to  a  circuit  con¬ 
sisting  of  a  series  connected  amplifier 
with  an  amplification  factor  equal  to 
the  transmission  factor  of  the  detector 

Fig.  2.7.  Circuit  of  a  pulse  detector. 

and  an  RC-filter  with  a  time  constant  Ta 
In  view  of  the  large  inertness  of  subsequent  circuits^  the  inertness  of  the 
detector  can  frequently  bo  disregarded. 

More  accurate  analysis  of  the  work  of  the  pulse  detector^  taking  into  account 
the  presence  of  overloadings^  is  contained  in  [32]. 

The  information  shown  on  phase  and  pulse  detectors  is  sufficient  for  an 
analysis  of  a  radio  channel  by  the  influetice  of  various  forms  of  signals  and 
interferences. 

2.7.  Influence  of  SigtmXe  and  Xnt.erferonces  on  a  Receiving 
Mechaoisiu  with  Autoiittlc  Gain  Control 

The  system  of  automatic  gain  control  (AGC)  is  a  part  of  the  oajondty  of 
receiving  mechanisms  of  radar  statioiris*  Fx'Offl  praotii.e  it  is  known  that  the  AGC 
system  significantly  affects  the  passage  of  signals  and  interferences  throu^ 
the  radio  receiving  mechanism. 

Depending  upon  the  selection  of  the  parameters  of  the  AGC4  the  fluctuation 
of  the  signal  can  be  smoothed  or  increased  owing  to  its  operation.  Fhyeleallyy 
this  occurs  because  under  the  influence  of  an  input  signal  on  the  output  of  the 
filter  of  the  AGC  the  adjustment  voltago  is  produced  which  contains  to  acme  degree 
the  fluctuating  constituent.  Tills  voltage  changes  the  asq>llfioatlon  factor  of 


the  receiving  mechanism  as  a  result  of  lAiich  the  random  constituents  of  the  signal 
on  the  output  of  the  corresponding  radar  channel  can  be  decreased  as  well  as 
increased.  On  the  operation  of  the  AGC  system  depends  the  accuracy  of  the  radar 
measurements  in  the  presence  of  interferences. 

Theoretically,  the  problem  of  investigating  the  influence  of  random  voltages 
on  a  receiving  mechanism  with  AGC  appears  to  be  rather  complicated  inasmuch  as 
the  AGC  system  is  nonlinear.  Even  with  linearization  of  the  regulating  character¬ 
istic  of  the  receiver  system  the  AGC  is  described  by  differential  equations  with 
variable  coefficients  depending  on  the  input  signal.  With  the  influence  of  the 
random  process  on  the  input  of  a  receiving  mechanism  with  AGC,  its  parameters 
change  in  a  random  manner  and  they  are  correlated  with  the  input  influence.  There¬ 
fore,  a  strict  resolution  of  the  problem  within  the  frame  work  of  the  correlation 
theory  is  impossible. 

In  the  present  paragraph  the  influence  will  be  thoroughly  analyzed  on  the 
AGC  system  of  noises  and  fluctuations  of  a  signal  reflected  from  a  target,  pulse 
random  interference,  intermittent  Interferences,  and  also  a  signal  fluctuating 
in  amplitude  and  modulated  by  sinusoidal  law  (which  takes  place  in  radar  sets 
using  the  method  of  conical  scanning).  As  a  result  of  the  analysis  there  the 
oharaoteristies  are  obtained  of  the  fluctuations  and  interferences  on  the  output 
of  the  receiving  mechanism. 

Let  ua  note  that  in  subsequent  chapters  the  properties  of  ACC  will  be  con¬ 
sidered  simplified  since  a  strict  calculation  of  the  properties  of  the  ACC  system 
leads  to  a  significant  complication  of  the  analysis  of  the  radio  channels  of  the 
measuring  systems  of  coordinates.  With  this  a  manifestation  of  the  main  regularities 
is  hampered. 

However  during  the  analysis  of  the  radio  channels  of  specific  radar  sets  with 
a  quantitative  appraisal  of  the  noise  proof  feature,  a  simplified  approach  to 
the  appraisal  of  the  influence  of  AGC  frequently  turns  out  to  be  insufficient. 


More  accurate  expressions  are  required  for  the  characteristics  of  the  signal  and 
the  interferences  in  the  output  of  the  receiver.  In  these  cases  the  results  of 
the  conducted  analysis  will  appear  useful  and  necessary. 

2.7.1.  Influence  of  Signal  Fluctuations  on  a  Receiving 
Mechanism  vd.th  AGC 

An  equivalent  circuit  of  the  AGC  system  with  delay  is  shown  in  Fig.  2.8, 

The  voltage  on  the  input  u(t)  moves  to  a  variable  amplifier.  If  the  voltage  on 
the  output  of  the  amplifier  v(t)  exceeds  the  level  of  delay  then  on  the  output 
of  the  feedback  circuit  is  produced  arj  adjustment  voltage  Ep(t),  which  changes 
the  amplification  factor  of  the  receiving  mechanism  in  such  away  in  order  to 
ensure  small  changes  in  the  magnitude  of  the  voltage  on  the  output  with  large 
changes  of  voltage  on  the  input. 

During  the  analysis  it  will  be 

assumed  that  the  variable  amplifier  Is 

inert lalless  since  the  inertness  of  the 

feedback  circuit  is  such .higher  than  the 

inertness  of  the  amijlifier*  In  virtue 

Fig.  a, 8,  Kqui valent  circuit  of  a  of  the  high  inertness,  the  pertur- 

receiver  with  ACC; 

1)  variable  or  j  .1)  fooi;lbaek  bation  ot  the  ACC  aysteis  laagr  be  considered 

circuit  »■  ■ 

the  etwelofjs  of  the  signal  on  the  input 

eve*n  in  a  cast*  whei*o  the  sigsial  has  a  pulse  .character*  In  adcoi‘daace  with  this, 
by  u{t)  Aiid  v(t)  Gverywhare  will  henceforth  be  understood  as  the  eitvelopes  of 
these  sipais.  feedback  circuit  Is  to  be  linear  for  the  envelof^  of  .  . 

the  ai^ial.  Uda  that  the  detector  in  the  feedback  circuits  is  either 
inertialless  or  is  oqulvalosjt  to  a  linear  inertial  circuit  with  respect  to  the 
envelope  X^il^—FurtHcr»3cro,  it  is  as8t,afi6d  tliat  owing  to  the  fluctuations  the 
amplitude  of  the  sigfial  does  not  fall  lower  ihim  the  level  of  delay*  this  essueptlott 
is  fxilly  j>emisa4bl«  .If  th,e  is  caf^rJo'd  out  ;tftor  the  filter  in  the  feedbiudc 
circuits  of  the  AtX^. 


Fig.  2.9.  Regulating  characteristic  of 
an  ampliTier. 


In  the  solution  of  the  problem  we 
will  use  a  piecewise  linear  approximation 
of  the  regulating  characteristic  by  idtich 
we  will  understand  the  dependence  of 
the  amplification  factor  on  the  voltage 
of  adjustment.  Then  on  every  section 
of  approximation  the  amplification 
factor  will  be  eogtressed  by  the  formula 


/C,— (2.7.1) 


where  K,  and  are  the  parameters  of  the  linearised  regulating  characteristic 

on  a  given  section  of  the  approximation^  the  value  of  idtich 
is  clear  from  Fig.  2.9* 

Since  the  steady^state  mode  of  operation  of  the  system  interests  us  it  is 
sufficient  to  consider  one  section  of  approximation  oorrespMiding  to  the  given 
established  state  of  the  system.  Ttnis^  the  voltage  on  the  outlet  of  the  AGC 
system  is  oonneot«t  with  the  voltage  on  the  iiqnit  by  the  relatloniddp 

(2»7»2) 

The  feedbaok  elroultf  in  virtue  of  its  Unearityi  is  deseribed  by  the  fr#» 
(^uency  response  where  H(0)  •»  !* 

The  random  perturbati^  on  the  i^t  is  conveniently  written  in  the  £em 


(2.7.3) 

where  A  ^  u(t)  is  the  mathematical  expectation  of  ^e  random  process  the  ii^tj; 
(/(•)  is  the  randma  function 

The  random  process  on  the  output  of  the  systm  is  convenienily  pisi^ted^^^ 
the  fora 

m. 

'“*«  .(2.7.4) 


/ 


The  adjustment  voltage,  in  view  of  the  linearity  of  the  feedback  circuit 
with  respect  to  the  envelope,  will  be  determined  by  the  formula 

(0  =  ?  V'  (.)  //  (iu*)  e  *'(/•  - 

io  (2.7.5) 

Prom  formulas  (2.7.2)— (2.7.5)  it  is  easy  to  obtain  an  Integral  equation  for 
the  complex  spectrum  of  the  random  process  on  the  output  of  the  receiving  oechanisn 
with  AGC 

v(.)=r^j5^|^l2.Aiw+£/wi- 
— f 

(2.7.6) 

where  §(»)  is  the  delta-d^mstion, 

Ihe  obtained  equation  completely  describes  the  processes  in  the  AGC  systesi 
of  any  order  in  the  steady-^tate  operating  mode  of  operation* 

An  aoeurate  resoiut^  of  this  integral  equation  for  m  arbitrary  tom  of 
the  nucleus  is  tuiknowni  therefore,  w«  ae^  the  resolution  in  the  fom  of  sueeeaeive 
aijproscliaatisns- 

in  an  osstffiption  of  the  aaaXlnese  of  the  dispersion  of  fluetuati<^  ae  coepared 
with  the  square  of  the  n-  ^  value  of  the  sigriai  on  the  tj.  fhen  the 

aero  app«t>ximti^  idll  be  writt^  in  the  fora 


f/f 


conversions  we  obtain 


(2.7.9) 


where 


(2.7.10) 


(2.7.11) 


—  is  the  mean  value  of  the  as^lfication  factor  of  the  variable  anplifier. 
Analogouslji  we  will  find  the  ejqiuressions  for  the  second  and  third  correction 


it 


(2.7.12) 


iwhere 


(2.7.13) 


(2.7.14) 


the  obtained  solution  ^ves  the  possibility  to  detenaine  the  stetistiosl 
ohiu'aote^^  the  raivitua  praoess  in  the  output  of  e  receiver  with  AGC. 

|jBUleed»  the  aetheeatioal^e^^  of  ^  si)g^  on  the  output  can  be  found 
fi^/ the  relationship  .  ■  - 


■r  ,  ;(2.7.«) 

Svybuititutiiig  the  solution  for  V(w)|  we  obtain  the  tta^snatlcal  cspectation 
of  the  randoa  process  on  the  outimt  of  a  receiver  ^th  accuracy  up  to  the  second 


a|^p<d3diaaiion.  in  the  fons ' 


A  ** 


(2.7.16) 


where  Sm(®)  is  spectral  density  of  the  fluctuations  on  the  input  of  a  receiver 

In  the  conclusion  of  this  fonnula  the  known  relationship  was  used  for  the 
stationary  random  process 

U  {x)  U  {9— x)= 2*S„  (x)  5  («)• 

Since  the  magnitude  of  the  product  Abk^^  is  usually  much  higher  than  one, 
then  with  a  sufficient  degree  of  accuracy  for  pratice  it  is  possible  to  consider 
that  the  mathematical  expectation  of  the  fluctuating  signal  on  the  output  of  the 
receiving  mechanism  will  be  equal  to 

FiossiCopA  (2.7.17) 

Thus,  if  the  obtained  idealizations  are  fulfilled  then  the  mean  value  of 
the  fluctuating  signal  on  the  output  of  a  receiving  mechanism  with  AGO  will  be 
approximately  equal  to  the  mathematical  expectation  of  the  signal  on  the  input 
multiplied  by  the  average  amplification  factor  of  the  receiving  mechanism. 

Using  the  expression  for  K^p,  the  formula  (2.7.17)  can  be  approximately 
recorded  in  the  form 

0  (/) » /Ccp4  vJt.  4*  ~  const. 

Since  the  magnitude  ^  representing  the  static  error  of  AGO  is  usually 

bkx 

much  less  than  'Ey  then  the  mean  value  of  the  random  process  on  the  output  can 
be  considered  approximately  constant  and  equal  to  the  product  of  the  amplification 
factor  of  the  receiver  by  the  mathematical  e^eotation  of  the  random  process  on 
the  input  in  that  range  of  power  of  the  input  signal  or  interferences  In  which 
the  AGO  system  normally  operates.  If  the  random  process  on  the  Input  represents 
a  mixture  of  the  usefxil  signal  and  the  interference,  then  from  that  presented  it 
ensues  that  with  an  increase  in  the  power  of  the  interference  the  part  of  the 
useful  signal  on  the  output  will  de(U'ease.  As  will  be  clear  from  the  following 
in  the  treatment  of  the  radar  tracking  meters  (see  Ch.  7)  this  leads  to  the  fact 
that  with  an  increase  of  the  power  of  interference  owing  to  the  standardising 


action  of  the  AGC  system  the  slope  of  the  discriminational  characteristic  of  the 
equivalent  follow-up  system  falls. 

From  the  solution  of  the  equation  for  the  complex  spectrum  of  V(o»)  one  can 
determine  the  spectral  density  of  fluctuations  on  the  output  of  the  receiving 
mechanism  with  AGC.  It  is  possible  to  show  that  for  the  stationary  random  process 
there  takes  place  the  relationship 

V^)  =  2«S.(<o)5((0~a.').  (2.7.18) 

where  V((»)  is  the  magnitude  adjoint  with  1^(01): 

5o(»)  is  the  spectral  density  of  fluctuations  on  the  output  of  the  receiver. 

Substituting  the  expressions  for  VoM  and  Vi(t.i)  into  (2.7.18),  in  the  first 
approximation  we  obtain  the  following  expression  for  the  spectral  density  of  the 
process  on  the  output  of  the  receiver: 

(2.7.19) 

Consequently,  in  the  first  approximation  the  ACC  system  is  equivalent  to 
a  linear  system  with  a  frequency  response  determined  lythe  formula  (2.7.10).  Let 
us  note  that  the  solution  for  the  spectral  density  of  fluctuations  on  the  output 
of  the  receiver  in  the  first  approximation  does  not  require  knowledge  of  the 
distributive  laws  of  probabilities  of  the  input  perturbation  of  the  AGC  system. 

This  solution  can  be  obtained  within  the  franwnork  of  the  covvrelation  theory. 

Let  us  consider  in  somewhat  mox^  detail  what  represents  the  frequency  response 
of  a  linear  system  which  is  equivalent  to  the  AGC  ssrstem  in  the  first  apprcxioation. 
This  is  convenient  to  do  by  on  exas^le  of  the  wide-spread  AGC  system  of  the  first 
order  the  transmission  factor  of  the  feedback  oirouit  of  which  is  determined  by 
the  formula 

*,//(i»)=«T^f  ‘  (2.7.20) 

From  formulas  (2.7.20)  and  (2.7.10)  we  will  obtain  the  following  ex}xrtS8lon 


for  the  aquare  of  the  equivalent  frequency  response: 


-(i+^*,).(i  +  «»r5)  ■  (2.7.21) 

Here 

^•-r+W  (2.7.22) 

is  the  equivalent  time  constant  of  the  AGO  system. 

An  exemplary  form  of  the  equivalent  frequency  responses  of  the  receiver  with 
AGO  is  shown  in  Fig.  2.10,  From  these  characteristics  it  is  clear  that  the  slower 


ffbfivf 


Fig.  2.10.  Equivalent  freq[uen^  responses 
of  a  receiver  with  AGO. 


the  fluctuations,  the  better  they  are  processed  by  the  AGO  systm.  It  ie  important 
to  note  that  the  equivalent  fiaquency  response  of  a  syeteo,  to  a  strong  degree, 
depends  on  the  mean  value  of  the  signal  A  on  the  input.  The  higher  the  mean  value 
of  the  signal  the  wider  Uie  frequency  band  of  fluctuations,  idiioh  are  processed 
by  the  AGO  system.  This  is  a  result  of  the  nonlinearity  of  the  systmi. 

For  in*aotioal  applications  it  is  frequently  necessary  to  know  the  value  of 
the  spectral  deisity  of  fluctuations  on  the  output  with  <u«0.  Using  the  above 
written  relationship  for  the  spectral  density  and  the  eqiuivalent  frequency 
response  of  the  systea  we  obtain 

^5^.  (2.7.23) 


The  correction  of  S2(“)  to  the  first  approxiaation  for  the  spectral  density 
of  the  fluctuations  on  the  output  can  be  obtained  if  one  were  to  use  formula 
(2.7«18)  and  the  solution  for  V(<i)), 

J'.  {•)  V;  K) + i^)  v;  K)  +  VM  V\  K)  - 

(2.7.24) 

Here  it  is  taken  into  consideration  that  K,  (<i>)'=t:  V,((o)=0,  since  [/  («)  =0  • 

Substituting  the  eaqjressions  for  V,(w)  and  V',((i>)  into  (2.7.24),  we  will 

have  in  the  subintegral  expression  the  mathematical  expectations  of  the  form 

irM0{x,)U(x^U(x,) . 

For  the  normal  distributive  law  the  mathematical  ecqpectation  of  such  a  form 
is  easy  to  calculate  using  the  relationship  (2.4.23)  [333*  Finally,  for  the 
correction  to  the  first  approximation  of  the  spectral  density  of  fluctuations 
on  the  output  of  the  receiver  we  will  receive 

S.  (») « {  ]  Su  (^)  5u  (»  -  X)  I!  H,  (ix)  !• + 

+//p(/jc)//;(/»-/JC)l(/x-f25«  («)//, (0)X 
xJs,(x)Relff^(lxndx-i-2SJm)X 

•it 

X  5  («  -  X)  Re  l//p  (i<*)  //p  {ix)\  dx  1 . 

(2.7.25) 

With  the  help  of  forini'  is  (2.7.19)  and  (2.7.25)  It  is  possible  to  calculate 
the  spectral  density  on  the  output  of  a  receiving  mechanism  with  an  AGC  system 
of  any  order  with  accuracy  up  to  the  second  approximation  inclusively 

S,(w)usS,(«)4-S,(«).  (2.7.26) 

The  analysis  shows  that  the  successive  approximations  rapidly  oonverage  if 
the  Inequality  is  fuiniled;  therefore,  for  the  majority  of  eaees  the 


accuracy  vdth  >rtiich  is  detarmined  the  magnitude  of  the  spectral  density  in  the 
second  approximation,  appears  to  be  fully  sufficient  and  it  is  frequently  possible 
to  limit  ourselves  to  the  first  order  of  approximation. 

Dispersion  of  fluctuations  on  the  output  can  be  found  by  the  integration  of 
the  expression  for  spectral  density 


(2.7.27) 


Thus,  if  the  function  of  correlation  of  fluctuations  on  the  input  has  form 
of  /?u  (^)  —  where  is  the  time  of  correlation,  then  its  corresponding 
spectral  density  has  the  form 


(2.7.28) 

Using  the  above  obtained  relationship,  ai’ter  integration  and  necessary  con¬ 
versions  we  find  the  first  approximation  for  the  dispersion  of  fluctuations  on 
the  output  of  the  receiver  with  an  AGC  system  of  the  first  order 


1 


1  +«f.  ^ 


Wi  +Vr7)]’ 


(2.7.29) 


Prom  (2,7.29)  it  is  clear  that  the  dispersion  of  fluctuations  on  the  output 
depends  on  the  mathematical  expectation  of  the  signal  on  the  input.  This  is 
a  result  of  the  fact  that  the  AGC  possesses  a  variable  parameter  (omplifioation 
factor)  controlled  by  input  influanoo. 

If  the  equivalent  time  constant  cf  the  ACC  system  is  much  longer  than  the 
time  of  correlation  of  the  random  process  on  the  input,  which  corresponds  to  the 
case  of  wide-band  fluctuations  on  the  input  as  compat'od  with  the  frequency  band 
constituents  effectively  processed  by  AGC,  then  the  AGC  system  does  not  praotioally 


process  the  fluctuations.  In  this  case  and  the  relation  of  dis¬ 


persion  to  the  Square  of  the  mathematical  expectation  of  the  process  on  the  output 
is  approximately  equal  to  their  relation  on  the  input,  i»e*,  the  receiving 
meolunism  strengthens  the  rondc^a  process  on  the  input  by  times  without 


changes.  Physically  this  happens  owing  to  the  fact  that  at  large  relations  of 
T.JTh  the  dispersion  of  adjustment  voltage  is  near  to  zero  and  the  amplification 
factor  of  the  variable  an?)lifier  depends  only  on  the  mathematical  expectation  of 
this  voltage*  It  is  clear  that  the  same  position  will  take  place  in  the  case 
idiere  the  AGC  system  works  on  wide-band  noise  interference  or  on  set  noises  of 
the  receiving  mechanism. 

2.7.2.  Influence  of  a  Signal  Fluctuating  in  As^litude  and  Modulated 
by  Sinusoidal  Law  on  a  Receiving  Mechanism 
Prom  AGC 

In  radar  stations  idilch  use  the  method  of  conical  scanning  the  signal  reflected 
from  the  target  fluctuates  In  amplitude  and>  owing  to  the  scanning  of  the  receiver 
antenna^  is  additionally  nodulated  by  sinusoidal  lav.  Since  in  the  input  signal 
envelope  information  is  contained  about  the  angular  position  of  the  target^ 
great  practical  interest  is  represented  by  the  finding  of  the  oharaoteristlos  of 
the  signal  envelope  on  the  output  of  the  receiving  mechanism  with  AGC.  Theoreti¬ 
cally  this  problem  is  rather  complicated  since  we  are  dealing  with  the  influence 
of  a  non-stationary  random  process  on  a  nonlinear  system. 

In  connection  with  the  periodicity  of  the  law  of  modulation  the  mathematical 
expectation  and  dispersion  of  the  random  procees  on  the  input  will  be  the  periodic 
functions  of  time. 

Using  the  already  introduced  idealisations  with  respect  to  the  characteristics 
of  AGC  this  problem  can  be  completely  solved  the  same  way  as  this  was  done  during 
a  stationary  random  process  on  the  Input. 

In  the  considered  case  the  perturbation  on  the  input  can  be  written  in  the 

form 

u  (/)  M  (1  -j-UO)  +  «cos  cos  -f 

(2.7.30) 

where  A^(/)  is  the  stationary  random  process  with  zero  mathematical  expectation 
and  dispersion  of  3*  ; 


A  and  m  is  the  mean  value  and  modulation  percentage  of  the  normal  eignalj 
OcK  is  the  scanning  frequency. 

It  is  not  difficult  to  show  that  the  spectmam  of  the  variable  constituents 
of  the  signal  on  the  input  will  be  equal  to 


i/  ((o)  =  t/j  (lo)  Anm  [6  (m  -f-  Q,.^)  -f- («j  —  Qck)J  -f- 
+-|-(y.(«>  +  QcK)  +  a.(a)-QcK)l, 


(2.7.31) 


where  y,(uj)  is  the  spectrum  of  the  process  A^{t). 

Then  the  AGC  system  will  be  described  as  before  by  the  integral  eqxaation 
(2.7.6),  i^ere  t/((u)  is  expressed  by  formula  (2.7.31).  Lot  us  find  the  solution 
of  this  equation  by  the  method  of  successive  approximations  considering  the  depth 
of  modulation  (m<l)  small  and  the  relation  of  dispersion  to  the  square  of  the 
mean  value  of  the  input  signal  that  it  is  sufficient  to  place  (/(a,) 

into  the  expressions  for  K«(u)).  1', (w).  V'jiw),  obtained  in  par.  2.7.1  in  the 

form  of  (2.7.31).  Found  in  this  way,  the  solution  gives  the  possibility  to  deter¬ 
mine  the  statistical  characteristics  of  the  sigtial  on  the  output. 

The  mathematical  expectation  will  occur  if  in  formla  (2.7.15)  the  resolution 
for  V(m)  is  substituted.  Then  after  the  necessary  conversions  with  accuracy  up 
to  the  second  approximation,  the  mathematical  expectation  of  the  signal  on  the 
output  of  the  receiver  will  have  the  form 


(2.7.32) 


where  is  the  spectral  density  of  the  fluctuations  of 

Thus,  with  accuracy,  up  to  the  second  approximation  the  mathematioal  expecta¬ 


tion  of  the  siipml  on  the  output  contains  a  constant  constituent,  the  first  and 
second  harmonic  of  the  nortiuvl  signal  envelope  on  the  input. 


Considering  that  the  circuits  located  in  the  channel  for  separating  the 
angular  error  signal  the  second  haraonic  of  the  normal  signal  envelope  not  gated, 
henceforth,  it  will  not  interest  us.  Since  usually  Abkj  >  1,  then,  with  a 
degi'ee  of  accxuracy  sufficient  for  practice,  the  mathematical  e^qsectation  of  the 
signal  on  the  output  can  be  recorded  in  the  form 

?r0  a  KtpA + AnRe  [/Z,  (iOcK)  e'*"'  1-  (2.7.33 ) 

This  formula  describes  the  signal  on  the  output  idien  a  nonfluotuating  signal 
with  a  sinusoidal  envelope  acts  on  the  input  of  the  receiving  mechanism  from  AGC 
(see  for  example,  [31] )• 

Consequently,  it  can  be  said  that  with  the  assumptions  made^  the  fluctuations 
do  not  change  the  mathematical  ei^ectation  of  the  signal  on  the  output  of  the 
receiving  mechanism  with  AGC* 

In  view  of  the  nonstationary  character  of  the  random  process  on  the  input 
which  ie  introduced  owing  to  the  modulation  of  the  fluctuating  signal  by  sinusoidal 
law,  the  functions  of  correlation  of  the  random  procees  on  input  as  well  ae  on 
the  output  will  depend  on  the  current  time.  However,  on  the  output  of  the  receiving 
mechanism  in  the  channel  for  separating  the  signal  of  angular  error  there  ore 
usually  put  narrow-band  mechanisms  neutralizing  the  random  process  in  time* 
Therefore,  a  sufficient  oharaoteristic  of  the  random  process  on  the  output  of  the 
receiving  mechanism  will  be  the  function  of  the  correlation  neutralised  in  time 
or  its  corresponding  spectral  density. 

It  is  not  difficult  to  find  that  the  spectral  density  of  the  random  process 
on  the  input  will  be  expressed  by  the  formula 

Su\»)  5a  (•)  -j-  ^  (Se  (• — 0«m)  4*  5e  (“» + Ocm)!.  (2*7  *34) 

Ihe  form  of  the  spectral  density  for  a  narrow-band  spectrum  of  fluctuations 
on  the  input  it  shown  in  Fig.  2.11. 


Fig.  2.11.  Spectral  density  of  the  random 
process  on  the  input  of  a  receiver. 

As  can  be  seen  from  the  figure,  in  the  signal  on  the  input,  owing  to  the  modulation 
of  it  by  sinusoidal  law,  there  already  appear  constituents  of  the  fluctuations 
near  the  scanning  frequency  Qch . 

The  spectral  density  corresponding  to  the  mean  function  in  time  of  the  cor¬ 
relation  of  the  process  on  the  output  can  be  determined  analogous  to  the  preceding 
one  from  the  relationship 

(a.)  5  ((U  -  (O').  (2.7.35 ) 

Here  the  wavy  line  means  that  in  the  mathematical  expectation  are  selected 
only  those  members  which  correspond  to  the  mean  function  in  time  of  the  correlation 
Substituting  into  (2.7.3?)  the  solution  for  V^(o)),  we  obtain  the  first  approximation 
for  Si.(o))  dn  the  form 

S,((b)=5*  ((o)  I  //,’(i(o)  1',  (2.7.36) 

Thus,  in  the  first  approximation  the  AGC  system  influences  the  fluctuation 
of  signal  as  a  linear  system  with  frequency  response  determined  by  formula  (2.7*10) 
Analogous  to  the  preceding,  it  is  possible  to  obtain  a  correction  to  the  first 
approximation.  A  full  expression  for  the  magnitude  of  this  correction  will  not 
be  cited  in  view  of  its  awkwardness,  and  there  will  be  used  the  circumstance  that 
for  the  channel  for  separating  the  angular  error  signal,  only  the  constituents  of 
fluctuations  on  the  output,  which  are  neai'  the  scanning  frequency  Ucm  »  are 
important.  Usually  in  selecting  the  parameters  of  an  AGC  system,  the  requirement 


of  distortions  of  regular  input  signal  envelope  must  be  considered  first. 

From  the  formula  for  the  mathematical  ejqiectation  of  the  random  process  on  the 
output  of  the  receiver  it  is  not  hard  to  find  that  for  the  satisfaction  of  this 
requirement  there  must  be  fulfilled  the  conditions 

I  1  ~ 0"  (2.7.37) 

In  fulfillment  of  these  conditions  the  constituents  of  fluctuations  on 
the  output  near  the  scanning  frequency  with  a  narrow-band  spectrum  of  fluctuations 
on  the  output  will  have  the  form  [34] 

aSb(»)'«  -j-  Qfli,)  I  y/a  (/® — /Qok)  !*•  (2.7 .38) 

The  form  of  the  spectral  density  of  fluctuations  on  the  output  of  a 
receiver  is  shown  in  Fig.  2*12.  From  the  obtained  relationships  it  follows  that 


Fig.  2.12.  Spectral  density  of  the  random 
process  on  the  output  of  a  receiver  with  AGC. 


the  better  the  AGC  system  processes  the  constituents  of  fluctuations  near  ^*0, 
the  better  processed  are  the  constituents  near  the  scanning  frequency  which  are 
in  the  spectrum  of  the  signal  on  the  input  owing  to  the  modulation  of  the  fluctuating 
signal  by  sinusoidal  law.  Prom  this  point  of  view  it  is  profitable  to  decrease  the 
inertness  of  the  AGC  system  to  the  limit  determined  by  the  permissible  distortions 
of  a  sinusoidal  signal  envelope. 

In  practical  calculations  of  the  noise  proof  feature  of  the  measurement 
systems  of  angular  coordinates  one  should  consider  that  formula  (2*7.36}  is 


obtained  on  the  assumption  that  the  fluctuations  on  the  input  near  <.)=0  are  so 
narrow-band  that  the  constituents  of  these  fluctuations  near  the  scanning  frequency 
are  practically  equal  to  zero,  i.e.,  •S,t,(S2ci;)  ,  However,  this  assun^tion  cannot 

be  fulfilled  since  with  a  small  m  the  constituents  calculated  by  us  A5o(<i))  can  be 
comparable  or  even  smaller  than  the  constituents  of  the  fluctuations  near 

the  frequency  of  QcK- 

However,  these  constituents  can  be  calculated  using  the  formula  for  the  first 
approximation  (2.7.36).  If  the  conditions  are  fulfilled  (2.7.37),  then  part  of 
the  spectral  density  caused  by  the  presence  of  the  considered  constituents  near 
the  frequency  Q,.,;.  can  be  considered  approximately  constant  and  equal 

AS(«)*^2/C;  S*(U«k).  (2.7.39) 

This  means  that  the  ACX3  system,  if  the  conditions  are  fulfilled  (2.7.37), 
does  not  conqjletely  process  the  constituents  of  the  spectrum  of  fluctuations  of 
the  signal  on  the  input  of  AUl),  which  are  near  the  scanning  frequency 
It  is  possible  to  show  that  such  appraisals  of  these  constituents  of  the  fluctua¬ 
tions  are  sufficient. 

The  obtained  characteristics  will  be  limited  since  they  are  sufficient  for 
an  analysis  of  the  Influence  of  the  fluctuations  of  signal  on  the  radio  channel 
which  will  be  presented  in  subsequent  chapters.  More  detailed  information  aiH>ut 
the  characteristics  of  the  random  process  on  the  output  of  a  receiving  mechanism 
with  ACC  for  the  considered  case  and  the  method  with  which  they  are  received  are 
contained  in  (34). 

2.7.3*  Characteristics  of  the  Fluctuations  of  a  Signal  on 
the  Output  of  a  Receiving  Mechanism  with 
a  Square-Law  Detector  and  an 
AGC  System. 

The  whole  preceding  analysis  was  conducted  with  the  assumption  of  linearity 
of  the  regulated  amplifier.  With  this,  the  amplifier  can  include  such  elements  of 


a  real  receiver  aa  an  IFA,  a  datoct-or,  and  a  video  amplifier.  It  is  clear  that 
the  amplifier  can  be  considered  li»iear  only  in  the  case  vdiere  the  detector  linearly 
transmits  an  input  signal  envelope,  i.e.,  in  the  case  of  a  linear  detector. 


Fig.  2.13.  Equivalent  diagram  of  a  receiver 
with  a  square-law  det-ector  and  an  IFA: 

1)  intermediate  *‘raquency  amplifier;  2) 
square-law  detector;  3)  feedback  circuit. 


Since  in  certain  receivers  the  detector  operates  on  the  quadratic  portion  of  its 
characteristic  (with  low  voltage  on  the  input  of  the  detector),  we  have  a  practical 
interest  In  the  analysis  of  the  influence  of  the  fluctuating  signal  on  such  a 
receiving  mechanism  with  AGC'.  An  equivalent  diagram  of  a  receiver  with  AGC  is 
shown  in  Fig.  2.13*  At  first  it  is  convenient  to  obtain  the  solution  for  voltage 
on  the  input  of  the  detector  ui(t),  and  then  to  find  the  characteristics  of  the 
random  process  on  the  output. 

Ajialogous  to  the  preceding  (2.7.2)  it  is  possible  to  Write 

(2.7.40) 

Considering  that  the  voltage  on  the  output  of  the  detector  is  equal  to 

(2.7.a) 

for  the  voltage  of  adjustment  wo  obtain 

(2.7,42) 

whore  i<»  the  spectrum  of  uj^(t)} 

Lt  is  the  delay  voltage  converted  to  the  output  of  the  detector. 


/A^ 


SvbatlttttiAg  (2*7 *3)  and  (2*7*42}  into  (2»7*40)»  it  is  slaplt  to  obtain  tha 
foUoulng  intogral  aquation,  daaoribinf  tha  AGO  t3rat«a  in  tha  oonsidarad  easas 

UiW-i»(At.+»WS«»(.)+(/f,+M.£JtfW- 

-^Jo, (•)«.(—*)«((•)*- 

//«*)(/ 

(2.7.43) 

Wa  viU  rasolaa  thia  nonlinaar  iatafral  aquation  bj  tha  nathod  of  auoeaasiaa 
approxlaationa  with  tha  assuaption  of  tha  aaalinaaa  of  tha  ralation  of  dlaparsion 
to  tha  aquara  of  tha  nathaaatioal  axpaotation  of  tha  signal  on  tha  iiqmt  ~<i. 
Than  for  a  swo  approaiaation  wa  will  obtain  tha  following  aquation: 

i.  (2.7.tt) 

Fltai  tha  phjraioal  eonaidarationa  it  ia  olaar  that  la  tha  saro  ajHtfMiaatiott 

» 

tha  signal  on  tha  output  will  ba  constant.  ^Sh&ftw,  it  is  natural  to  soak 
tha  soitttloo  of  this  aquatlcm  in  tha  fom 

(2.7.45) 

Suhstlttttiag  (2.7.45)  into  (2.7.44)#  wa  will  obtain  a  aaro  appraaiiBation 
fortli(«) 

l^w(a).»ICi^H  (2.7.46) 

whara- 

(2.7.47) 

is  tha  awaro^  aaplifioation  factor  of  tha  aapilifiar. 

Snhatitwilng  tha  solMtion  far  O^0(«*)  into  tha  initial  iatapal  aqttation,  fcur 
tha  first  oanraetikik  wa  obtain  tha  follawini  wiWiBilon: 


i]  UA-~ 

^  J +  2*4>64,A:c, //(/»)•  (2.7.48) 

In  the  same  manner  approximationa  of  higher  orders  can  be  obtained;  however, 
for  practical  purposes  in  most  cases  it  is  possible  to  limit  ourselves  to  the 
first  appixjximation.  Thus,  we  obtained  the  solution  for  the  spectnun  of  a  signal 
envelope  on  the  input  on  the  detector  in  the  forra 


From  foinnula  (2.7.41)  it  follows  that  for  finding  the  spectrum  of  the  random 
process  on  the  output  of  a  detector  V'(u)  it  ig  sufx'icient  to  take  the  contraction 
of  the  spectra 

00 

V  (u.)  j  U,  (i)  V,  {«>  -  (h  ^  V,  (m)  4-  («). 

—  00 

Substituting  the  resolution  for  (*“).  we  obtain 


V,(«)=:^K|/V\*2t!5{m) 


V  1.  5//(»)A'rp44 

V, (») -* ' 

Then  the  matheiaatioal  expectation  of  the  aignal  on  the  output  will  hive  the 


form 


o(t]  !»■■**  I*  t' («»)  X. 

m 


{a.7.49) 


WRore 


(2.7,50) 

ift  the  spaotrai  density  of  the  fluctuatiwia  on  the  input  of  the  receiver. 
For  an  AGC  Siynlm  with  very  great  Inertness  it  is  posaibie  to  approxiiaately 
consider  thiit 
Ttien 


«$» 


0(0- 


(2.7.51) 


Tlie  mean  Talue  of  the  random  process  on  the  output  reaains  approxiisateily 
constant  near  the  magnitude  of  delay  voltage*  Thtt8>  in  the  case  of  a  8q.uare*- 
la^  detector  and  the  AGC  system*  with  great  inertness*  the  product  of  the  mean 
amplification  factor  on  the  mean  square  of  the  input  signal  envelope  is  kept 

constant  * 

Using  the  solution  for  V(o)).  analogous  to  the  preceding  for  the  spectral 
density  of  the  fluctuations  on  the  output  we  obtain  in  the  firet  approxtBatlon 

the  following  expression: 


system  in  the  first  approximation 

CoBiparing  formulas  (2*7*10)  and  (2*7»53)»  we  see  that  the  equivalent  fre¬ 
quency  responses  of  AGC  with  a  linear  and  square-law  detector  have  the  sane  char¬ 


acter*  differing  only  quantitatively. 

In  conclusion  we  will  present  the  magnitude  of  the  spectral  density  of 
fluctuations  on  the  output  at  zero  frequency*  which  will  be  required  in  eubrequent 
chaptex's*  Substituting  in  formula  (2*7*52)  <i>»0  and  considering  that  uaually 


iimgnitudo  Abkj^  ^  1,  we  will  receive 


S.(0)=S.(0)-j^.  (8.7.54) 

2.7,4*  Influence  of  a  Fluctuating  Signal  oa  a 
Double-lioop  AGC  S^tem 

To  fulfill  all  the  increasing  requirements  of  receiving  mechanl  n*  in  nany 
cases  there  appears  the  necessity  of  application  of  double-loop  AQC  eyetens  idiieh 
can  be  series  (F^.g*  2*14*  a)  and  parallel  (Fig*  2*14«  b)« 

Wo  will  pureue  the  analysis  of  the  oporstlcm  of  tho  roctivlttg  nochsntim  with 

//s 


a  double-loop  AGC  system  with  bx\  influence  on  its  input  of  a  fluctuating  sigyial. 
From  Figo  2.14,  a  it  is  deal’  that  a  receiver  with  a  series  double-loop  AGC  system 
consists  of  two  series  connected  amplifiers,  each  of  which  is  regulated  by  its 
own  AGC  system.  An  analysis  of  the  random  pTOcesses  in  one  amplifier  with  AGC 


0 


Fig.  2.14.  Equivalent  diagram  of  a  receiver 
with  a  douole-loop  AGC  system: 
a)  series;  b)  parallel, 

1,  2)  variable  amplifiers;  3,4}  feedback 
circuit. 

has  already  been  conducted,  Tnere  remains  only  a  signal  with  the  found  cliaraoter- 
istics  .0  gate  once  wore  one  regulated  iwplifier.  With  accuracy  up  to  the  first 
appro ximt. ton  this  problem  is  solved  elemantarlly.  It  appeora  that  a  receiver 
with  such  a  double-loop  AGC  system  acts  on  the  input  signal  envelope  ro'-mding  as 
a  linear  i^yotora  with  equivalent  frequency  reaponao  determined  by  the  formula 

where  //„(/«)  and  //„{:»;.  are  the  equlval&nt  frequency  rtsj^onseo  of  the  first 

find  second  amplifier;  //,,  ia  detenuined  by  the 
i'orwula  (2,7.  iu). 


In  finding  in  formula,  (2.7.10)  one  should  replace  A  by  /Cep, A, 

sphere  Kcpi  ia  the  average  air9>lifi cation  factor  of  the  first  amplifier  and 
al  j.  remining  parametorp,  entering  ijtito  the  formula,  relate  to  the  second  aaq)lifier. 

ITie  analysis  of  a  parallel  double-loop  AGO  system  is  more  complicated. 
interested  in  the  steady-state  operation, we  approximate  the  regulating  character¬ 
istics  of  amplifiers  by  straight  lines.  Then  the  signal  on  the  output  vCt)  (by 
y\t)  and  u(t)  ai*©  understood  real  signal  envelopes)  will  be  connected  with  the 
input  signaJ.  and  the  adjustment  voltages  in  the  following  manner: 


0  (0 = a  (/)  K  -  6,-£p.  (01 1/C,  -  6,£p,  (/)!.  (2.7.56) 

v;nsra  Kj  and  b^,  K2  and  b2  are  the  parameters  of  the  controlling  characterietics 

of  first  and  second  amplifiers, 

Representing  the  signals  on  the  input,  and  output  in  the  form  of  (2.7.3)  and 
i'i.iJi),  and  the  adjustment  voltage  in  the  form  of  (2.7.5),  it  ie  not  hard  tc 
o;,'  ain  an  iritegi'al  equation  for  the  complex  spectrum  Klu)  of  the  gnui  on*  the 

•')ulput 

V  (•):=  F  («.)  { (2*AS  («.)  +  U  (/C.  -f-  ..)  X 

X  (/c,  4-  -  {/C.^  f  X 

00 

J  (A) //,(/s) (/(«.-  s)ds~(KA  +  bMMX 

-  <U 

•  m 

x|;*' j  v(A) //,(/£)(;  (u.-s)d54- 

O) 

4'  j  V'  (>■)  V  (0.  S)  //,  (/S)  //,  (/u>  -  is)  (is  4- 

ow 

XU('»--s)dxds^  , 

(2.7.57) 


and  are  the  frequency  responses  of  the  AGC  feedback 

circuit , 

The  solution  of  this  non.linear  integral  equation  is  expedientl;/  sought  as 
before  in  the  form  of  consecutive  approximations 


VH  =  V.(<o)4-V'.M  +  ---  (2.7.58) 

Not  remaining  in  detail  on  finding  this  solution  vre  will  px’esent  the  final 
results  [35] 


where  A’op  = 


VJ®)  — 2*/(cp^5{q>).  (2.7.59) 

is  the  mean  amplification  factoz’  of  the  receiving  meclianism, 
and  D  is  determined  fr-om  the  solution  of  the  equation 
b^b,kt^^ko,AD^  —  (I  Ab^Kik^^-\-AbiKik„j -{-  Ab^b^E^yk^,kti-{- 

-f-  D-{-A  (K^K^  -f  • 

The  magnitude  Kcv  coincides  with  the  amplification  factor  of  the  receiving 
mechanism  when  on  its  input  there  acta  a  signal  of  constant  amplitude  equal  to  A. 
The  first  correction  to  the  zero  approximation  has  the  form 


V,(<n)  •■■■(/ (w) 


(2.7.60) 


i/  (i^\  ■  ^  *i> 

^  1  («..)■ ' 

Ab,k„\K,  Mi.l/Q,  i  ■ 

A, -- (AT,  -  -  A,,)!-  (2.7.61) 

From  these  formulas  it  follows  that  from  the  viewpoint  of  trzinswlssion  of 
the  signal  envelope  the  receiving  mechanism  with  a  doublet-loop  AGO  system  ia 
equivalent  in  the  first  appi'oximation  to  a  ii-near  system  with  frequency  response 
,  Using  the  obtained  solution  one  cajs  determine  the  apectinuu  of  the 
signal  onvolope  on  the  output  in  any  fom  of  f.in  envelope  on  the  input. 


Wit!i  a  random  influence  on  the  input  the  obtained  solution  peruiito  finding 


the  characteristic  cf  the  random  process  on  the  output*  The  mathematical  expecta¬ 
tion  of  the  random  process  on  the  output  in  the  first  approximation  will  equal  to 


—  CO 


(2.7.62) 


The  spectral  density  of  the  fluctuations  on  the  output  is  sijiq>le  to  determino  by 
using  the  relationship  (2*7* 18).  "nie  first  approximation  for  the  unknown  spectral 
density  will  have  the  form 


(2.7.63) 

Analogous  to  the  preceding,  these  fcrmulas  for  the  mathematical  expectation 
and  spectral  density  of  the  fluctuations  on  the  output  are  correct  with  any  form 
of  the  distributive  law  of  probabilities  of  the  input  random  process  envelope. 

The  obtained  relationships  permit  finding  the  characteristic  of  the  signal 
envelope  on  the  output  of  the  receiver  and  to  estimate  the  advantage  of  application 
of  the  double-loop  ACC  system.  For  example,  in  radar  sets  with  conical  scaiming 
the  gonlometric  channel  of  the  receiving  mechanism  shou.i.d  have  an  AGC  eyeten  with 
great  inertness.  In  the  range  channel,  on  the  other  heand,  it  is  more  desirable 
to  demodulate  the  signal,  i.e.,  to  have  a  low-inertial  AGC.  These  requirements  can 
be  fulfilled  with  success  by  employing  the  double-loop  AGC  system  with  any  of 
the  above  described  forms  if  the  first  loop  is  made  inert,  and  the  eeoond— •low- 
inertial.  Xt  is  interesting  to  note  an  additional  advantage  idhleh  is  obtained 
uvfing  to  the  application  of  the  double-loop  AGC  system.  The  demodulating  proper¬ 
ties  of  AGC  in  the  range  channel  will  depend  weakly  on  the  level  of  the  eignal  on 
the  input*  Actually,  from  the  formulas  (2*7*55)  and  (2*7.61)  it  follows  that 
within  the  limit,  if  the  first  loop  of  the  AGC  possesses  an  infinitely  large 
inertness  the  equivalent  frequency  response  of  the  receiver  in  both  caste  has 


Magnitude  reniivins  approximately  constant  with  a  change  of  the  mean 

level  of  the  jjiput  signal  A  in  a  large  range,  and  signifies  the  frequency  response 
on  which  the  demodulating  properties  of  the  AGC  depend. 

Let  us  remember  that  in  the  case  of  a  simple  single-loop  AGC  system  the 
frequency  band  of  the  signal  envelope  processed  by  the  AGC  was  increased  with  the 
growth  of  the  mean  level  of  input  signal. 

In  conclusion  let  us  note  that  a  similar  method  in  [35J  analyzes  the  action 
on  a  double-loop  AGC  system  at  a  signal  with  a  normal  sinusoidal  envelope. 

2.7.5.  Influence  of  Random  Pulse  Interference 

Let  us  consider  the  influence  on  a  receiver  mechanism  with  AGC  of  random 
pulse  interference  (see  Ch.  l).  One  should  always  expect  the  power  of  interference 
to  be  significantly  larger  than  the  power  of  a  useful  signal.  Depending  upon 
the  magnitude  of  the  mean  frequency  of  the  appearance  of  interference  pulses  the 
following  operating  modes  of  a  receiver  mechanism  with  AGC  are  possible. 

1.  The  mean  frequency  of  the  pulse  interference  is  small.  On  the  output  of 
the  receiver  widely  spaced  pulses  of  interference  will  take  place  with  an  amplitude 
equal  to  the  level  of  the  limitation  of  the  receiver  mechanism  and  the  pulses  of 

a  useful  signal  (Fig.  2. 15, a).  Owing  to  the  influence  of  interference  on  the 
output  of  the  AGC  feedback  circuit  there  appears  a  random  constituent  of  adjustment 
voltage  which,  acting  on  the  amplification  factor  of  the  receiver,  modulates  the 
pulses  of  the  useful  signal  in  a  random  manner.  Since  in  this  tuode  the  useful 
aigiial  is  higher  than  the  delay  level,  the  AGC  system  will  pai'tially  process  the 
random  constituents  ■/’  the  signal  envelope.  The  quantitative  characteristics 
interesting  us  of  the  random  process  on  the  output  for  that  case  will  bo  found 
below. 

2.  The  mean  frequency  of  the  appeax’ance  of  interference  pulses  is  increased, 

Tho  mean  value  of  the  AGC  adjustment  voltage  increases  at  a  certain  critical 
frequency  Vi<i>i  and  the  useful  signal  will  drop  below  the  delay  level  (Fig.  2.15,b), 


At  this  moment  the  AGC  system  ceases  being  closed  to  the  useful  signal  and  this 
means  it  does  not  process  the  random  constituent  of  the  signal  envelope  appearing 
due  to  the  interference. 
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Fig.  2.15.  The  influence  of  random  pulse 
interference  on  a  receiver  with  AGC* 


3.  The  mean  frequency  of  the  interference  pulses  is  inoreasedf  still  more  then 
the  amplification  factor  of  the  receiving  mechanism  decreases  so  much  that  the 
useful  signal  appears  completely  suppressed,  and  at  a  certain  frequency  of  V)«pa 
the  Interference  emerges  from  under  the  limitation  (Fig.  2*15»o)* 

Such  is  the  physios  of  the  influence  of  the  random  pulse  interference  on  a 
receiver  mechanism  with  AGC.  Let  us  consider  the  quantitative  duo'aoteristics  of 
the  operation  of  a  receiver  mechanism  in  the  presence  of  such  an  interference* 

With  a  sufficiently  widely  spaced  interference,  idiere  the  useful  signal  is 


//9 


higher  than  the  delay  level,  for  an  analysis  of  radar  meters  it  is  necessary  to 
know  the  characteristic  of  the  signal  envelope  on  the  output  having,  as  was 
indicated  above,  a  random  character.  We  wj.ll  define  these  characteristics.  The 
adjustment  voltage  in  the  considered  case  can  be  recorded  in  the  form 


£p  (/)  ==  {/)4-  £  (/)  4-  (/).  (2,7.64) 

where  £pc(0  the  adjustment  voltage  appearing  due  to  the  useful  signal  and 
determined  by  formula  (2.7.5); 

i 

£[t)  is  the  mean  value  of  the  constituent  of  adjustment  voltage  appearing 
due  to  interference; 

^iin(0  is  the  random  constituent  of  the  adjustment  voltage  appearing  due 
to  interference  (^pn(0  =  0)  . 

Representing  the  adjustment  voltage  in  the  form  of  a  Fourier  integral  we 
obtain 

■> 


+  ^(01+24'  J*  £‘pn  (®)  e'*' </(o, 


(2.7.65) 


where  £j,„((d)  is  the  spectrum  of  ^pa(0  ♦ 


Putting  (2.7.65)  into  (2.7.2)  and  taking  into  account  (2.7.3)  and  (2.7.4), 
we  obtain  an  integral  equation  describing  the  AGC  system: 


V  {m)  (7u»)  "1"  ~  (0)  («)  -f* 

4-  U  (<a)  (A',  -j-  44, £3  —  6£  (0)  —  .A4£^.n  (»)  — 

00 

-■J'  j  V(s)U{<»-^s)H{is)ih- 
-00 

-A  f  t/(®-^)£,„(«v)Ji'L 

-io  I 


We  will  solve  this  equation  by  the  method  of  successive  approximations  with 
the  assumption  of  the  smallness  of  '^'-<1  dispersion 

of  the  constituent  of  the  adjustment  voltage  appearing  due  to  interference. 


Then  the  eucceseive  approxiinations  ifill  be  written  in  the  fora 


V,(.)=2ic/Ccp.4S(<«). 


»rtiere 


Vep  ■ 


K,  +  hktEi~bE{t)  . 

r+TSF,  ' 


(2.7.66) 


Approximations  of  higher  orders  exist  in  a  similar  manner.  We  will  not  cite 
them  in  view  of  the  cumbersomeness  of  the  expressions* 

As  an  exanple  let  us  consider  the  receiver  of  a  radar  set  with  conical 
scanning.  The  useful  signal  in  it  will  be  modulated  bj  sinusoidal  law  with  a 
scanning  frequency  of  Qck.  and  in  the  obtained  formulas,  instead  of  (/(<d),  one 
should  place  the  expression 


U  (•)  sss  /nAz  (8  (•  4-  -j-  8  («  —  Ock)1*  (2.7.67  ) 

Then,  analogous  to  the  preceding,  one  can  determine  the  first  approximation 
for  the  spectral  density  of  the  signal  envelope  on  the  output 


Aep 


(2.7.68) 


where  Spa(«)  is  the  spectral  density  of  the  constituent  of  the  adjustment  voltage 
appearing  due  to  the  interference. 

The  first  correction  to  this  approximation  can  be  found  from  the  relationship 
(2.7.24). 

For  goniometric  channels  only  the  constituents  near  the  scanning  frequency  will 
Interest  us.  Substituting  the  solution  for  Vo(bi)  and  into  (2*7.24)«  we 

obtain  that  the  correction  to  the  first  approximation  contains  the  following 
interference  constituents  near  the  frequency  of  scanning t 


(2.7.69) 


AS 4.  s„„  («>  -  n.„)  i  7/0  a-)  I*  X 

X  i  //v  («  -  Qck)  r '--  -  Rc  (7/p  («-acK)l+ 1 }  • 

Let  us  turn  to  a  determination  of  the  spectral  den3ity5po(o>). Since  the  receiver 
mechanism  is  gated,  the  pulses  of  the  signal  or  interference  will  appear  on  the 
output  only  at  the  moments  of  the  gating.  If  the  interference  conforms  to  the 
Poisson  distribution  then  the  probability  of  the  appearance  of  an  interference 
pulse  in  the  stiv)be  will  be  equal  to 

j5  =  VXc, 


where  v  is  the  mean  interference  frequency; 

■*0  is  the  duration  of  the  strobe;  p  <  1. 

Then  the  disperion  of  amplitude  of  the  interference  impulse  on  the  input  of 
the  feedback  circuit  can  be  written  in  the  form 

— ifa)*Vto(l  -Vto).  (2.7.70) 

where  ttorp  is  the  limitation  voltage  of  the  receiver. 

The  interference  can  be  represented  in  the  form  of  pulses  following  with 
the  frequency  of  gating  repetition  wiiere  the  dispersion  of  the  amplitude  of 
every  pulse  is  determined  by  the  formula  (2.7.70),  and  the  adjacent  pulses,  naturally, 
can  be  considered  independent.  Since  in  feedback  circuits  there  is  a  filter  with 
a  time  constant  many  times  larger  than  the  period  of  gating  repetition,  the  filter 
will  react  to  such  an  interference  as  to  white  noise  with  a  spectral  density 
determined  from  the  relationship 

Na~^\Tr, 

where  T,  is  the  period  of  gating  repetition. 

Then  on  the  output  of  the  AOC  feedback  circuit  the  spectral  density  of  the 
constituent  of  the  interference  will  have  the  form 


(2.7.71) 


//«  > 


or,  considering  (2.7*70),  we  find 


(®)  — ■  (^opp  —  ^a)*  '’*0  (J  —  1^  (<“)!*• 


(2.7.72) 


The  obtained  formulas  permit  calculation  of  the  spectral  density  of  the 
constituents  of  the  interference  near  the  scanning  frequency.  In  the  analysis 
of  the  goniometrical  channels  it  is  frequently  sufficient  to  know  only  the  value 
of  this  spectral  density  on  the  scanning  frequency*  Let  us  consider  that  usually 
the  parameters  of  the  AGC  are  selected  in  this  way  so  that  distortions  of  the 
sinusoidal  signal  envelope  are  minimum. 


Then  from  formulas  (2.7.68),  (2.7.69)  and  (2.7.72),  considering  that  magnitude 
Abk]^  >  1,  for  the  spectral  density  of  the  constituents  of  the  interference  of 
the  signal  envelope  on  the  scanning  frequency  we  obtain  the  following  simple 
ejcpression: 


(^cu)  (<*orp  ^*)*  vto  (t  — -  vtg)  r,  X 

X  I’]  ■ 


(2.7.73) 


In  the  considered  mode,  the  receiver  mechanism  will  operate  as  long  as  the 
mean  frequency  does  not  exceed  a  certain  value  of  Yhpi>  with  which  the  useful 
signal  will  drop  lower  than  the  delay  level.  We  will  define  this  Interferenoe 
frequency. 

It  is  possible  to  approximately  obtain  that  the  transition  to  a  new  operating 
mode  will  be  carried  out  idiile  the  mean  value  of  the  useful  sigiial  on  the  output 
is  equal  to  the  delay  voltage,  l.e.,  at  the  fulfillment  of  the  equality 


=  (2.7.74) 

In  this  loode  the  adjustment  voltage  will  be  determined  only  by  the  interferenoe 
since  the  useful  signal  is  lower  than  the  delay  level.  Ihe  mean  value  of  the 


adjustment  voltage  is  simple  to  find  by  the  formula 


(0  —  i^orp  ‘  ^3) 


(2.7.75) 


Substituting  (2.7.75)  into  (2.7.74)  and  solving  relative  to  v,  we  obtain  the 


following  expression; 


„  _ _ K,A-E. 


(2.7.76) 


With  this,  the  parameters  of  the  regulating  characteristic  of  Kq  and  b  should 
be  selected  on  the  section  corresponding  to  the  normal  operation  with  a  signal 
on  the  input  with  amplitude  A,  equal  to  the  amplitude  of  the  useful  signal. 

Thus,  if  the  mean  interference  frequency  is  higher  than  Yi,pi,  the  signal  will 
drop  below  the  delay  level,  and  its  mean  value  will  be  determined  by  the  formula 


V(t)~A  [/(,  —  (Uorp  —  £■3)]  ==  ^cpA. 
The  adjustment  voltage  can  be  written  in  the  form 


(2.7.7/) 


. .  i  (2.7.78) 

Substituting  (2.7.78)  into  (2.7.2)  and  considering  (2.7.3)  and  iz»7„k)t  for 
the  spectrum  of  the  si^ial  envelope  on  the  output  we  obtain  the  following 


expression; 


V  (a) «  Kcp  ((0)  +  u  {W)l  “  (m) . 


Using  this  expression  It  is  easy  to  find  the  spectral  density  of  the  signal 
envelope  on  the  output  for  the  above  considered  case  of  a  radar  set  with  conical 
sciinning.  Then  the  constituents  of  interference  near  the  frequency  of  f*can}iirtg 
will  be  detendned  from  the  foimla 

AS  H  2A‘/»‘Spu  (u»)  S\,„  (».  “  tl.  k). 


The  value  of  the  spectral  density  of  the  signal  envelope  on  the  scanning 


frequency,  taking  into  account  (2.7.78)»  will  be  equal  to 


s,  (Ock)  =  (f/«ry  -  BtY  Vtc  (I  --  Vtc)  f ,  (Abk,)*  X 

Xj21//(iQcK)l*+ *y}‘  (2.7.79) 

It  is  not  difficult  to  see  that  in  the  analyzed  mode  the  Talue  of  the  spectral 
density  on  the  scanning  frequency  is  larger  than  its  value  in  the  case  where  the 
AGC  system  is  closed  to  the  useful  signal.  This  should  be  ecqoeeted,  since  in 
the  considered  mode  the  AGC  system  does  not  process  random  constituents  of  the 
signal  envelope. 

In  conclusion,  let  us  find  the  value  of  the  mean  frequency  of  Interference 
VKpa.  with  tdiich  the  interference  mserges  from  under  the  limitation*  The 
transition  to  such  an  operating  mode  will  take  place  at  fuIfiUsent  of  the  equality 


Worpi  (2*7.80) 

where  tfg  Is  the  amplitude  of  interfermioe  on  the  input  of  the  receiver* 

Substituting  the  mean  value  of  the  adjustment  voltage  determined  by  formola 
(2.7.75)>  and  solving  the  equation  relative  to  v,  we  obtain 


_  aiS#  “*■*»» 

•  (2*7.81) 

Let  us  note  that  the  parameters  of  the  aiquroxiBited  regolatlng  diareeierletie 
of  the  receiver  in  the  given  case  should  be  selected  at  the  operating  point  where 
the  aspliflcatioii  factor  is  eq^  to 

a* 

The  found  oharacterietlos  of  the  random  process  on  the  output  and  the  values 
of  the  critical  frequencies  of  interference,  with  which  the  trsnsitioa  from  one 
operating  stode  to  another  ooeurs,  le  sufficient  for  en  enalysle  of  the  influence 
of  such  intai^feranee  on  the  radio  channel  on  the  whole* 


2.'] .b.  Influence  of  Intermittent  Interference 


In  Chapter  1  it  was  noted  that  interference  can  have  an  intermittent  chni,-.'  ' 
Let  us  nonsider  the  procesaea  which  occur  in  the  receiving  mechanism  with  AGO  with 
the  influence  of  interference  of  auch  a  form.  Interference  will  be  considered 


Fig.  2.16.  Intermittent  interference, 

active  in  the  time  iuterval  and  cutoff  for  the  time  Th,ka  (Fig.  2.16). 

The  power  of  rhe  interference  ia  naturally  expected  much  higher  than  the  power  of 
the  useful  signal  as  a  consequence  of  which  at  the  first  moments  of  time  the 
interference  occurs  under  the  limitation  in  the  receiver.  Then  on  the  input  of 
the  HOC  feedback  circuit  there  will  act  a  voltage  equal  to  Owing  to 

thU  there  will  be  produced  an  adjustment  voltage  decreasing  the  amplification 
factor  of  the  receiver.  In  view  of  groat  in«*tne38  of  the  AGC  feedback  circuit 
the  adjustcmit  voltage  will  increase  slowly.  Therefore,  for  the  duration  of  a 
certain  time*  which  will  be  designated  the  amplification  factor  of  the  re¬ 

ceiver  will  be  such  that  interference  remains  limited  by  the  amplitude  (Fig, 
2.17).  For  the  duration  of  this  time  the  AGC  system  appears  to  be  opened  since, 
in  spite  of  the  fact  that  the  adjustmetit  voltage  increases,  the  interference 
ai^tplitud#  on  the  output  recains  constant,  equal  to 

I.a»tly,  the  GEoastjt  approaches  when  the  lnc4*easi?ig  adjustment  voltage  will 
change  the  amplification  factor  so  much  that  Uie  intariercnc©  will  emerge  from 
under  the  limitation.  From  this  mocient  the  AiX  cuts  off  and  starts  a  fast 
transient  process  at  the  end  of  v^ich  the  amplitude  of  the  interferejjcc  on  the 
output  attains  a  steady  vaiuo. 


t 

Fig,  2,17.  iJiterferenco  and 

a  uaef^  signal  on  the  output  of  a  receiyef, 

KEY;  (a)  Tactile j  (b)  T  cut-off. 

After  the  start  cf  the  bundle  of  interference  on  the  output  of  the  AGC 
filter  the  voltagi?  ■reifiains 'equal,  to  the  steady  value  of  the  adjustment  Yoltage 
.during  operation  on  the  interference.  Since  the  amplitude  of  the  interferwice 
is -much  larger  than  the  aisplitudo  of  .,th®  useful  signal  then  ia  the  first  noinents 
of  time  after  cut-off  Of"  the  interference  the  useful  signal  appears  to  he  coa^letely 
suppressed,  'ihen  the  capacitors  of  the  AGC  filter  start  to  discharge,  the  adjust- 
mesit  voltage  decreases,  owing  to  whinh  the  aisiplifieation  factor  of  the  receiver 
increases.  After  a  certain  tiia©  .  4uk.t  the  useful  signal  increases  to  the 
delay  level  and  tha  AGC  aystem  starts  to  oporate  on  the  useful  signal.  With  the 
rec<i>ptiou  of.  the  follovdiig  bundle  of  -  interference  the  described  cycle  of  operation 
ia  repeated. 

iTie  described  fom  of  interference  leads  to  t.be  .fact  that  during  the  tlaus 
tmji.  -whilft  the  interf«j*r®noe  i.s  xmder  the  limitation,  and  the 

usefixl  signal  is  absent  or  ia  very  small,  on  the  output  of  the  receiver  there  is 
no  information  about  the  target  position  data.  Idu’thermore,  in  radar  sets  idth 
conical  scanning  beats  appeai*  between  the  harmonics  of  the  breaking  frequency 
and  the  referencs  voltage  in  the  goniometric  channel®,  as  a  result  of  which 
tracking  by  angles  can  be  complet«.ly  affected. 

The  important  quantitative  cJna*acterietioa  of  the  operation  of  a  receivinf 
mechanism  ia  th©  presence  of  such  an  interference  are  introduced  above  the 
aagtiitude  of  4hj»  and  Their  detsrmijiation  will  be  limited  durliig 


the  analysis 


If  the  filter  in  feedback  circuits  is  a  simple  RC-circuit  with  a  time  constant 
then  the  magnitude  can  be  determined  by  the  formula 


(“«rp  —  £i) 


^1  (^grp  —  Sn) _ 

„  ,  /C««B  —  Uorp 

-£,) - 


(2.7.82) 


where  Kq  and  b  are  the  parameters  of  the  approjdmated  controlling  characteristics 
which  are  selected  in  the  operating  point  where  the  amplification 
factor  of  the  receiver  is  equal  to  K=“; 

Oa  is  the  amplitude  of  the  interference  on  the  input. 


If  the  magnitude  of  the  adjustment  voltage,  necessary  for  the  removal  of 
interference  from  under  the  limitation  is  much  less  than  ^j(«orp— ~o)  ,  then  the 
formula  (2.7.82)  takes  a  simpler  form 


(2.7*83) 


Magnitude  if.MiiA  detemined  by  the  expression 


,  7"  |_  (^|Sb  fj)  Ur6|fc| 


(2.7.84) 


where  and  bi  are  determined  at  the  operating  point  of  the  controlling  character¬ 
istic  in  which  the  amplification  factor  is  equal  to 


2.8«  Conclusion 

In  the  present  chapter  there  was  considered  the  passage  of  a  signal  and 
interferences  through  the  elements  of  a  radio  receiver  ueohonism.  It  is  very 
iit^rtont  to  further  note  the  ideolications  of  the  elements  of  the  receiver  which 
will  be  used  during  the  analysis  and  synthesis  of  radar  meters  ana  systems  of 
detection. 

An  intermediate  frequency  amplifier  can  be  considered  equivalent  to  a 
Unear  band  filter  tuned  to  on  intermediate  frequency.  During  a  pulse  signal, 


owing  to  the  application  of  gating  in  the  IFA  tine  aeleetion  ia  poaaible*  As 
one  will  see  subaequcmtly^  the  time  selection  aiid  filtration  before  detection  are 
an  essential  p£.rt  of  the  optimum  processing  of  a  signal* 

The  second  detector  can  be  considered  as  a  aecbanisa  separating  the  input 
envelope  of  the  random  process  (in  the  case  of  a  linear  detector)  or  the  square 
of  the  envelope  (in  the  case  of  square-lav  detectors)* 

The  phase  detector  with  quadratic  characteristics  of  diodes  is  equivalent  to 
a  simple  mechaiiism  cross-multiplying  the  input  random  processes  with  the  subsequent 
separation  of  low-frequency  constituents.  Therefore,  henceforth  the  operation 
of  multiplication  of  the  signals  will  signify  the  necessity  of  the  transmission 
of  signals  through  a  phase  detector  of  such  a  fonu. 

Video  amplifiers  and  audio  amplifiers  will  be  considered  as  linear  inertialess 
quadripoles. 

In  the  present  chapter  is  given  a  detailed  analysis  of  the  influence  of  a 
fluctuating  signal  on  an  AGC  system*  This  information  can  be  necessary  in  the 
analysis  of  the  radio  channels  of  specific  radar  sets* 

Henceforth  relative  to  the  AGC  system  the  following  Idealisiatlons  will  be 

used : 

•V-  vit}i  a  linear  detector  in  avariable  amplifier  the  AGC  system  ohartges  the 
mean  value  of  ths  amplification  factor  of  the  receiver  reciprocal  to  the  ma^tude 
of  the  mathematical  expectation  of  the  random  process  envelope  on  the  input  ao 
that  the  mean  value  of  the  aapHtude  of  the  voltage  on  the  output  reaaine  approjd- 
mately  constant  the  (etandardlaliig  property  of  the  AGC).  In  a  square-law  detector 
and  an  ACC  eystes  with  a  high  inertness  a  constant  voltage  is  supported  on  the 
output  equal  to  the  product  of  the  ihmo  aJ^pUfleatlon  factor  of  the  receiver  on 
the  mean  square  of  the  readMi  procees  envelepe  on  the  input  | 

—  the  fluotuationa  are  prooeeted  by  the  AGC  eystua  In  the  first  approxi¬ 
mation  as  an  equivalent  linear  system  with  frequency  responees  detendned  by  the 
fomulas  (2*7*10)  or  (2.7*53). 

/Sif 


CHAPTER  3 


GENERAL  QUESTIONS  OF  THE  THEORY  OF  DETECTION 
3.1.  Introductory  Remarks 

Detection  of  targete  is  one  of  the  most  important  problems  of  radar.  In 
radar  sets  of  remote  detection,  this  problem  is  sometimes  unique.  In  an  impre¬ 
ssive  majority  of  radar  systems,  detection  precedes  the  fulfillment  of  other 
prob3.em8— identification  of  targets,  accurate  determination  of  their  coordinates, 
explanation  of  the  character  of  trajectories  of  detected  targets,  etc. 

In  some  radar  stations,  the  problem  of  detection  in  pure  form,  as  a  pro¬ 
blem  of  establishment  of  the  presence  of  a  target,  does  not  appear,  since  these 
radar  seta  receive  an  indication  on  the  presence  of  a  target  in  a  certain  region 
of  space  from  special  radar  sets  of  detection.  However,  the  accuracy,  with 
which  the  position  of  the  target  relative  to  the  considered  radar  set  is  deter- 
tnined  with  the  help  of  a  station  of  detection  (accuracy  of  target  designation), 
practically  always  is  insufficient  for  transition  to  accurate  determination  of 
current  coordinates  and  identification  of  targets  with  the  help  of  specially 
intended  tracking  systems.  Therefore,  the  fulfillment,  by  such  radar,  of  its 
main  functions,  should  precede  the  capture  by  the  tracking  system,  which  is  a 
more  precise  definition  of  the  target  position  data.  This  more  precise  defini¬ 
tion  is  produced  technically  by  the  same  means  as  detection  of  the  target,  and 
appeariti)^  with  this,  the  theoretical  problems  of  its  formulation  and  methods  of 


solution  in  moat  cases  are  fully  analogous  to  the  problems  of  detection. 

It  is  necessary  to  note  that  the  problem  of  determination  of  coordinates 
01  the  detected  target  al'ways  arises  and  is  solved  simultaneously  with  the 
problem  of  detection  and  is  naturally  connected  with  it,  Sepai'ation  of  these 
problems  can  be  produced  only  very  conditionally  and  is  connected  mainly  vdth  the 
essential  distinction  of  technical  methods  of  determination  of  coordinates  in 
conditions  of  detection  and  measurement,  vdiere  the  methods,  utilized  in  conditions 
of  detection,  are  closely  connected  with  the  procedure  of  acceptance  of  the  solu¬ 
tion  on  the  presence  of  the  target. 

For  a  comparison  of  various  systems  of  detection,  it  is  necessary  to  intro¬ 
duce  definite  quantitative  charactei'istics  of  the  quality  of  these  systems.  The 
eharacteriatics  of  authenticity  of  the  accepted  solution  on  the  presence  or 
absiii'ice  of  the  target  can  be,  for  example,  the  probability  of  pass  of  the  target 
(acceptance  of  solution  on  the  absence  of  the  target,  when  there  is  a  target) 
and  false  alam  (acceptance  of  solution  on  the  presence  of  target,  when  there  is 
no  target.)  or  any  function  of  these  probabilities.  The  characteristics  of  accuracj 
of  dstemination  of  coordinates,  producible  in  conditions  of  detection,  can  be 
statistical  characteriatica  of  errors  of  measurement;  for  example,  dispersion 
or  probability  of  exceeding  by  error  in  modulus  of  the  half -width  of  the  discri- 
rainational  oiiaract  eristic  corresponding  to  the  tracking  system.  The  character 
of  raquiremotits,  presented  to  systems  of  detection,  and  selection  of  quantitative 
characteristics  of  the  quality  of  their  work  is  determined  by  the  specific  con¬ 
ditions  of  application  of  these  systcjna  and  the  esserico  of  the  considered  tactical 
problem. 

If  one  were  limited  to  the  consideration  of  existing  oystoias  of  detection, 
then  in  this  region,  the  problems  of  the  theoiy  reduce  to  the  calculation  and 
comparison  of  qininlitatlve  characteristics  of  various  systeina  and  rational  selec¬ 
tion  of  their  pevrameiors.  Such  a  problent  may  be  transferred  to  problems  of 


/ 


analysis  of  systems  of  detection. 

The  contemporary  state  of  the  theory  does  not  limit  us  to  the  analysis  and 
comparison  of  systems  of  detection,  designed,  proceeding  from  those  or  other 
qualitative  considerations.  Application  to  problems  of  detection,  quite  in  detail 
developed  in  mathematics  of  the  theory  of  statistical  solutions  (the  elements 
of  this  theory  are  expounded  in  Section  3»2)  allows  to  synthesize  forms  of  treat¬ 
ments  of  the  received  signal,  ensuring  the  best  possible  given  conditions  of 
the  value  of  the  selected  characteristics  of  quality. 

In  the  theory  of  statistical  solutions  are  considered  problems  about  optimum 
(from  the  viewpoint  of  selected  criteria  of  qiiality)  determination  of  probability 
properties  of  random  processes  or  totalities  of  random  variables  by  the  results 
of  observation  of  realizations  of  these  processes  or  magnitudes.  A  problem  of 
such  type  is  also  a  problem  of  detection:  on  the  basis  of  observation  of  reali¬ 
zation  of  the  received  signal,  which  is  random  due  to  the  interferences  and  fluctu¬ 
ations  of  the  reflected  signal,  it  is  required  to  accept  the  solution  on  the 
presence  of  the  target,  i.e.,  to  accept  the  solution  on,  which  of  the  two  possible 
distributive  laws  (for  a  signal  with  interference  or  for  one  interference)  is 
subordinated  to  a  random  process,  the  realization  of  which  is  observed. 

Although  the  identity  of  problems  of  detection  and  some  problems,  considered 
in  the  theory  of  statistical  solutions,  is  quite  evident,  wide  application  of 
the  results  of  the  theory  to  problems  of  detection  in  radar  began  comparatively 
recently  after  the  appearance  of  the  already  existing  classical  works  of  V. 
Peterson,  T.  Berdsall  and  V.  Foks  [2j,  D.  Van*4tLter  and  D,  Middlton  [3-6]. 
Significantly  earlier  (in  1946),  results,  analogous  to  those  from  the  theory 
of  statistical  solutions,  wore  received  independently  of  those  knowi  at  that  time 
on  the  thooiy  of  V.  A.  Kotel'nikov  [36]. 

ffore  we  presented  only  the  fii’st  of  the  basic  works  ii\  this  field,  deter¬ 
mining  the  trend  of  the  development  of  the  theoiy.  In  the  futui*e,  there  appeared 


usany  works,  devoted  to  various  perticula:'  aspects  of  the  theory  of  radar  detection, 
some  of  which  we  shall  mention  in  the  course  of  this  account. 

3.2.  Main  Positions  of  the  Theory  of  Statistical  Solutions 

Towards  the  end  of  the  1930' s  and  beginning  of  the  1940' a,  in  mathematical 
statistics  there  existed  two  independent  tiends,  connected  with  optimum  methods 
of  acceptance  of  solutions  on  the  basis  of  random  experiment:  the  theory  of 
estimation  and  theory  of  check  of  statistical  hypotheses.  These  trends  were 
united  in  the  1940' s  by  A.  Wald  [37,  38]  into  the  general  theory  statistical- 
solutions.  In  frames  of  this  general  theory  were  introduced  some  new  conceptions, 
the  use  of  which  turned  out  to  be  very  fruitful,  and  a  number  of  new  general 
results  was  received. 

By  the  term  "statistical  so-lutiona"  we  usually  mean  solutions,  accepted  on 
the  basis  of  observation  of  some  totality  Ox  random  variables  or  the  realization 
of  a  random  process.  Statistical  solutions  include,  for  example,  the  solution 
on  the  presence  of  a  target  or  on  the  values  of  its  coordinates,  taken  in  radar 
on  the  basis  of  observed  realization  of  a  received  signal.  The  theory  of  statia- 
t ioal  solutions  is  occupied  with  the  investigation,  comparison  and  detecting 
of  the  best  methods  of  accoptaJicc  of  such  •■olutiona. 

In  tills  paragraph  vre  will  present  the  definitions  of  the  main  conceptiona 
iwi  will,  briefly  enumerate  the  general  results  of  the  theory  of  statistical 
solutions.  The  oxpounded  matorial  refers,  in  m  equal  degree,  to  problema  of 
radai'  deieotion  and  measurement  of  coordinates  and  will  be  used  also  in  the 
chapters,  devoted  to  measurement, 

Tlie  totality  y  of  observed  mofUfinga  of  random  variables  in  mathematical 
statistics  usually  is  called  selection,  lliia  totality  ia  deacribol  as  a  multi¬ 
dimensional  (by  the  munber  of  nvi/putudes,  entered  in  y)  distribution  of  probability* 
For  airaplicity,  we  shall  conBider  that  there  oxlsta  a  multi-dimensional  probability 


density  p(y)  (y  may  be  considered  as  a  multi-dimensional  vector).  In  the 
future,  ve,  basically,  must  deal  with  solutions,  accepted  on  the  basis  of  obser¬ 
vation  of  realizations  of  random  processes.  These  realizations,  which  are 
infinite-dimensional  selections,  can  be  described  with  the  help  of  functionals 
of  probability  density  (see  Section  1,4)*  So  that  the  obtained  results  are 
correct  both  for  discrete  selections  and  for  realizations,  we  shall  designate 
the  multi-dimensional  probability  density  and  functional  of  density  by  one  sym¬ 
bol  p(y).  Inasmuch  as  consideration  of  discrete  and  continuous  cases  is  con¬ 
ducted  completely  analogously,  such  generalization  will  not  lead  to  any  incorrect 
conclusions. 

In  problems  of  statistical  solution,  the  distributive  law  of  p(y)  is 
usually  partially  or  completely  unknown.  Therefore,  it  is  natural  to  consider 
p(y)  as  a  conditional  distribution,  depending  on  a  certain  totality  of  unknown 
parameters  s  and  to  designate  it  by  p(y/s).  Parameter  s  may  also  be  considered 
as  a  vector  in  a  multi-dimensional  space,  which  in  the  future  we  shall  desii^ate 
by  S. 

The  accepted  solution  is  determined  by  observed  realization  and  the  rule, 
in  accordance  with  which  it  is  taken.  If  the  given  solution  is  considered  as 
element  d  of  a  certain  great  number  Dq  of  possible  solutions,  then  this  rule 
may  be  considered  as  function  d(y),  depicting  a  great  number  of  realizations  Y 
on  a  great  number  of  solutions  Dq.  Function  d(y)  is  called  a  decisive  function, 

t/Ot  us  consider  the  two  simplest  radar  examples, 

Example  1,  Let,  in  oiagnitude  of  noise  distorted  received,  signal  y(t),  it 
be  required  to  determine  the  raagtiitude  of  the  reflecting. surface  of  the  observed 
target.  In  this  case  the  space  of  the  parameter  of  distribution  represents  the 
number-scale  axis,  on  which  ore  foxmd  the  values  of  the  refleCtiiig  surface.  The 
groat  number  of  solutions  also  represents  the  number-scale  axis.  The  reflecting 
surface  of  tlie  target  can  bo  determined  by  the  formula 
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(3.2.1) 
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where  T  ie  the  time  of  observation j 

y(t)  ~tho  received  signalj 

C  —  the  proportionality  factor,  depending  on  distance  to  the  target  and 
par^unetera  of  radar. 

Expression  (3.2.1)  also  determines  the  decisive  function. 

Ejample^a.  Let,  on  the  basis  of  observations  of  a  signal  received  during 
time  T,  it  be  required  to  accept  the  solution  on  the  presence  of  the  target, 
the  parameters  of  urtiich  beforehand  are  given.  In  this  case  it  is  essential  for 
the  acceptance  of  the  solution  with  an  unknown  parameter  of  distribution  of 
probabilities  of  the  received  signal  also  to  know  the  reflecting  surface  of  tar¬ 
get,  If  5=0ij=:O,  then  the  solution  on  the  absence  of  the  target  will  be 
correct.  If  then  the  solution  on  the  presence  of  the  target  will  be 

correct.  Thus,  a  great  number  of  solutions  of  S  consists  of  two  points.  A 
great  number  of  solutions  of  in  this  case  aso  consists  of  two  elements: 

"target"  (d^),  and  "no  target"  do.  The  solution  can  be  taken  on  the  basis  of 
comparison  of  signal  power 


r 


with  certain  threshold  Eo*  If  J  is  such  that  £>£j.  then  d(y)  «  d^i  if  y  such 
that  £<£o,  then  d(y)  ■  do* 

In  most  oases,  the  observed  realisation  does  not  determine  simply  one  of 
the  possible  situations  s.  There  are  possible  errors  in  acceptance  of  solutions, 
leading  to  negative  contequenoes,  which  are  desirable  to  alnialse  by  corresponding 
selection  of  a  decisive  fimetion.  If  these  ocneequenees  can  be  represented  in 
quantitative  form  (in  rubles,  for  eoMple),  then  it  ie  possible  to  introduce 
in  consideration  the  function  I(d,  s),  called  the  function  of  losses  or  risk. 
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At  fixed  8  and  d_,  the  fwicticn  l(d,  s)  is  equal  to  the  magnitude  of  losses, 
connected  with  the  acceptance  of  solution  d,  %dien  situation  s  takes  place.  In¬ 
asmuch  as  d  is  the  function  of  observed  realization  jj  the  magnitude  of  l(d,  s) 
at  given  s  is  random,  A  decisive  rule  can  be  characterized  with  the  help  of 
statistical  characteristics  of  random  variable  I.  Usually  as  such  a  character¬ 
istic  is  used  the  mathematical  expectation 

R{djs)^^^![d{ij),  s\p{ijls)dy  (3-2.2) 

at  given  s,  called  conditional  risk. 

In  applying  the  conception  of  conditional  risk,  it  is  possible  to  carry 
out  a  comoarison,  and  sometimes  a  simple  selection  of  one  of  the  possible  decisive 
miles.  If  for  one  of  the  rules,  the  conditional  risk  at  all  s  is  less  than  for 
the  other  (or  others),  then  it  is  natural  to  give  preference  to  this  rule. 

In  most  cases,  the  rule,  minimizing  conditional  risk,  is  obtained  at  vari¬ 
ous  3,  In  theories  of  statistical  solutions  are  developed  two  methods  of 
selection  of  the  best  decisive  rule  in  such  cases. 

The  first  method  assumes  to  be  known  an  a  priori  distribution  of  possible 
situations  s.  For  simplicity  we  shall  consider  that  for  that  distribution 
there  exists  the  probability  density  PoCs)*  Using  the  a  priori  distribution,  we 
can  compute  the  mean  risk.  The  mean  risk  depends  only  on  the  accepted  decisive 
rule  and  can  be  used  for  comparison  of  these  rules. 

R(d)^lR{dls)p,{s)ds--.^^  p,{s)/ [d{y)ls\pUjls)d$di/,  (3,2.3) 

S'  S  Y 

The  decisive  rule,  for  which  the  mean  risk  turns  out  to  bo  the  least,  is 
called  the  Bayes  solution  relative  to  the  considered  a  priori  distribution  Po(3)» 
and  corresponding  mean  risk — the  Bayes  risk.  In  the  theories  is  proved  the  exist¬ 
ence  of  the  Bayes  solution  for  arbitrary  a  priori  distribution  and  limited  non¬ 
negative  furiction  of  losses. 


In  many  practical  problwns,  a  priori  distribution  is  unknoim.  Therefore, 
it  is  desirable  to  find  methods  of  determining  the  optinun  decisive  functions, 
not  depending  on  P^Cs)*  Here,  it  is  natural  to  demand  that  these  methods  ensure 
the  best  results  in  the  uorst  situation* 

The  first  of  such  methods  is  closely  connected  with  the  Bayes  solutions. 

We  shall  introduce  the  least  preferable  a  priori  distribution,  for  which  the 
Bayes  risk  is  maxiuxurn.  Application  of  the  Bayes  solution,  corresponding  to  the 
least  preferable  distribution,  is,  to  a  certain  degree,  satisfactory,  since  it 
ensures  minimum  risk  at  the  least  favorable  a  priori  distribution. 

The  other  method  consists  of  the  use  of  the  so-called  minimax  solutions. 

The  minimax  decisive  rule  is  determined  from  the  condition  of  the  minimum  of  the 
highest  value  of  conditional  risk: 

rain  max /?(d/5).  (3.2.4) 

One  of  the  fundamental  results  of  the  theory  of  solutions  consists  in  the 
fact  that  under  very  general  conditions,  the  roinimax  solution  coincides  with  the 
Bayes'  relative  to  the  least  preferable  a  priori  distribution  qo(s),  idiere  the 
conditional  risk  corresponding  to  this  solution  is  constant  for  all  s,  with 
which  %  (s)  gfcO.  This  result  considerably  facilitates  finding  of  the  minimax 
solutions . 

Until  now  we  spoke  of  determined  (non-random)  decisive  functions.  It  is 
possible  to  imagine  such  cases,  tdien  the  accepted  solution  d  is  determined  by 
the  result  of  random  experiment,  selected  in  accordance  with  the  observed  reali¬ 
zation  of  y*  Here,  the  realisation  determines  the  distributive  law  of  probabili¬ 
ties  p(d/y),  describing  the  utilised  random  experiment*  Frequently  the  encountered 
form  of  such  experiment  ie  easting  the  die.  In  distinotion  from  the  determined 
decisive  rules,  the  rules,  using  the  random  experiment,  are  called  randenlzed. 

It  is  proven  that  at  a  finite  nus^er  of  possible  situations  s  for  any  randomized 
decisive  rule,  there  exists  an  equivalent  determined  rule.  Equivalence  in  the 


given  case  signifies  the  equality  of  conditional  risks.  For  arbitrary  sets  of 
situations  a  under  very  general  conditions  is  proven  the  existence  of  the  deter¬ 
mined  rule,  for  idiich  the  conditional  risk  hardly  exceeds  the  conditional  risk 
for  the  given  randomized  rule  (  e  -  equivalence).  Thus,  if  the  effectiveness 
of  the  decisive  rule  is  characterized  by  magnitudes  of  conditional  risks  R(d/8), 
then  from  this  point  of  view,  the  use  randomized  rules  does  not  give  practically 
any  gain. 

In  practice,  we  frequently  encounter  cases,  udien  the  dimensions  of  the  obser¬ 
ved  realization  beforehand  are  not  fixed  and  are  determined,  proceeding  from  the 
required  authenticity  of  the  accepted  solutions.  A.  Val'd  [39]  proposed  to 
conduct,  in  such  cases,  an  experiment  in  stages,  and  at  every  stage  to  take 
either  one  of  the  possible  final  solutions  d^Do,  or,  if  not  one  of  these  resolu¬ 
tions  can  be  received  with  stifficient  authenticity,  take  the  solution  on  the  cont¬ 
inuation  of  the  experiment.  With  such  an  approach,  it  is  natural  in  the  calcu¬ 
lation  of  losses  to  consider  the  value  of  the  experiment  and  to  use,  as  a  function 
of  losses,  the  sum  of  the  value  of  the  experiment  and  losses,  connected  with 
erroneous  solutions.  For  this  case,  all  the  above  mentioned  results  of  the  theoxy 
of  solutions,  are  distributed* 

The  methods  of  the  theory  of  statlstloal  solutions  can  be  used  in  divers 
areas  of  human  endeavor,  connected  with  the  statlstloal  treatment  of  results  of 
observations,  and  Including  radar,  where  obtained  as  a  result  of  minimization  of 
losses,  the  decisive  rule  can  be  Interpreted  as  the  optimum  operations  on  the 
received  signal  and  represented  by  corresponding  optimum  circuits  of  the  receiving 
mechanisms. 

Below  will  be  presented  more  specific  results  of  the  theory  of  solutions, 
finding  application  in  problems  of  detection  of  radar  signals. 

Before  we  cross  to  the  account  of  these  questions,  it  is  useful  to  turn 
our  attention  to  one  aspect  of  the  theory  of  solutions,  connected  with  its 


practical  application  and  utiHty,  If  the  function  of  lessee  is  given,  then  the 
theory  of  solutions,  in  principle,  pillows  us  to  find  the  decisive  rule,  ensuring 
the  miiiimuffi  of  jnear.  risk  or  minijnax  of  condi+ional  risk.  In  radar  of  such  appro¬ 
ach,  v?e  can  remove  the  arbitrariness  in  questions  of  selection  of  methods  of 
treatment  of  the  received  signal  and  produce  a  standard  for  estiiiiating  the  uualitj 
of  the  technically  realized  methods  of  treatment.  However,  these  decisive  rules 
(methods  of  treat.ment)  are  optimum  only  with  a  fully  determined  function  of 
losses,  the  conformity  of  Vfhich  to  the  conditions  of  the  considered  problem  is 
in  an  overwhelming  majority  cases  very  conditional. 

For  example,  let  us  ^.onsider  the  problem  of  detection  of  a  target,  approach¬ 
ing  the  defense  sector.  How  c;m  we  determine,  in  this  case,  the  losses,  connec¬ 
ted  with  ''also  alarm  and  oirission  of  tne  target?  How  c,-,in  we  estitnate  quantita- 
llvo  y  the  canse,[uence  of  panic  among  the  population,  caused  by  the  fal.se  aiann, 
tind  ■'iul.l.in.g  of  vig.i lance  of  the  maintenance  personnej.  of  the  system  of  defense, 
occur in.^  after  the  repulsion?  Fina.Liy,  how  can  we  measure,  in  suitable  units- 


of  value,  ’ 'ne  consequen  ..a  of  iTouiun  aacrai'ico  <ind  destruction,  caused  by  passage 
of  the  t.-.-irget  to  an  cilect?  Which  approach — llriyos  or  mi should  be  ijaed  .in 


'  he  given  {.jpoblem?  In  -what  measure  do  we  have  the  right  to  be  orietiieti  to  mini¬ 
mi  v,.-ilion  of  aveirai-n)  losses,  allowing  to  'rece.xvo  an  obV'ious  gain .  in  the  multiple 
use  ('f  a  deciarve  rule,  when  'he  ..}U*»st.lan  concorns  the  defanse- o,f  a  fu)  ly  deter¬ 


mined  object  mayl-e  Ihs  on.iy  .or.n  cn'  its  kind?  In  .any  roa.i.  there  appears 

a  rre'i!  nui-"-fir  of  rntch  quoslions  ;  ihererv'fr,  *  h-o  function  of  irusaas  in  aahlgned 
usually  verv  art  i  hr:' cl  Iv  . 

If  .11  tua'ned  out  that  the  form  of  the  optmua  decisive  ru:.w  -.■ojaplete.iy 
chfiUiges  even  with  an  .lj’,H.i,griific^unt  change  of  the  .funct.^on  of  losseg,  and  t.-he 
RVig-nltude  of  fktyea  or  risk  -  with  an  lnalg)Uf leant  chjU'ige  of  the  decisive 

rule,  thfin  opl-im’  ..it S,.un  v^puld  campleioly  ioao  'its  va.lue,  Howevoi',  the  nvuiwjpous 
rrsult-fi  -of  Mpp.licsitlon  of  the.thuory  of  isol!.it.lona,  r<5lat.:Ln,g  to  v;i,ri.oc..s  pr.tcirical  . 


problems,  convince  us  more  qulc3cly  of  the  existence  of  a  reverse  regularity. 

And  namely,  it  turns  out  that  with  "reasonable"  functions  of  losses,  satisfying 
quite  general  conditions,  obtained  as  a  result  of  optimization  of  decisive 
functions  are  very  close,  just  as  the  magnitude  of  the  risk,  corresponding  to 
extremely  various  decisive  rules.  Sufficiently  general  results  of  such  kind  in 
the  theory  of  solutions,  xmfortunately,  are  lacking. 

In  the  theory  of  estimation  and  the  theory  of  filtration,  which  are  large 
branches  of  the  general  theory  of  statistical  solutions,  under . certain  limita¬ 
tions  is  proven  the  independence  of  the  method  of  estimation  from  the  form  of 
function  of  losses,  if  the  latter  satisfies  certain  conditions  of  synanetry  (see 
Chapter  6), 


3*3  Double-Alternative  dolutinns 


Let  us  consider  the  oiapleat  problem  of  the  theory  of  solutions,  when  on  the 
basis  of  observation  of  realltatlon  f  we  ehouXd  receive  one  of  two  alterna¬ 
tives,  exclusive  of  one  another,  for  example  "target"  and  "no  target".  In  this 
case  any  determined  decisive  rule  represttits  a  method  of  subdivioion  of  a  set  of 
possible  realizations  y  into  two  parts  and  If  the  observed  realization  y 
belongs  to  subset  (y  6Yo)>  the  solution  dg  i^  taken*  If  -Ye, solution 

djL  is  taken,  the  expression  for  avsrags  risk  is  rteorded  in  this  case  in  the  form 


‘i 


The  sum  of  integrals  in  (3»3»1)  will  be  least  in  the  case  when  every  realization 
y  refers  to  that  region  of  tl,  for  wtiieh  the  integrand,  in  (3*3*1)  upon 
integration  by  this  region,  is  less,  the  following  decisive  rule  follows  from 
this:  solution  di  ie  taidsn#  if  for  the  observed  realization  y 


I  p,  (S) /(</,.  s)/J(f//s)ds 

- - - - >1; 

\  p,(s)/(rf„  s)p(jf/s)<is  (3»3.2) 


solution  djj  is  taken,  if  an  inverse  inequality  is  carried  out.  The  magnitudes 
in  the  numerator  and  denominator  in  the  left  part  (3.3.2),  may  be  considered 
as  characteristic  of  a  posteriori  risk,  connected  with  the  aece^  tance  of  solution 
*^0  '^1  observation  y,  Actmlly,  these  magnitudes,  with  an  accuracy 

up  to  the  factor,  not  depending  on  s,  coincide  with  the  resxilt  of  averaging 
I(d,  s)  by  a  posteriori  distribution  p(s/y).  Thus,  the  received  decisive  rule 
has  an  evident  value:  that  solution  is  taken,  for  which  the  a  posteriori,  risk, 
corresoonding  to  the  realization  y,  is  minimum. 

Almost  in  all  practical  problems  it  is  possible  to  indicate  such  subdivi¬ 
sion  of  a  set  S  of  possible  situations  into  subsets  and  Si,  which  at  .ss5  vV„  , 

the  solution  do  is  correct  and  there  is  no  loss  (l(d<j,  a)  =•  O),  and  at  s  S  Si, 

the  solution  d^  is  correct  and  iCdj^,  s)  =  0;  whereupon  l(d;j^,  s)  »  1^,  if  a  t 

and  I(dQ,  s)  =  ,  if  s^Si  ,  Thus,  it  can  be  done,  for  example,  in  the 

problem  of  detection,  if  by  s  we  mean  the  reflecting  surface  of  the  target  .Vu  . 

If  su  -  0  (no  target),  then  the  solution  on  the  fact  that  there  is  none  (d^), 
is  correct,  and  acceptance  of  the  solution  that  there  is  a  target  (di),  entails 
definite  losses.  If  s  =  Su  ,  then  acceptance  of  the  solution  d^  does  not  lead 
to  losses,  and  losses  I(dQ,  Sn  )  (losses,  connected  with  passage  of  target )  my  be 
considered  not  dep««ding  on  , 

With  the  shown  limitations  fr<Ma  (3.3.2)  we  obtain 


whore 


A(y) 


-c, 


Piy/Sih 


i 


j  P*{i)d3 


(3.3.3) 


(3.3/*) 


represents  the  condition-ai  probability  of  obtaining  the  realization  y  vuider  the 


condition  that  5^5;  J; 


,  and 


(3.3.5) 


Thus,  in  the  considered  case,  the  solution  is  taken  on  the  basis  of  compar¬ 
ison  with  the  threshold  of  the  relation  of  conditional  probabilities  A{y), 
called  the  relation  of  verisimilitude.  The  magnitude  of  threshold  depends  on 
the  magnitudes  of  risks  and  Iq  and  a  priori  probabilities  P;j^,  Pq?  it  is  possi¬ 
ble  to  consider  it  as  the  relation  of  expected  magnitudes  of  risk  for  cases  Sq 
and  Si  upon  acceptance  of  knowingly  incorrect  solutions. 

Inequality  (3.3.3)  can  be  treated  as  a  comparison  with  the  threshold  of 
the  relation  of  a  posteriori  probabilities 


pic  /lA'— _ . 

"  V’^i .»/ yt  j  (s)  p  (pis)  (is 


(3.3.6) 


The  solution  dj^  is  taken  in  the  case  when  the  a  posteriori  probability  of 
wiiich  is  correct,  is  Iji/Iq  times  more  than  pi^obability  of  which  is  incorrect. 

The  operation,  determined  by  inequality  (3.3.3)»  can  obviously,  be  replaced 
by  the  comparison  with  the  corresponding  threshold  of  aJty  monotonic  function  of 
the  relation  of  verisimilitude.  Usually  as  such  a  function  is  used  a  logarithau 
In  problems  of  detection,  a  set  for  which  the  eolutiofj  is  correct  that 
there  is  no  target,  usually  consists  of  one  element  (parameters  of  noise  or 
interferences  are  g  .on),  auid  set  cafj  contain  a  large  number  of  elements 
(parameters  of  detected  target  can  be  various).  Here, 


(  A(i.% 

St 


(3.3.?) 


where  Mu,  a)  ■  „  is  the  relation  of  verisimilitude  for  the  case  of  a 

glvn) 

singular  iwasible  totality  s  of  parameters  of  the  target, 

is  the  a  priori  distribution  of  par<y«et«r8. 


4^' 

I  ^  - 


Thua,  tha  relation  of  verisimilitude  for  detection  of  the  target,  the 
parameters  of  vhich  are  inclxided  in  a  certain  region  Sj,  is  obtained  by  avaraging 
the  relations  of  verisimilitude  for  various  specific  values  of  £  of  parameters 
by  all  possible  values  of  Si. 

With  these  assumptions  on  the  function  of  losses,  the  mean  risk  is  deter¬ 
mined  by  the  formula. 


R  (d)  (,  jj  p,  (s)  p  iyls)  dyds  + 

-f-  /,  J  (  Po  (i)  P  iyl^)  —  P^^I  0  +  P^Pl  „ 


(3.3.8) 


where  f?  and  F  are  probabilities  of  errors  at  sCi',  and  accordingly. 

In  the  theory  of  detection  these  probabilities  are  usually  called  probabilities 
of  passage  of  the  target  {i^)  and  false  ala^m  (F). 

For  determination  of  the  magnitude  of  riak  it  is  necessary  to  calculate  the 
probabilities  jt  and  F,  corresponding  to  the  considered  decisive  rule,  and  to 
substitute  them  in  (3.3.8).  Instead  of  the  probability  of  passage,  we  frequently 
consider  the  ptv'bability  of  correct  detection  P  1  — .  (I- 

lii  problems,  for  v^hich  the  magnitudes  of  losaea  can  be  given  only  very  condi- 
l  ic'naLiy,  and  a  priori  probahiLI tlea  accurately  are  not  known,  it  is  Justified 
1.0  as  eharart.erlslicg  of  the  decisive  nil©,  not  the  niagnitUile  of  average 

nak,  bui  the  direct  probability  of  errors  of  /i  and  F  and  to  find  an  optimum 
•ieciisivtt  rule,  prov;©e?<l'ng  from  the  requirements,  presentfevi  from  any  cons i-iora- 
f.lons  to  these  probabilities,  .it  i»  possible,  in  particular,  to  require  minimum 
i'l  ;i'  pi  van  F.  bueh  a  criterion  of  oDtlmuameas  of  the  decisive  rule  is  known 
under  name  of  the  criterion  of  Naujaartn  find  Pearson  and  is,  widely  used  in  probloma 
of  double-^iltemative  solutions.  It  As  poaoibla  to  show  that  the  optiffivui? 
dtcleive  rule,  ttorre8fa>ndihg  to  this  criterion,  also  reduces  to  the  comparison 
wit  h  t  he  threshold  of  the  relat,ion  of  verisimilitude,  whereby  the  fijtagniivjd©  of  the 
threshold  is  determi '•^ed  by  the  gix'en  probability  F. 


In  order  to  be  convinced  o,f  this,  it  is  sufficient  to  prove  that  any  other 
rule  gives  a  large  probability  of  p  besides  F.  Let  there  be  sets  of  reali¬ 
zations  Yq  and  Y'^  ,  such  that  at  ,in  accordance  vdth  the  optimum  rule  is 

taken  the  solution  d^,  and  at  ,  the  same  solution  d^  is  taken  in  accord¬ 

ance  vdth  the  considered  nonoptimal  rule.  We  shall  designate  by  YqY’q  the 
coinciding  part  of  these  sets,  and  by  Yo  -  Y^  Y'^  and  Y'^  -  Yq  Y'^  -  their  non¬ 
coincident  ports.  Then,  considering  that  to  set  Y©  belong  all  y,  for  wnich 
P(ij!S,).-cP(t//S,),  ve  obtain 

P'  =  5^  P  {ylS,)(li/  =  J  p  (yis^)  dy  -f  J  p  (yjS^)  dij  -f 


u~Y,y. 


4-  {  ^  P  {yfS,)dy  —  J  P(ij/S^)  dy 


+  «.'[  J  P{y!S,)dy~-  f  P{tjlS,)dy 

r.-v: 


(3.3.9) 


By  adding  and  subtracting  in  the  right  part  of  inequality  c  J  P(y/S,)dy.  it 
is  easy  to  check  that  the  factor  at  c  in  the  right  part  is  equal  to  zero  and, 

consequently,  the  probability  ^  for  the  nonoptimal  decisive  ruled  is  greater, 
than  for  optimum. 

In  order  to  compare  various  decisive  rules,  not  resorting  to  average  risk, 
it  is  convenient  to  use  the  dependence  P(/‘)  or  D{f)  1  -  |){F).  of  the  two 
decisive  rules,  the  best,  obviously,  should  bo  considered  that,  for  which  at  the 
same  P,  the  probability  of  D  is  greater. 

In  problems  of  detection,  the  dependence  of  probability  of  correct  detection 
on  the  probability  of  false  alarm  D(F)  is  usually  called  the  characteristic  of 
detection.  For  the  characteristic  of  detection,  corresponding  to  the  comparison 
of  the  reUtion  of  verisioiUtude  with  the  threshold,  we  establish  a  number  of 
very  Interesting  properties,  not  specifying  the  statistical  properties  of  the 
observed  signal. 


If  pcui(A)  and  Piii(A)  are  distributive  laws  for  the  relation  of  veriaimil 
itudri  A  in  the  presence  and  absence  of  a  signal  from  the  target  (in  the  general 
case,  of  double-alternative  soi  tion  at  S;  and  5o}  accordingly,  then  for 
D  and  F  we  have 

£>— jpcm{A)dA.  F^^Pui{\)d\.  (3.3.10) 

C  c 

For  explanation  of  the  properties  of  the  dependence  D(F),  let  us  consider 
the  connection  between  PcmW  and  Pm(l)  »  The  characteristic  function, 
corresponding  to  /'m(A).  is  detemiined  by  the  expression 

{^)  -  j  e'"’  ^  P  iy/S,)  dy  ^ 

=  Je‘^-V„,(A)dA. 

0 

By  differentiating  'I'm (’ll  by  ^  and  changing  integration  by  y  and  differen¬ 
tiation  by  places,  it  is  easy  to  check  that 


whence 


V'  tl  ( 1)  -  ■  f  Ap,„  (A)  r' ’  '(/A  P  (yjS,)  dy 

g 


Paul  (A)  Apui  (A). 


The  received  relationship  has  a  deep  meaning  and  can  be  based  purely  on 
qualitative  reasonings.  Above  It  was  proven  that  the  optimum  method  of  u.-capi" 
ance  of  the  solution  in  the  case  of  two  aitemativee  ia  the  comparison  with  the 
threshold  of  the  relation  of  verialmiiitude.  Let  us  assume  that  we  constructed 
an  inatrument,  forming  the  relation  of  verislioailitude  for  observed  realization 
y,  and  now  WiuU  to  select  a  method  of  acceptance  of  the  aolutioru  Here,  In  our 
reasonings,  as  the  obsiirved  realization  there  should  appear  the  relHtion  c:’ 


verisimilitude  and,  iii  order  to  decrease  the  probability  of  errors,  we  should 
take  the  solution,  by  conqiaring  with  the  threshold  the  relation  of  verisimi¬ 
litude  for  this  realization,  i.e., 

\ 


Such  a  procedure  may  be  repeated  arbitrarily  as  much  as  desired,  and  consider¬ 
ed  consecutively  A2.  ■  -  •.  An .  where  by  the  magnitude  of  the  threshold,  with 

which  are  compared  the  relations  of  verisimilitude  of  various  orders,  remains 
constant,  since  it  depends  only  either  on  the  values  of  the  errors  and  a  priori 
probabilities  of  the  considered  alternatives  (in  the  case  of  minimization  of 
average  risk),  or  on  the  pennissable  probability  F  (for  the  criterion  of  Neumann 
and  Pearson),  All  these  decisive  rules  are  optimum  and  should  be  equivalent. 

It  follows  from  this  thatA2=Aj=  .  .  .  —A, i.e.,  (3.3.11) 

By  using  (3.3.11),  it  is  possible  to  establish  a  ntimber  of  interesting 
properties  of  the  characteristics  of  D(P),  corresponding  to  the  optimum  decisive 

rule.  For  the  derivative  of  ^  from  (3.3.10),  (3.3.11)  we  receive 

dF 

do 


'dP'~  df 


ft  n  (^) 


cin- 


(3.3.12) 


~de 

The  magnitude  of  threshold,  obviously,  monotonically  diisd/dshes  with  the 
increase  of  P.  Thus,  the  derivative  of  ~  monotonically  diminishes  with 
the  increase  of  F.  By  integrating  (3.3*12),  we  obtain 


(3.3.13) 


In  a  whole  number  of  oases,  the  uae  of  these  general  relationships  consi¬ 
derably  simplifies  the  calculation  of  characteristics  of  detection.  In  the 
following  paragraph  we  shall  apply  the  received  results  for  the  solution  of  one 
practically  important  problem. 


3-4.  Comparison  of  "Detection  in  Interval"  vlth  "Detection  by  Points" 

As  was  shown  in  Section  3*3  [soe  expression  (3«3<.7)Ji  If  the  paraJneters  of 
the  targets  are  unkn,own  and  can  take  any  values  in  a  certain  region  Sp,  then  the 
relation  of  vei'isimilitude  is  obtained  by  averaging  the  relations  of  verisimi¬ 
litude,  calculated  for  various  points  of  region  by  the  whole  region,  taking 
into  account  the  a  priori  distribution  Pg^  (s).  Usually,  it  is  comparatively 
easily  to  construct  a  multichannel  circuit,  in  each  channel  of  wliich  will  be 
formed  a  voltage,  proportional  to  the  logarithm  of  the  relation  of  verisimilitude 
A  (Yj  where  s^  is  the  tuiaiity  of  parameters  of  the  target  (distance, 

speed,  angle),  to  which  the  given  channel  is  tuned. 

In  order  to  receive  an  averaged  relation  of  verisimilitude,  it  is  necessary 
to  pass  the  output  voltage  of  each  channel  through  a  mechanisrn.  with  an  exponent¬ 
ial  cliaract.eria' ic  and  to  sum  in  weight  (s).  The  realization  of  th,c!se  opera- 
tionu  is  connect. ed  vn,th  known  technical  difficulties  and  in  practice  they  usuiUy 
prefer  to  compare  with  threshold  log  A (y»  Si)  each  channel,  which  is  equiva¬ 

lent  t.o  the  comparison  with  threshold  A  (y,  s^^).  Such  a  method  of  acceptance 
of  t,i;«  solution  is  significantly  simpler,  than  that  connected  with  tiie  aver..ig iiii 
of  A(y/!i)  iy  !i,  .and  at  the  same  t,imo  allows  simultaneously  with  de;.ect.u;t\  t  (, 
est  irivAto  approx^iruately  the  parameters  of  the  detected  target. 

Tn  connection  with  this,  i<  is  intej'esting  to  know  about  the  comuai- i  ocn 
of  optimum  procedui^e  '>f  "detection  In  interval*'  with  the  method  oi  "deLcct. ion  by 
points".  Thin  'question  already  w.-is  considered  for  a  pmrticuJ.-ir  case  o*'  r?;.7)or'o';- 
liai.  diotriini!  iuri  of  the  logarithm  of  the  relation  of  verisimi  1  i tude  in  i.,'  I,  wi;..' 
the  equivalence  of  these  raethoda  ia  proven  at  small  ?,  Below  is  given  a  very 
l<ix  basis  of  this  result  for  the  more  general  case. 

We  luhaii  uae  the  following  ideal i sat. ions.  We  shall  consider  that  a  priori 
;ire  {Kjsaible  only  of  n  values  of  jiwrameters  %),  whoreu|X)n  aU  tnese 


values  are  equiprobable.  V«  shall  assune  also  that  these  values  are  distributed 
from  each  other  sufficiently  far,  so  that  the  corresponding  relations  of  verisi¬ 
militude  may  be  considered  statistically  independent,  and  that  for  all  A(y,  Sj,) 
the  distributive  lav  is  identical. 

With  these  conditions,  the  problem  is  formulated  in  the  folloving  manner: 
there  is  a  sum  of  independent  random  variables  *  whereby  either 

<5=1 

all  A  are  described  by  the  distributive  law  jE>m(A)  ,  or  n  -  1  of'  them  is  sub¬ 
ordinated  to  the  law  Pm(^)  »  and  one,  to  the  law  />cui(A)  .  Distributive  laws 
PmW  and  Pern  (A)  are  connected  by  the  relationship  (3 .3.11)  J  PemW~^PmW  * 
It  is  required  to  establish  a  connection  between  probabilities  of  exceeding  the 
threshold  of  sum  Z  and  exceeding  the  corresponding  threshold  by  at  least  one 
of  the  components  in  the  first  and  in  the  second  the  above-indicated  cases. 

Let  us  consider  at  first  the  dependence  of  D(P)  for  the  case,  idien  with 
the  threshold  is  compared  the  sum  Z.  Inasmuch  as  Z  represents  the  averaged 
relation  of  verisimilitude,  for  distributive  laws  of  this  magnitude  in  the  pre¬ 
sence  and  absence  of  a  target,  the  relationship  (3.3*11)  is  correct,  and  depend¬ 
ence  D  (f)  can  be  calculated  by  the  formula  (3.3.13)*  The  corresponding  magni¬ 
tude  of  threshold  we  shall  designate  by  Cj,  (F). 

We  shall  now  express  (F)  by  (f ),  considering  0],(F)  !>  1,  which  corres¬ 

ponds  to  sufficiently  small  F.  The  probability  of  Fn(C)  is  such,  that  nZ>o, 
in  the  absence  of  a  target  it  is  possible  to  write  in  the  form 


F^(C)sajdA 

where  P|).i(x)  is  the  convolution  of  n  -  1  distributions  *  By  changing 
the  order  of  integration  and  considering  that 


Pm  (*) 


we  obtain 


T  n  (s)  de  f  A— i(c)i 

# 

t 

f  A  (c) «  f ,  (tf)  -f  j  Pu»  t«)  ^ (r  “•  * )  di. 


(3.4.1) 


Converting  both  parts  of  this  equation  by  Fourier  series,  an  equation 


can  be  found  for 

0 

from  which  it  is  simple  to  see  that 


(3.4.2) 


M-J 

'i'ai  (^)  —  1 


(3.4.3) 


The  probability  of  (C)  is  deterndned  from  (3.4.3)  by  inverse  Fourier  conver¬ 
sion.  It  is  known  that  with  large  arguments,  corresponding  to  small  F^^,  the 
behavior  of  the  fmction  is  determined  by  the  behavior  of  its  spectrum  at 
small  k- 


Here,  by  distributing  into  a  series  the  factor  at  /, (1)  in(3,,,3)  by 
powers  of  X  and  considering  that  and  — j ,  after  inverse 

conversion,  we  obtain 


+  +  -  (3.^.4) 

Decomposition  (3.4.4)  should  be  considered  as  an  asymptotic  estimate  of 
Fn  (c),  correct  under  certain  conditions  for  sufficiently  large  c.  The  necess¬ 
ary  condition  of  application  of  this  estimate  is  the  oquai.ity 

A  W 

«-♦<*)  *  4  \^} 


At 

-yhuAcXt'Ac)  (3.4.3) 

it  is  possible  to  be  liirdted  in  (3.4.4)  to  the  first  member  and  to  determine 
the  nuignitude  of  threshold  c,  corresponding  to  the  given  probability  Fj-j.  Con¬ 
sidering  the  presence  of  Ibctor  -  before  the  sum  In  the  expression  for  Z  and 

n 

and  substituting 


in  (3*3*13)»  we  obtain 


r 


(3.4.6) 


In  the  case  of  detection  by  points,  by  considering  the  independence  of 


values  of  A  (y,  in  separate  points,  at  nF^^  %  1,  we  have 


D=\~{1~  D,)  (1  -  ^  D,  {F)  +  pf,  {n  -  I). 


(3.4.7) 


(3.4.8) 


Taking  into  accoxint  (3.4.7),  the  e:q)res3ion  (3.4.8)  may  be  written  in  the 


^  ^  (3.4.9) 

coinciding  with  (3.4.6),  Thus,  under  imposed  limitations,  the  considered  methods 
of  detection  of  the  target  are  approximately  equivalent.  This  result  justifies 
the  utilized  methods  of  construction  of  systems  of  detection  in  the  form  of  a 
totality  of  separate  channels,  tuned  to  various  values  of  parameters  of  the 
target  and  filling  with  sufficient  density  the  a  priori  interval  of  change  of 
these  parameters.  The  approximate  equivalence  of  "detection  in  interval"  and 
"detection  by  points"  allows  at  theoretical  consideration  of  a  number  of  problems 
of  detection  to  limited  to  the  synthesis  of  optimum  systems  of  detection  at  a 
point,  using  for  the  calculation  of  characteristics  of  "detection  in  interval" 
the  formula  (3.4.6).  Here,  it  is  necessary  to  consider  condition  (3.4.5),  under 
which  the  shown  equivalence  takes  place. 

In  the  future  we  frequently  will  come  in  contact  with  the  case,  when  the 
magnitude,  connected  with  the  logarithm  of  the  relation  of  verisimilitude  A  by 
linear  relationship,  Is  distributed  according  to  the  law  of  chi-u>quare  with  21 
degrees  of  freedom.^  Here,  the  dependence  (o)  can  be  written  In  the  form 


' ”  f  (£-!)!•  V " *' 

•  In 


(3.4.10) 


where  a  and  b  are  proportionality  factors,  depending  on  the  signal-to-noise 
or  signal-to-interference  ratio.  The  distribution  density  /?in(c)  is  obtained, 
from  (3,4*10)  by  differentiation  by  c.  For  relation  we  have 

^t(g)  —  g  0  —  1)! _ 

P.(c)  a  •  (3.4,11) 

from  which  it  is  clear  that  the  considered  relation  tends  to  infinity  upon 
tending  c  to  infinity  and  at  any  n  it  ia  possible  to  take  F  so  small,  that 
condition  (3*4*5)  is  fulfilled.  Consideration  of  specific  problems  shows  that 
to  fulfill  (3*4*5),  it  is  sufficient  that  the  general  probability  of  false 
alarm  for  n  channels  is  5-10  times  less  than  the  probability  of  passage  of  thve 
target.  Thus,  in  the  caae  of  1  =  1,  the  corresponding  detection  of  a  slowly 
fluctuating  signal  (see  Chapter  4)  in  noises  at  aignal-to  noise  ratio  qp,  we 
have 

F,{C)  _ ‘L.  sz  — y.-  r-  Sli  . 

/’w (f)  «  —  1  \  +  q,  n  —  [  (n  —  \)i t ^ 

Given  as  the  permissible,  the  probabilities  of  passage  usually  not  less 
than  10”3,  udien  the  probability  of  false  alarm  are  usually  several  orders  less,  • 
so  tfiat  in  real  problems  of  detection,  condition  (3*4*5)  is  fvilfilled, 

3*5,  Double-Alternative  Solutions  with  Use  of 
Sequential  Analysie 

In  accordance  with  the  general  principle  of  continuation  of  the  experiment, 
when  not  one  of  the  final  solutions  can  be  received  with  sufficient  authenticity, 
A,  Wald  proposed  the  following  procedure  of  double-alternative  solutions.  At 
each  moment  of  time  t  (at  each  stage  of  the  experiment  during  discrete  obuerva- 
tlons)  the  relation  of  verieiadlltuda,  composed  for  the  all  observed  realisation 
^(t}(0<t<i)  $  Is  compared  with  two  threehoMs  A  ond  B,  If  A,  then 

solution  di  io  taken}  if  Ady)  <  ^  »  d^  ie  taken}  If  B<Ady)<A,  the  testa  are 
continued*  A.  Wald  developed  in  detail  the  procedure  of  acceptance  of  a  solution 


and  calculated  the  coi-reeponding  characteristics  for  discrete  independent 
observations  [393.  Under  certain  conditions,  these  results  can  be  wide-spread 
in  the  case  of  continuous  time.  Below  we  shall  expound  the  results  of  sequential 
analysis  in  reference  to  this  case. 

We  shall  find,  first  of  all,  the  connection  between  probabilities  of  errors 
of  solution  F  (take  d^  instead  of  d^^)  and  0 (take  d^  instead  of  dq)  and  thresholds 
A  and  B.  Region  Yj  of  realizations  y,  the  observation  of  which  terminates  in 
the  acceptance  of  di,  is  determined  by  the  equality 

where  t'  is  the  moment  of  first  output  of  Xi(y)  beyond  the  limits  of  interval 
(B,  A). 

By  integrating  both  parts  of  this  equality  by  all  y,  for  which  it  is  fulfilled, 
we  have 

whence 


(3.3.1) 

Analogously,  region  Yq  of  acceptance  of  is  determined  by  the  equality 

Integrating  both  parts  of  the  equality  by  all  ,  we  obtain 


and 


(3.5.2) 


It  is  interesting  to  note  that  in  the  case  of  use  of  sequential  analysie, 

F  and  are  not  connected  together  and  can  be  given  independently.  Besides 
these  characteristics,  in  the  use  of  sequential  analysis  an  importaJit  role  is 
played  lythe  duration  of  the  teat.  The  most  accessible  for  the  determination  of 
the  statistical  characteristics  of  duration  t'  which  is  random,  ia  the  mathematical 


expectation  t'.  For  calculation  of  t*,  we  introduce  i(0*=logA<(i/)  and 
shall  assume  that 


I(/)  =  y.  (3.5.3) 

io  ^®®®  depend  on  /.  We  shall  now  take  the  interval  of  time  T  so  great, 


that  is  is  possible  to  affirm  quite  reliably  that  t'<T.  Then  on  the  strength 
of  3.5.3) 


r 


(3.5.4) 

Function  I  (t')j  on  the  strength  of  determination  of  t  •  takes  one  of  two 
values,  a  =  log  A  and  b  »  log  B.  The  second  component  in  (3.5.4)  io  the  mean 
value  of  the  integral  from  the  random  function,  one  of  the  limita  of  which 
t'  is  random,  where  t'  and  ,  in  gmeral,  are  not  Independent. 

However,  if  T  -  t*  is  great  as  compared  to  the  time  of  correlation  of  the  process 
it  possible  to  consider 

Substitution  of  (3.5.5)  into  (3.5.4)  gives 


(3.5.5) 


Fa 


*• 


(3.5.6) 


At 


A*  • 


(3.5.7) 


whe.-o  i'o  “io  . 

Analogously,  at  jgS, 


4  % 


(3.5.8) 


In  these  formulas 


t{F, 


(3.5.9) 


/jTJ 


If  the  103383,  connected  with  the  continuation  of  the  experiment,  are  direc¬ 
tly  proportional  to  ita  duration,  then,  by  using  (3.5.7)  and  (3.5.B),  there  can 
be  obtained  an  expression  of  average  risk,  depending  on  F  and  0 ,  and  the  risk 
can  be  r/dniraized  to  the  corresponding  selection  of  these  probabilities. 

A.  Wald  and  J.  Wolfowicz  [41J  showed  that  the  considered  decisive  rule 
ensures  a  minimum  of  average  duration  of  the  experiment  at  given  F  and  ,  and 
thereby  proved  the  optimumness  of  this  inilo. 

c^uestions  of  application  of  sequential  analysis  to  problems  of  detection  of 
signals  are  contained  in  a  number  of  works  in  the  USSR  and  abroad  [42 — 473] 
however,  on  the  ways  of  its  practical  use  there  still  are  principal  difficulties. 
Some  of  them  we  shall  consider  here. 

As  already  was  noted,  the  duration  t*  of  observation  with  the  use  of  sequen¬ 
tial  analysis  is  random.  "Hie  losses,  connected  with  the  continuation  of  the 
ex}>erimetd ,  usually  can  be  considered  proportional  to  t'  only  on  a  certain  finite 
sect  ion.  Therefore,  for  41  detailed  explanation  of  the  advantages  of  sequential 
analysis  it  is  necessary  to  know  the  distributive  law  p(t'),  the  calculation  of 
which  for  the  majority  of  practical  cases  is  an  insuperable  problem  in  the 
given  stage  of  develo|s«»ent  of  the  theory.  Kven  the  eaiculation  of  moiin  value 
of  t*  is  done  oniy  under  very  piirticular  condilimis  not  carried  out  for 

4  whole  number  of  praeiisaily  important  caaeu  (detection  in  interval,  siowiy 
fluctuating  etc.). 

Cci'tiiiniy,  the  diatributtve  law  con  t>e  determined  expcrlmentai ly ;  however, 
in  some  problems,- such  a  detei’sninalion  is  no*  aatisfactory.  One  of  the  most 
of  these,  probleise  is  the  problem  of  muiti.ciiannel  detection,  when, 
before  turning  the  imienns  to  attother  direction,  it  ia  neceasary  to  take  a 
solution  on  the  presence  of  a  target  in  one  of  the  ehannele,  untuned,  for  example 
by  distance,  or  on  the  absence  of  a  target  in  all  channels.  Tl»e  use  of  the  class 
icai  pr^..  :u  l.ir!7  tf  stKiueniial  analyels  with  two  conei^it  tiireeho.lds  in  each  ohafaie 


leads,  in  this  case,  to  essential  losses  in  time,  since  the  transition  to  a 
new  angular  direction  is  possible  only  after  in  each  channel  there  occurs  a 
transition  to  one  of  the  thresholds. 

Thus,  the  full  time  of  observation  is  determined  in  the  case  by  the  magni¬ 
tude  max  t'i,  where  t*^(i  =1,  2,...,  n.)  are  the  times  of  the  observations, 
corresponding  to  the  various  channels.  Obviously,  max  t*^  can  many  times  exceed 
t'.  In  connection  with  this,  in  [473  was  proposed  the  use  of  variable  thresholds 
A  and  Bj  however,  the  calculation  of  optimum  functions  A(t)  and  B(t)  is  hampered 
by  the  absence  of  a  common  method  of  calculation  of  probability  p(t')»  which  in 
this  case  should  be  known  for  arbitrarily  variable  thresholds. 

The  calculation  of  the  optimum  law  of  change  of  A{t)  and  B(t)  is  conducted 
in  [47]  by  direct  method  (in  steps)  for  the  case  of  double  storage  of  statisti¬ 
cally  independent  pulse  signals  in  the  receiving  mechanism.  The  gain  in  the 
threshold  signal  in  the  use  of  such  a  procedure  of  detection,  instead  of  compari¬ 
son  with  the  threshold  of  the  relation  of  verisimilitude,  calculated  in  fixed 
time,  constitutes  3 — 4  db  at  n  =  100,  F^IO"^^,  0,1,  These  results  may  be 

considered  only  as  especially  preliminary,  since  the  conditions  of  their  obtain- 
ment  greatly  differ  from  actual  conditions.  On  the  whole,  this  problem,  which 
is  of  great  theoretical  and  practical  interest,  still  awaits  its  solution, 

3.6.  Multi-Alternative  Solution.  Detection  of  Target 
with  Simultaneous  Estimate  of  Its  Parameters 

We  shall  now  complicate  the  problem,  considered  in  Section  3*3j  consider¬ 
ing  a  number  of  rautualiy  exclusive  alternatives  to  be  arbitrary  (d^,  dj^,.,,,  d^). 
Any  determined  decisive  rule,  leading,  at  any  y,  to  the  acceptance  of  one  of  the 
solutions  d^,...,  d,^,  reduces  in  this  case  to  subdivision  of  a  set  of  possible 
realizations  Y  into  such  subsets  Yq,..,,  that  at  Yi  j  dj^  (1  ®  0.1,,..,  n) 
is  taken.  The  expression  for  average  risk,  corresponding  to  such  a  rule,  tias 


the  form 


R {<{) y  f  <ly  ]  p,  (s)  /(</..  s}p{ij\  s)  (Is.  (3.6,1) 

l~it  Yi  S 

So  that  the  magnitude  of  risk  R(d)  is  raininmm,  it  is  necessary  for  every  reali¬ 
zation  y  to  have  such  set  Yx>  for  which  the  integrand 

(<‘ >!ij)  1 A 6^)  /  .  s)  p  ill,' S-)  J,.  (3.6.2) 

is  milnimum.  It  follows  from  this  that  the  region  is  determined  by  the  follow¬ 
ing  inequalities: 

f  P.  1  (d,.  s)  p  (y/i)  (Is  < 

^■'jp,V-)f{‘li.  s)pi,,;s)(ls  It  L,).  (3,6.3) 

The  meaning  of  the  received  decisive  rule  is  obvious:  the  solution  is  always 
taken,  which  is  coruiected,  at  given  y  with  the  least  risk.  If  at  any  y,  dj^  in 
(3,6.3)  is  attained  an  equality,  then  auch  y  can  be  arbitrarily  referred  to  one 
of  sets  Y^,  Yj^  without  a  change  of  the  magnitude  average  risk. 

The  necessity  of  selection  of  one  of  the  many  alternatives  in  problems  of 
dot.ect.ion  appears  in  those  cu»oa,  when,  .  ''.ultarieously  with  the  acceptance  ef 
the  solution  on  the  presence  of  a  target,  it  io  necessary  to  accept,  definite 
suiutions  relative  to  the  properties  of  the  detected  target  (for  example,  to 
Ifderm.ine  the  aiatance  to  the  target  or  number  of  targets  m  a  group). 

Lot  us  conalder  one  of  the  most  frequently  encountered  }>roblema  of  such  kind. 
Lei  I  target  appear  in  one  of  the  {xnints  of  the  interval  of  change  of  distance 
(or  speed)  M  .  It  is  required  to  detect  the  target  and  irKlicate  the  value 
of  X  with  iin  accuracy,  sufficient  for  securing  the  target  by  tho  ayatoin  of  auto¬ 
tracking. 

Vie  shall  consider  that  for  this  It  ia  required  to  determinM.  to  which  n 
of  nonoveriupping  intervals  ?d.  (th«ir  width  ii  is  oqiu'il  tv,  the  width  of 

the  discrimination  response  of  the  system  of  tracking)  belongs  the  true  value  of 

/  -i-  'v 


parameter  X  .  There  arc  n+1  poeeible  aolutione:  there  ie  no  target  (do)>  there 
ia  a  target  and  (^i)*  •  •  •  •  ,  there  la  a  target  and  i^5l„  (d„). 

We  shall  introduce  three  poaeible  valuea  of  the  function  of  losses: 

/(dj,  s,)  =  /p  (i  =  1, n)  (losses^  connected  with  false  alarm),  /(do,  Sj^)  = 
—  (i  =  n)  (losses,  connected  with  passage  of  target),  /  (d^,  Sj^)  = 

=  /„  (i,  k  =  1, ...,  n)  (losses,  connected  with  incorrect  indication  of  interval 
Si,  ,  in  which  the  target  is  located).  Inequalities  (3*6.3)  thereby  take  the 
following  form: 

at  i, 

f  P*Wp(l/li)dX<:  J  pA>)p{yjX)ia, 

(3.6,4) 

At  y=..uO 


/«  J  P,i^)p{yl^)di-h 

“-Hi 

+  P  W  P  (i/A.)  <  P»  (1)  p  {yji.)dl,  (3.6.5) 

where  P(sq)  is  the  a  priori  probability  of  absence  of  target. 

At  i  =  0,  we  obtain  an  inequality,  the  reverse  of  (3.6.5). 

From  (3.6.4),  (3.6.5)  it  follows  that  the  solution  on  the  presence  of  a 
target  Iti  the  interval  Ui  should  be  taken  upcnt  fulflllaent  of  inequalities 

l  pA^)pm<iX>^^p,{l}piy/l)dX  /^M  (3.6.6) 


Practically,  for  a  number  of  proble«s,  the  detection  of  a  tiirget  not  in 
that  Interval  u,  >  la  which  it  ie  lu  reality^  ia  eq^valent  in  Its  oonsequenoes 
to  passage  of  the  target.  Therefore,  It  le  poeeible  to  place  * 

/j'/ 


In 


this  case,  the  decisive  rule,  determined  by  inequalities  (3 •6,6),  (3 •6,7), 
reduces  to  the  comparison  of  the  averaged  relation  of  verisimilitude 


{/=1;  2; . . . ;  n) 

with  the  threshold 

_ 


(3.6.8) 


(3.6.9) 


where  — ^  priori  distribution  I  under  the 

condition  that  there  is  a  target. 

The  relations  of  verisimilitude,  exceeding  the  threshold,  are  selected 
and  are  compared  to  each  other.  It  is  considered  that  the  target  in  this  case 
is  in  the  interval  a,  ,  for  which  \,{ij)  has  the  highest  value.  If 
on  interval  Si  is  approximately  constant,  which  usually  takes  place,  and 

>  then,  as  it  was  shown  in  Section  3.4,  detection  in  interval 
is  approximtely  equivalent  to  the  comparison  with  the  threshold  of  the  relation 
of  verisimilitude  in  each  point.  The  magnitude  of  this  threshold  should  be  selec¬ 
ted  in  such  a  manner  that  the  general  probability  of  false  alarm  remains  constant. 
In  a  large  number  of  cases,  the  interval  Si  is  small  or  approximately  coin¬ 
cides  with  the  width  of  the  interval  of  solution  by  parameter  A. 

The  average  risk  for  the  considered  problem  ia  entered  in  the  form 

« ^ U V  -\-lfP (s.) Z-*.  (3.6. 10) 


where  f'.lSi,)  is  the  a  priori  probability  of  the  presence  of  a  target  in  inter¬ 
val  6i,  ; 

is  the  probability  of  not  detecting  this  target  in  the  given  interval, 
when  it  is  there. 

Analogously,  it  is  possible  to  introduce  the  probability  of  false  alarm 
in  the  ith  Interval,  For  the  calculation  of  H  (d),  one  can  use  the  properties 
of  the  dependences  (h(F|), considered  in  Sections  3,3  and  3.4, 


Used  in  the  consideration,  the  subdivision  of  a  priori  interval  into 
intervals  of  finite  duration  bk  is,  for  a  large  number  of  practical  problems, 
not  wholly  a  justified  idealization.  We,  as  if,  consider  that  the  tracking 
system,  intended  for  automatic  tracking  of  the  detected  target,  can  be  tuned 
only  to  determined  discrete  values  of  parameter  k  and  the  problem  of  the  system 
of  detection  is  the  indication  of  those  of  the  values,  which  are  closest  to 
being  true.  Such  situations,  undoubtedly,  can  take  place;  however,  more  freq¬ 
uently  it  is  reqiiired  to  directly  indicate  the  position  of  the  detected  target 
with  accuracy,  sufficient  for  lock-cn  by  the  tracking  system  or  for  the  comple¬ 
tion  of  any  other  problems.  Here,  on  the  basis  of  observed  realization  y  is  taken 
either  the  solution  on  the  absence  of  a  target,  or  the  solution  on  the  presence 
of  a  target  with  a  determined  value  of  parameter  k  (or  several  parameters). 

The  problems  of  determination  of  unknown  pai'ameters  of  the  distributive  law, 
on  the  basis  of  observation  of  some  realization,  described  by  this  law,  in 
statistics  are  called  problems  of  estimation.  The  theory  of  estimation,  with  nec¬ 
essary  detail,  will  be  presented  in  chapter  6,  volume  II.  Here  we  will  touch 
only  certain  questions  of  theories,  having  direct  relation  to  problems  of  detection 
with  simultaneous  estimation  of  parameters  of  a  target.  Here,  we  shall  consider 
the  parameters  to  be  unvariable  during  the  time  of  detection  (i.e.,  consider 
their  change  to  be  small  as  compiu-ed  with  the  corresponding  intervals  of  the 
solution). 

Let  ua  consider  for  simplicity,  the  case  of  one  par*ameter.  (All  rea  ninga, 
conducted  for  that  case,  are  directly  generalized  in  the  case  of  several 
meters).  Wo  shall  introduce  the  function  of  losses  h  ,  ccm^ectod  with 
the  error  of  measuremejit ,  depending  on  true  and  estimated  i'i)  values  of 
the  parameter.  The  problem  of  estimation  coincides,  obviously,  with  the  problem 
of  a  niulti-*altemative  solution  with  an  infinite  number  of  altewtatives.  In 
accordance  with  (3*6,3),  the  solution  on  the  presence  of  a  target  with  tjarameter 


should  be  taken,  i.f  the  following  conditions  are  carried  out: 


f  (u-  (i,  l)  -  w  (i,.  i)l  (X)  pi,  yfX)  ill  >  0  at  iV  K’ 


(3.6.11) 


\l,-  ^  .  ^)! p, (i) p (ym diyf^p {.?,) p ((//.s,). 


(3.6.12) 


The  procedure  of  acceptance  of  a  solution,  corresponding  to  these  inequali¬ 
ties,  consists  in  the  following.  For  all  1 ,  we  check  uhe  fulfillment  of  inequa¬ 
lity  (3.6.12).  If  this  inequality  is  carried  out  at  least  with  one  value  of 
i  ,  then  the  target  is  considered  to  be  detected.  As  the  estimated  value  of 
the  parameter  of  the  detected  target,  we  select  that  value  1=1,  ,  with  which 
is  attained 

niinj  ti'C^.X)p,{l)p(y!X),ll. 
i 

(3.6.13) 

We  shall  introduce  the  function  of  losses  of  the  form 

i)  ^  •  (3.6.14) 


whore  U  is  the  permiaaiblo  enx)r,  and 

0  i.vi>-.' .  (3.6.15) 

We  consider,  thereby,  that  there  are  no  loasoe,  If  the  error  li  —  i!  doea 
not  exceed  the  detert«ino<i  nui^i^titucie  M  (for  example,  the  half-width  of  the 
discrimination  cui'vo  of  the  tracking  ayaiem),  and  is  oquai  to  the  losooa  upon 
passage,  if  ,|i  -  .  With  the  introduced  function  of  loscec,  the  solution 

on  the  presence  of  a  target  1»  taken  on  the  basis  of  comfiftrison  of  the  veriaimi- 
litude  relation 

3 

f  i)(ti 

(3.6.16) 

with  the  threshold  (3.6,9)  at  ail  i  .  If  at  least  in  one  point  A,{y.  i)>t-  , 
then  the  solution  is  tiiken  that  there  io  a  target,  ai\<i  as  the  ostimated  value 


of  parameter  is  selected  that  value  of  i  ,  at  which  Ag)//,  V)  is  maximum, 

Ir).  accordance  with  the  results  of  section  3.4  under  certain  conditions,  the  com¬ 
parison  with  the  threshold  A„  (y,  X)  can,  without  losses  be  replaced  by  compari¬ 
son  with  the  threshold  of  the  relation  of  verisimilitude  A((/,  i)  in  each  point 

of  X  .  Selection  of  the  maxiraum  value  of  A,  (</,  .i)  at  sufficiently  small  cX  also 
can  be  replaced  by  selection  of  the  maximum  of  />o('’-)A  (//,  1)  .  Inasmuch  as  in  an 
overwheljiiing  majority  of  problems,  the  a  priori  distribution  is  unknown,  it  is 
expedient  to  make  eqiial  to  the  least  preferable  distribution,  which  usually 

t-urns  out  to  be  uniform.  Here,  the  dependence  of  threshold  c,  (1)  on  x  disappear 

Obtained  as  a  result  of  these  simplifications,  the  procedure  of  acceptance 
of  a  solution  is  close  to  that  practically  utilized.  Usuiilly,  the  a  priori 
interval  of  change  of  parameter  ,\>.  ie  filled  with  sufficient  density  by 
channels,  timed  to  the  fixed  values  of  >.i,  .  .  4,,  The  output  of  every  channel 

is  comp^tred  with  the  threshold,  and  to  the  target  is  added  the  value  of  para¬ 
meter  ?*,  corresponding  to  the  channel,  in  wuich  exceeding  of  the  threshold 
occured.  If  the  width  of  interval  ■v.  is  greater  than  the  rosclving  power  in 
fKarameter  ),.  then  such  a  method  of  detarmilnation  of  ),  is  practically  equiva¬ 
lent  to  the  above  considered,  since  operation  in  chatmols,  detuned  ro,Uitive  to 
the  target,  signal  by  more  than  the  roaj^'vitude  of  the  interval  of  solution,  occurs 
only  due  to  noises  and,  coneoquently,  with  very  low  probability.  The  adViUitage 
of  this  method,  beaidon  its  relative  simplicity,  is  the  fact  tluat  it  can  be,  with 
sucess,  used  for  aimulti.meous  det«ct,ton  of  several  targets,  occcurring  in  a  priori 
infofval 

If  the  radar  set,  in  the  Gomposition  of  which  ia  the  considered  system 
of  lock-on,  operatee  on  the  target  deeigitatlon  data,  then  the  presence  of  a 
target  in  a  priori  Interval  ,\k  ie  considered  to  be  an  osiabliahml  fact  and  it 
remaine  to  estimate  the  maiipitude  of  it»  parameter.  The  decisive  rule  in  this 
cukSe  is  detemiiied  by  eqtuition  {3,6,13),  For  the  function  of  loaaoa  (3.b.l4) 


at  quite  low  i\}.  ^  the  estiicate  of  determined  from  (3.6,13),  practically 
coincides  with  the  estimate  according  to  the  maximum  of  a  posteriori  probability 


max  max  (i)  p  {y/X). 

^  \  Pa(}-)P  iy.'X)  d\  ^ 


(3.6.17) 


If  distribution  is  considered  uniform,  then  }.  is  detei'mined  by  the 

maximum  of  any  raonotonically  increasing  function  of  the  relation  of  verisimili¬ 
tude.  In  practice,  usually  in  this  case,  the  selection  of  j.  is  made  on  the 
basis  of  comparison  A  (i/,  l)with  the  threshold,  the  exceeding  of  which  in  the  presence 
of  some  noises  is  probably  low.  Such  a  method  can  be  used  upon  falling  of  several 
targets  in  the  interval  of  target  designation.  Comparison  of  these  methods, 
presenting  significant  interest,  can  be  made  only  for  certain  {^articular  cases 
(see  Chapter  a). 

Instead  of  the  fmiction  of  losses  (3.6,li*),  others  can  be  used,  for  example, 

•  * 

quadratic  iv  (i  -  •  l'’l  .  If  the  a  priori  distribution  (l)  changes 

slowly  as  compared  to  function  pui'X)  (function  of  verisimilitude),  (ind  the 
function  of  verisimilitude  is  ayimnetric  relative  to  some  k  within  the  limiAa 
of  its  nuU.n  uL’Utimura,  then  the  optimum  eotimatea,  corresponding  to  symmetric 
functions  of  losses  ;.  U  ,  approximately  coincide  with  the  estiouite  of  the 
m’lximum  of  a  iKiatoriori  probability  (ooe  Chapter  6  Table  11), 


3.7.  liuff.lci.ent  Statistics,  Ihlnciple  of 
Inverse  IVobabi 11 ty 


. 


In  any  problem  of  statistical  solution,  the  form  of  the  optimvca  decisive  rule 
in  '1«3termined  by  such  factors  as  the  oluiracter  of  the  taken  solutions,  the  utili- 
jied  criterion  of  optimuMiess,  the  presence  and  authenticity  of  a  priori  infortoa-' 
tion,  etc.  It  would  liave  been  possible  to  expect  that  the  cliange  td'  vany  of  these 
factors  leads  to  £m  essential  chaj»ge  of  the  decisive  rule,  to  the  change  of 
conversions,  which  Is  subjected  to  the  observed  realization  in  the  process  of 
solvit ion.  However,  the  results  of  the  preceding  paragraphs  show  that  this,  at 


* .  y 


least,  is  not  always  so.  In  all  considered  problems,  the  soJ.uticn  was  taken  on 
the  basis  of  comparison  of  certain  integrals  from  the  function  of  verisimilitude 
p(y/3)  or  the  relation  of  verisimilitude  A(///.v).  Tims,  the  formation  of  a  functi 
or  relation  of  verisimilitude  for  the  observed  realization  y  enters  all  the 
decisive  rules  considered  optimum  from  any  point  of  view.  This  is  the  result  of 
a  more  common  regularity,  discussed  below. 

The  observed  selection  or  realization,  on  the  basis  of  which  the  solution 
is  ‘aken,  along  with  the  useful  infornution,  concerning  the  taken  solution,  con¬ 
tains  unnec€33:^ry  infoimiauion.  For  emample,  the  taken  signal  contains  infor¬ 
mation  on  ‘he  level  of  noises  of  the  rece'ving  mech/inism.  In  the  process  of 
treafmond  of  ;i  signal,  prece-rnr  the  acceptance  of  the  solution  (for  example, 
in  the  i'ornut (j;i  c't’  the  relation  of  verisimilitude,  the  preceding  comparison  of 
'his  relation  viit.h  the ‘hresKc ;  t  ; ,  the  ut'.necessary  infomition  is  partially 
elindnaied.  Here,  if  ;  re  d  ment.  of  the  signal  is  optimum,  during  all  conversions 
of  t.i.e  nirnal,  t,he  uuafu!  irt'orniit  ion  should  be  completely  kepf,  so  that  the 
resui’  of  eirl(  cenvers  U'fi  (\>n  ’ut  usoij  .instead  of  the  i.nitiai  realization  uj-on 
accept-atvee  <’■!'  ;i()  1  ut. j nn  witho'.d-  ■lecrease  of  au.thent: Ic-tty  of  thib  so  i’.jf  ton The 

results  of  >,u;.)itvorsions  of  .Much  kirtl  is  ca,i.le<i  sufficient  statistica  They 

say  that  'he  converaion  >,{•.,  s,  preserveu  all  uaefiU  .lnf<'.'m;:it..iotv  on  v  ,S'.  coo- 
t.ijned  in  y,  if  far  any  me*  hod  of  iccftptanc!?  of  solution  on  s  on  ths  basis  of 
j  .thtif’fl  existr.  a  molhod  of  ii-ocpt  mce  Of  so Irt  .i on  up  9  op  the  ivioau  of  ,s’), 

ie.:vl)ni'  i-o'  t.  he  same  d ist ribut  i. vr  t,^  p..,,,  ►pij  .t.^ken  ao.lutions.  at  my  .a.  Here, 
an.y  riSK,  accossible  with  tha-*  uar*  -of  y  (at  any  function  of  iortae-.),  tr.  ..jjSK; 
vcce.irv.iblp  viti:  t.hs  use  of  V  t.--  .Vt 

From  the  deter>tdn;tt  Ion  it  is  obvious  that  .Mufficient  stat  latlic-s  are,  in 
piirtievilar,  the  very  real i&st-ioti  of  y  .joid  the  results  of  viny  one-to-one  convrr- 
oiond  of  this  rtjiiiisalion  (for  ex^imp-le,  amp,]! fi cation).  However,  these  s\trfici#ni 
atat  ltd. iCit  con.ta.Sn,  ■■.b-ng  w-ith  useful  .ijifcniuttluri  alo.o  al.l  utuiece.-^'iary  .infom'-iriof 


contained  in  y.  The  unnecessary  information  is  eliminated  only  with  nonrever- 
sible  conversions,  with  which  the  same  result  is  obtained  for  a  certain  totality 
of  initial  realizations.  Among  the  nonreversible  conversions  there  exists  [48] 
such,  with  which  the  unecessary  information  is  eliminated  in  a  maximum  degree, 
possible  under  the  condition  of  preservation  of  useful  inl’ormation.  The  result 
of  such  conversion  is  called  the  minimum  sufficient  statistics.  In  the  theory 
it  is  proven  [48],  that  under  quite  general  conditions  of  minijrtum  sufficient 
statistics,  is  the  totality  of  values  of  the  relation  of  verisintilitude  My,  s) 
at  all  3,  and  also,  obviously,  any  one-to-one  functions  of  this  relation. 

It  follows  from  this  that  the  receiving  mechanism,  on  the  out^jut  of  which 
will  be  formed  one  of  the  minimum  sufficient  statistics  (for  example,  log  A (y,  s) 
for  all  a  priori  of  possible  3),  ia  sufficient  in  the  sense  that  the  output  data 
of  such  a  receiver  can  be  used  instead  of  y  ufxin  acceptance  of  any  solutions, 
concerning  s,  without  a  decrease  of  authenticity  of  these  solutions.  Any  vsuba- 
equent  nonreversible  conversions  of  these  output  data  should  be  directly  connected 
with  the  form  of  a  priori  distribution  and  the  character  of  the  taken  solutions. 
The  results  of  these  conversions  already  will  be  sufficient  statistics  not  for 
any  solutions  relative  to  a,  but  only  for  fully  detertfiined  onee.  Such  a  suffi¬ 
cient  receiver  should  be  conaidored  optimum  in  those  cases,  when  the  character 
of  the  taken  solutions  can  change  in  the  process  of  operation  of  the  radar  set 
and  the  roqulreme^ita  for  decisive  rules  cannot  be  forwulat^d  clearly  enough. 

This,  in  jjartieular,  refers  to  that  iw'.se,  when  solutions  are  taken  by  an  operator, 
who  is  guided  by  vague,  in  general,  considerations,  not  alwayy  adding  to  the 
quantiiative  calculation. 

A  sufficient  receiver  isay  be  imaginea  in  the  fents  of  a  totality  of  channels, 
in  each  of  which  will  be  fonsed,  for  example,  log  A  (/»  s)  for  one  definite  value 
of  s.  In  certain  problwss,  not  all  chatvtels  can  be  used,  but  only  a  detenained 
part  .  Th.ud',  in  the  construction  of  m  optimum  discriminattn-  of  .yi  tracking  syaiem, 
it.  la  sufric.iom.  to  use  two  chartnels,  detuned  on  the  o<'-rres})<>f>dlng  p5ira.met«r. 


Optimum  systems  of  detection  usually  switch  all  channels  in  the  a  priori  interval 
of  parameters  of  the  target.  The  continuum  of  channels  for  all  s,  as  already 
was  noted  earilier,  usually  is  replaced  by  a  finite  number  of  channels,  detuned 
on  the  corresponding  parameters  so  little,  that  A(y,  s)  from  channel  to  channel 
changes  unessentially. 

The  described  approach  to  optimization  of  radar  receivers,  with  which  the 
receiver  is  considered  to  be  optimum,  if  on  its  output  will  be  formed  minimum 
sufficient  statistics,  was  formulated  in  [49],  Significantly  earlier  in  the 
works  of  F,  Woodward  and  I.  Davis  [50,  8]  was  formulated  the  so-called  principle 
of  inverse  probability,  according  to  which,  the  output  of  the  optimum  receiver 
should  be  any  monotonic  function  of  a  posteriori  probability  distribution  for 
possible  situations 


P(!ily) 


(3.7.1) 


s 

Here,  the  authors  originated  from  the  fact  that  a  posteriori  distribution 
completely  characterizes  the  uncertainty  with  respect  to  the  real  situation  s, 
kept  after  reception  of  signal  y,  and,  consequently,  contains  all  infomation  on 
8,  contained  in  y.  Formally,  the  principle  of  inverse  probability  is  a  p^irti- 
ouiar  ease  of  a  more  oomoon  approach,  connected  with  the  conoep^ioi)  of  suffici¬ 
ent  statiailcs  [p  (a/y)  —  sufficient  statistics] ;  practically,  however,  the 
results,  obtained  with  the  help  of  both  approaches,  coincide. 


Optimization  of  Sioace  Sc^uining 

A  nuMier  of  very  Important  and  complicated  problems  appears  in  connection 
with  rational  selection  of  a  tseihod  of  scanning  space  by  radar. 

Scanning  can  be  c^,rrled  out  in  distance  and  in  speed  in  those  cases,  when 
the  aysiem  of  detection  caiPtot  be  made  multichannel  by  these  pai^'orneters  (as 
this  Is  required,  proceeding  from  the  above  well-developed  theory)  due  to 


technical  causes.  In  distinction  from  distance  and  speed  scanning,  scanning 
at  angles  is,  in  most  cases,  necessary  in  principle,  since  the  sector,  in  which 
the  target  is  detected,  usually  considerably  ejtceeds  the  width  of  the  beam 
of  the  antenna. 

A  significant  part  of  the  problems,  connecting  with  scanning  cannot  be 
solved  in  accurate  formulation  duo  to  the  absence  of  sufficiently  effective 
mathematical  methods.  We  shall  be  limited  here  the  solution  of  some  simpler 
problems  under  rather  strong  idealizing  assumptions.  The  received  general  results 
will  be  partially  specified  in  subsequent  chapters. 

During  the  analysis,  we  shall  distinguish  conditions  of  scanning  space  and 
searching.  By  scanning,  we  mean  the  conditions,  characteristic  for  radar  sets 
of  remote  detection,  when  the  a  priori  information  about  number  and  position 
of  targets  is  completely  lacking.  The  problem  of  such  radar  is  the  solution  of 
the  question  of  ths  presence  of  a  target  in  each  element  of  resolving  power, 
into  which  it  is  possible  to  conditionally  divide  all  the  inspected  apace.  The 
conditions  of  searching  we  shall  call  the  conditions,  characteristic  for  radar 
seta,  working  on  the  target  desig^ution  data.  During  searching  it  is  possible  to 
consider  kiwwn  the  a  priori  probabilities  for  number  and  position  of  targets. 

The  form  of  correa})onding  distributions  is  detomintxl  by  the  distributiotv  of 
posaihle  errors  of  target  designation.  Such  separation  la,  certainly,  very:  ; 
eonditioimi  .and  cowiected  exclusively  with  considerations  of  convenience  of 
solution  of  the  problem  iuid  the  ex'|>oaition.  As  the  result  of  further  develop- 
men*  of  the  theory,  the  prtjblems,  related  to  these  conditions,  possibly,  can  be 
united. 

In  scanning  conditiona,  a  problem  of  the  radar  set  is  target  detection  with 
a  t»igh  probability  for  a  rather  short  time  at  a  quite  low  frequency  of  false 
aiams.  The  probability  of  correel  detection  D  is  a  function  of  the  iiiiie  of 
detection  frequency  of  faiae  aianaa  /  and  signal -“to-noise  ratio  (wr  signal- 


*'  v»- 


to-interfei’encc)  q 


D=D(T,,l,g).  (3,8.1) 

The  form  of  the  fimction  depends  on  the  method  of  scanning.  Usually, 
scanning  is  produced  with  constant  speed,  the  selection  of  which  can  be  the 
first  step  on  the  way  to  optimization.  Selection  of  speed  of  scanning  deter¬ 
mines  the  number  of  cycles  nu  ,  into  which  the  detection  time  is  divided.  Joint 
processing  of  signals,  taken  in  various  cycles,  requires  usually  a  very  large 
quantity  of  memojry  cells  in  the  system  of  processing,  since  at  contemporary 
speeds,  the  detected  tai'get,  in  time  T^  can  be  transferred  to  a  very  large 
number  of  intervals  of  solution  in  distance  and  speed.  In  order  to  be  convinced 
of  this,  let  us  consider  the  simplest  numerical  example. 

Let  us  consider  only  solution  in  distance;  the  interval  of  solution  consti¬ 
tutes  50  m,  radial  speed  of  the  target  t*u  =  100  —  1,000  m/sec,  detection  time 
Tq  5  sec.  During  the  time  To,  the  distance  to  the  target  can  change  by  — 
5, (XX)  »,  i.e.,  by  10  —  100  Intervals  of  solution.  Inasmuch  as  the  speed  of 
the  target  beforehand  is  unknown,  we  are  forced  to  aJtiticipate  processing  of 
aixjnal,  taken  in  each  element  of  solution  in  diotaJice  in  Use  first  cycle,  Jointly 
with  the  90  elements  of  solution  in  the  last  cycle  and,  s<stt8equently,  have  in 
the  receiver  90  chaiuteis  of  such  Joint  processing  on  each  elemetit  of  solution  in 
distance. 

In  connection  with  the  noted  circuaatance,  it  is  expedient  to  make  a  com- 
ipari son  with  the  threshold  of  the  result  of  processing  of  the  in  each 

cycle  separately.  Here,  iriasitiugh  as  such  a  method  differs  from  the  optimum, 
it  is  reasonable  to  decrease  the  nuM>er  of  cycles*  in  order  to  lower  the  inf lu- 
ence  of  nonoptiMlneaa  of  processing. 

However,  hei^e  is  another  factor,  acting  in  the  opposite  direction,  fush 
factors  are  flu-aluatlons  of  a  si^ial  reflected  from  the  varget,.  If  sigjttals 
from  the  target  in  various  oyclee  are  etatistlcally  independent,  then  the 


probability  of  siaai.J  values  of  reflecting  surface  in  all  cycles  decreases  with 
the  increase  of  their  niunber.  Thereby,  the  influence  of  fluctuations  on  the 
magnitude  of  probability  D  decreases.  The  influence  of  these  two  factors 
stipulates  the  existence  of  optimum  number  of  statistically  independent  cycles. 
More  specifically,  these  questions  will  be  considered  in  the  next  two  chapters. 
Here  we  will  need  only  the  conclusion  that  the  detection  time  should  be  sub¬ 
divided  only  into  statistically  independent  cycles  (bear  in  mind  the  fluctua¬ 
tions  of  a  signal  in  neighboring  cycles),  if,  certainly,  subdivision  is  not 
connected  with  any  other  considerations. 

If,  in  subdivision  into  cycles,  the  solution  on  the  presence  of  a  tai'get 
.is  t.ak.en  with  at  least  one  exceeding  of  the  threshold  during  time  then  the 
memory  in  the  system  of  detection  from  cycle  to  cycle  can  be  completely  absent. 
In  principle,  meinoriaation  of  the  fact  of  exceeditig  of  the  ‘hreshold  in  the  com¬ 
puter  of  the  radar  sot  does  not  amount  to  much.  Therefore,  in  consideration, 
it  is  expedient  also  to  include  such  decisive  rules,  with  which  the  solution  on 
the  presence  of  a  target  if*  with  the  appearance  of  a  series,  of  exceedings  . 
of  the  threshold  (at  least  k  ftx*m  ««  ),  eccurring  in  various  elements  of  solu¬ 
tion,  if  the  trajectory,  p-asalng  through  these  elements,  is  not  improbabU  for 
?  he  cortsiderefi  class  of  targets.  Here,  there  ariaes  the  question  about  selec¬ 
tion  of  number  k-  si  given 

If  fiuctuatione  of  a  signal  in  neighboring  cycles  are  independent,  and  the 
signal -to-  interference  rat.io  during  time  changes  little,  then  number  of 
exceefiij'igs  of  i„hre#hold  in  n  cycles  is  subordinated  to  binomial  distributive 


Her«>  for  probab-tlities  of  false  alarw  and  correct  detection  the  following  exprea 


■Si one  take  place; 


-  ;v,.r  *,  (3.0.g) 


whej'o  ?uvd  /V  M  are  probabiiltiea  of  excetKiing  o>”  Mreshoid  in  the  abaence 


and  in  the  presence  of  a  signal  from  the  target  accordingly 


If  and  -rU— iOcui)<l  »  »riiich  frequently  takes  place,  then  (3.8,2) 

may  be  replaced  by  approximate  relationships 


(3.8.2') 


Considering  the  dependence  3i(/7iu)=  1  ~ /^cm  (/^m)  to  be  knovm,  from  (3.8.2 ') 
we  obtain 


where  T  is  the  part  of  total  time  T^,  occurring  on  one  element  of  solution. 

By  minimizing  this  expression  by  k,  we  can  find  the  optimum  amber  of 
exceedings  of  threshold  (see  Chapter  k)* 

In  principle,  it  is  possible  to  abandon  the  miform  scanning  and  change  the 
speed  of  scanning  in  accordance  with  the  results  of  observations,  quickly  exam¬ 
ining  the  direction,  where  the  a  posteriori  probability  of  the  presence  of  a 
tfiTget  is  low,  and  delaying  in  the  directions,  suspicious  in  the  sense  of  pres¬ 
ence  of  targets.  We  arrive,  thereby,  at  dynamic  programming  of  scanning  [11], 
Upon  detecting  the  optimum  program  of  scanning  various  criteria  of  optirauraness 
can  be  used:  minimum  average  time  of  scanning,  maximm  probability  of  detection 
of  each  appearing  target  in  a  given  time  after  its  appearance,  etc.  In  the 
solution  of  these  problems,  one  should,  in  general,  consider  the  change  of  the 
signal-toHioise  ratio  in  the  approach  (or  departure)  of  the  target. 

If  the  criterion  is  used  of  minimum  average  time  of  scanning  with  given  pro¬ 
babilities  of  correct  detection  and  false  alarm,  then  for  the  class  of  problems, 
satisfying  conditions  (3*5.3)>  the  optimm  method  includes,  obviously,  the  use 
of  sequential  analysis.  If  the  system  of  detection  is  multichiinnel,  then,  as 
was  notwi  in  Section  3»5i  the  procedure  of  sequential  analysis  should  be 
modified.  Effective  methods  of  detecting  of  optimum  means  of  scanning  for 


that  ca3e>.  as  for  oxher  e.riteria  of  optimunmess,  at  present  not  are  developed. 

This  problLem  can  be  simplified  by  limiting  the  considered  methods  of  scanning. 

In  particular^  it  is  possible  to  assume  that  scanning  is  produced  in 
several  stages,  whereby  in  every  stage  are  ejainined  only  those  directions,  in 
which  there  oocxired  exceeding  of  t’  rashold  on  the  preceding  stage  [11],  and  the 
time  of  observation  at  each  stage  is  constant.  If  the  signals,  taken  from  the 
target  in  vai'ious  stages  of  scanning,  are  considered  to  be  statistically  independ¬ 
ent,  then  for  the  probability  of  passage  of  the  target  at  m-stage  scanning, 

Biji  (F,  T),  we  have 


T,.X  (3.8.4) 

where  p, Ti)  is  the  probability  of  passage  of  the  target  on  the  ith  stage; 
is  the  probability  of  false  alarm; 
is  the  time  of  observation  on  the  ith  stage. 

The  general  probability  of  false  alarm  and  average  duration  of  scanning 
without  targets  are  determined  by  relationships 


n. 


--  If, 


(3.8.5) 


T,-~ir~[(T,-{-FJ,4-...  - f  /■', /p  1  .  (3.8.6) 

where  1  is  the  number  of  elements  of  resolving  pov/er  in  fxngles  in  the  sector  of 
scanning.  With  k  targets  in  the  sector  of  scanning,  the  time  of  scanning  is 
increased  by  k  (Tj^  t  T2  Tj,  Inasmuch  as  y  is  usually  very  low,  the 

relative  increase  of  f  is  insignificant  and  it  is  possible  not  to  consider  it. 
Hero,  the  formulation  of  the  problem  is  obtained  more  clearly  and  the  solution 
is  not  connected  with  the  a  priori  infoi’mation  on  the  presence  and  on  the  quantity 
of  targets. 

For  an  m-stage  scanning,  it  is  possible  to  formulate  a  number  of  very 
interesting  problems  on  the  minimum.  It  is  possible,  for  example,  to  find 


P*!#  Tjjj,  ensuring  the  minimum  %  (F,  T),  or  to  find 

minimum  T  at  given  F  and  The  solution  of  these  problems  c.an  be  reduced  to 
the  solution  of  functional  equations,  the  form  of  which  is  characteristic  for 
problems  of  dynamic  progranjidng  [51].  For  example,  the  first  of  the  formulated 
problems  reduces  to  the  equation 

+  [1  .  (3.8.7) 

ensuing  directly  from  (3.8.4)  —  (3.8.6).  The  meaning  of  this  equation  is  clear 
from  the  following  reasonings. 

Let  F^  and  T^  be  selected  from  any  considerations.  At  given  T  and  F,  the 
average  time  of  scanning  and  probability  of  false  alarm  for  subsequent  stages 
are  determined  by  relationships  [see  (3.8.5),  (3.8.6)] 


So  that  the  general  probability  of  passage  B'jj^  (P,  T)  is  minimum  at  given  Tj 
and  Fj,  it  is  necessary  to  select  T2,...,  T^j  F2>...,  F^  from  the  conditions 
of  minimum 

After  this  is  done  for  any  T^^  and  F-]_,  for  final  minimization  of  (F,  T) 
it  remains  to  select  and  F^  in  such  a  manner  that  the  expression  in  brackets 
in  (3.8.7)  is  minimvira. 

In  [51]  under  very  general  conditions  is  proven  the  existence  and  singularity 
of  the  solution  of  equations  of  the  form  (3.8.7),  and  also  convergence  of  the 
method  of  successive  approximations  for  these  equations.  This  method  is, 
probably,  only,  a  rather  general  method  of  solution  of  equations  of  the  consid¬ 
ered  form. 

/r/ 


By  aaaigiur.i;'  a  specific  form  of  dependence  f!i  (Fj^,  7.^)  and  u;>in/'  oiju.ii.  ion 
(3.8.7),  it  is  possible,  in  principle,  to  find  an  optimum  method  and  to  estiirvate 
the  effectiveness  of  imiltistage  scanning.  For  certain  particular  cases,  these 
questions  vfill  be  considered  in  subsequent  chapters. 


3.9.  Optimization  of  Target  Search 


Let  us  now  turn  to  the  consideration  of  questions  of  target  search  by  radar, 
onerating  on  target  designation  data.  An  account  of  these  questions  will  be 
made,  partially  being  based  on  results,  received  by  I,  N,  KuzJietsov. 

I^t,  in  moment  t  =  0,  be  issued  a  target  designation  on  the  presence  and  the 
position  of  a  target.  Inasmuch  as  the  target  designation  on  the  pootition  of  the 
t-arget  is  given  with  an  error,  for  lock-on  by  angle,  distajice  or  speed,  in  most 
cases  it  is  necessary  to  search  in  the  interval  of  target  designation,  the 
magnitude  which  is  determined  by  the  distributive  law  of  errors.  This  distri¬ 
butive  law  represents  a  priori  distribution  of  positions  of  a  target  for  the 
problem  of  searching. 

We  shall  introduce  function  g(t),  characterising  the  losses,  connected  with 
the  delay  of  lock-on  in  t  sec.  Delay  t  is,  in  general,  a  random  variable  and 
is  described  by  a  certain  distributive  law  pit/s),  depending  on  target  coordin¬ 
ates  s  and  the  method  of  searching.  Every  method  of  searching  can  be  character¬ 
ized  by  the  magnitude  of  conditional  risk  at  various  values  of  target  position 
dal.a  or  by  the  magnitude  of  average  risk,  determined  by  the  expression 
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R  f  J.v  is)  p  (0  p[t;s)  ,!i. 
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(3.V.1) 


By  minimizing  average  risk  R  in  all  possible  methods  of  searching,  satis¬ 
fying  certain  conditions,  it  is  possible,  in  principle,  to  find  the  optimum 
method  of  searching,  corresponding  to  the  considered  f\mction  of  losses  iuid 
given  conditions,  ^lie  necessity  of  assignment  of  additional  conditions  is 


is  completely  evident,  since  equality  (3.9.1)  does  not  consider  in  itself  the 
possibilities  of  false  lock-on.  The  form  of  these  conditions  can  be  very  diff¬ 
erent,  As  in  the  case  of  scanning,  it  is  possible  to  assign  a  permissible 
average  frequency  of  false  alarm  or  probability  of  at  least  one  false  alarm  from 
the  moment  of  the  beginning  of  searching,  to  lock-on.  In  those  cases,  when  false 
lock-on  leads  only  to  losses  in  time  (for  the  duration  of  a  certain  time,  until 
a  breakdown  occurs,  a  false  target  is  accompanied),  additional  conditions  can 
be  formulated  in  the  form  of  requirements  in  duration  of  reliable  work  (without 
breakdowns)  after  target  lock-on.  We  Ccin  assign,  for  example,  an  average  time 
of  work  by  signal  or  the  probability  of  work  by  signal  for  the  duration  of  a 
given  time.  Let  us  divide  the  inspected  sector  into  unit  cells,  the  size  of 
which  is  determined  by  the  resolving  power  of  the  radar  by  the  corresponding 
coordinates,  and  number  the  cells  in  order  of  examination.  Let  us  consider 
that  the  search  is  made  in  jumps  from  cell  to  cell,  and  the  duration  of  a  Jump 
will  be  disregarded.  Let  us  assume,  furthermore,  that  the  signal  from  the 
target  is  taken  only  when  the  system  of  searching  is  in  the  same  cell  as  the 
target,  A  model  of  seai’ching,  obtained  as  a  result  of  these  simplifications, 
accurately  reflects  the  main  lines  of  the  considered  problem  and  at  the  same 
time  allows  to  avoid  excessive  complications,  connected  with  the  form  of  direct¬ 
ional  diagram  of  the  antenna,  form  of  the  at]X>be  and  so  forth.  For  this  model, 
forirtula  (3.9.1)  can  be  copied  in  the  form 

00 

(3.9.2) 

where  is  the  a  priori  probability  of  the  presence  of  a  target  in  ftth  cell; 

dl  is  the  probability  of  detection  of  a  target  in  ;ith  cell,  in  interval 
of  time  (t,  ttdt). 

Delay  t  represents  the  sum  of  del^  times  Tj  in  cells,  the  examination  of 
which  preceded  detection.  If  magnitudes  (being,  in  general,  random,  for 


example,  in  the  use  of  sequential  analysis)  may  be  considered  statistically 
i»i.lcppndent,  then  the  characteristic  function  is  obtained  by  multiplication  of 
characteristic  fvinctions  t,  and  averaging  of  the  product  by  the  number  of  cells,  which 
due  1.0  the  possible  passages  of  the  target,  is  also  random. 

For  the  considered  model  of  searching,  optimization  can  consist  in  the 
selection  of  the  order  of  examination  of  cells  and  characteristics  of  decisive 
rules  (time  of  delay,  magnitude  of  thresholds,  etc.),  utilized  in  the  acceptance 
of  solut.ions  on  the  presence  of  a  target  in  each  cell.  In  order  to  simplify 
the  solv  tion,  we  shall  assume  these  decisive  rules  to  be  identical.  Analysis  of 
..i  more  general  case  requires  very  laborious  calculations.  As  showed  the  con- 
si'lpraf.ion  of  certain  particular  problems,  the  gain  in  the  threshold  signal,  as 
co:nr'j.red  with  the  case  of  equally  justified  cells,  constitutes  15  —  20^. 

•Selection  of  parameters  of  the  system  of  lock-on  (time  of  delay  in  cell, 
p.vib'ibility  of  passage  at  given  frequency  of  false  alarm),  of  minimizing  average 
risk,  requires  assignment  of  a  specific  form  of  characteristic  of  detection  in  -- 
cell.  Therefore,  we  shall  postpone  consideration  of  this  problem  to  subs- 
'  I'lent  chapters  and  be  limited  here  to  the  selection  of  order  and  examination 
'  f  cells.  The  function  of  losses  will  be  considered  as  a  linear  function  of 
ime.  Here,  average  risk  is  proportional  to  average  time  of  searching  I,  to 
the  minimization  of  which  we  will  tend. 

We  shall  start  from  the  simplest  case  of  cyclical  searching,  with  which 
a  whole  a  priori  interval  of  target  position  data  is  examined  in  a  pre-deterrained 
selected  sequence.  Such  a  method  of  searching  is  also  used  in  an  overwhelming 
majority  cases  in  practice.  Under  the  condition  that  the  target,  in  pth  cell, 
was  missed  in  1  cycles  and  detected  in  (l  +  1)  th  cycle,  the  averagu  time  of 
searching  U  is  determined  by  the  formula 

W)  -I-  (J*  ”  1 /  (A/  “  1  )^.  (3.9.3) 

where  tj  —  average  delay  time  in  cell  with  target  (with  signal),  when  target 


is  detected; 

t“  —  the  same  average  time,  when  the  target  is  mi.ssed; 

«  —  average  delay  time  in  cell,  in  which  target  is  absent; 

S'  —  number  of  cells  in  a  cycle. 

The  probability  of  detecting  a  target  in  the  (l  +  1)  th  cycle  is  equal  to 
^l— .ht'  [}  is  the  probability  of  passage);  therefore,  as  a  result  of  averaginfj 
(3.9.3)  by  1,  we  obtain 

(3.V./i) 

whence 

(  +i  -  J  (3 .9.  ) 

It  is  necessarj’  to  emphasiae  that  I  is  calculated  under  the  condition  that 
the  target  is  in.  one  of  N  examined  cells  and  that  there  are  no  false  lock-ons 
durinf*  the  time  of  searching.  If  the  a  priori  distribution  has  a  finite  width, 
t.hen  fulfillment  of  the  first  condition  is  ensured  by  examination  of  ail  cells, 
for  which  /v  ^  .  Ohtervise  U  is  a  conditional  mathematical  expectation,  and 
/V  should  be  considered  as  conditional  distribution.  Selection  of  the  number 
of  examined  cells  in  this  case  is  carried  out,  proceeding  from  the  permissible 
probability  of  target  miss  not  in  one  of  the  inspected  cells.  This  probability 
can  be  selected  a  few  times  less  than  the  permissible  probability  of  nonfulfill¬ 
ment  of  the  tactical  problem  (for  example,  not  striking  the  target). 

The  fulfillment  of  the  second  condition  is  ensured  by  assignment  of  a  rather 
low  probability  of  at  least  one  false  operation  during  the  time  of  the  search. 

In  systems  yfith  automatic  tracking,  in  which  false  lock-on  leads  only  to  losses 
in  time,  this  condition  is  ropl^iced  by  the  requirement  of  a  quite  prolonged 
accomjviniment  of  the  locked-on  target. 

On  the  order  of  examination  of  colls  in  formula  (3.9.5),  depends  only  one 
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component 


(3.9.6) 


N 

I 

It  is  not  difficult  to  be  convinced  that  this  aura  haa  a  minimum  magnitude, 
if  examination  of  cells  is  produced  in  the  order  of  decrease  of  a  priori  probabi¬ 
lity.  For  that,  it  is  sufficient  to  transpose  tvo  cells  and  to  consider  the 
change  of  t  caused  by  this  transposition 

(3.9.7) 

From  (3.9.7)  it  is  obvious  that  if  the  cells  are  arranged  in  order  of 
decrease  at  I  >  k\.  then  any  transposition  loads  to  an  increase  of 

average  time  of  searching. 

In  practice,  the  optimum  order  of  examination  in  most  cases  is  not  ui>ed. 

The  exception  is,  probably,  only  the  case  of  spiral  searching  on  angles.  Usually, 
the  search  is  made  by  starting  from  the  edge  of  the  a  priori  interval,  at  the 
time,  when  with  the  greatest  probability,  the  target  is  in  the  center  of  the 
interval.  For  tui  estimate  of  the  increase  of  time  of  search  connected  with 
this,  let  us  consider  the  particular  case  of  normal  a  priori  distribution.  This 
case  is  encountore^l  very  frequently,  since  the  errors  of  tiu-get  designation 
usually  are  detenoined  by  a  whole  series  of  statistically  independent  factors 
and  the  distributive  law  describing  them  is  near  to  nontial.  In  considering  the 
variance  of  error  to  be  great  as  compared  with  the  size  of  a  imit  cell  and  re¬ 
placing,  in  connection  with  ^his,  the  sum  by  integrals,  for  a  relative  increase 
of  average  t:iine  of  search  as  compared  with  the  optimum  case,  we  obtain  at  ji  •„! 


where  ig  the  function,  inverse  to  the  integral  of  probability,  and 

P*  is  the  probability  of  ioiss  of  target  in  the  interval  of  search. 


' 
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The  character  of  the  dependence  \{po)  is  clear  from  Table  3.1.  As  can 
be  seen  from  the  table,  abaiidoning  the  optimum  oHer  of  examination,  can,  at 
small  p  ,  lead  to  multiple  losses  in  time  more,  the  less  p^. 


Table  3.1. 


iO-' 

l-o-! 

1 _ 1 

IO-« 

1 

IO-‘ 

1 

10-‘  |IO-» 

1 

10-  ’  jio-* 

10-* 

10-'* 

'.‘.H 

1  1 

1,1 

4.0 

5.4  [g,:’.'> 

G.i;  1  7.J 

7.7 

8.1 

Cyclical  search  with  constant  number  of  elements  in  a  cycle  is,  obviously, 
not  always  the  best.  Actually,  in  nonuniform  a  priori  distribution  and  prooabi- 
lil.y  of  passage  different  than  zero,  -'"ises  can  be  shown,  when  after  examining 
a  certain  number  of  cells,  the  presence  of  a  target  in  which  is  very  probable, 
it  is  better  to  repeat  this  examination,  than  to  cross  to  examination  of  ceils, 
in  which  a  target,  with  great  probability  is  absent.  Thus,  we  arrive  at  cyclical 
searching  with  a  variable  number  of  cells  in  a  cycle.  We  find  the  average  time 
of  investigation  for  that  case,  assuming  that  every  subsequent  cycle  conta.ins 
all  cells  of  iho  preceding  cycle. 

Lot  the  target  be  in  the  uth  cell,  which  is  exattiined,  starting  from  the 
kth  cycle.  Then,  aiuiiogouoly  {3.y.3)*  we  obtain 
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wtiere  is  the  number  of  cells,  examined  for  the  first  time  in  the  vth  cycle. 

In  the  future  by  /(_,  will  be  dCvSi^^ated  not  only  the  number,  but  also  the 
entire  totality  of  cells,  for  the  first  time  exiutdned  in  the  vth  cycle.  The 
rule,  in  accordance  with  which  every  cell  refers  to  any  totality  e,,  we  shall 
call  the  distribution  of  cells  between  cycles.  By  averaging  (3.9.8)  by  y  we 
have 
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In  (3.9.9)  k  depends  on  ^  ♦  If  the  jith  cell  for  the  first  time  is  exam¬ 
ined  in  the  vth  cycle  (n  ^  nj  ,  then  k  =  v  -  1.  As  a  result  of  averaging  by 
,  after  some  conversions,  we  obtain 


t = ( 1)-{- - 1)  +  4- 

00 

-?)lA-v  -  ,  (3.9.10) 
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where  p(ni^)  is  the  probability  that 

By  minimizing  t,  it  is  possible  (in  principle,  at  least)  to  find  the 
optimum  distribution  of  cells  by  cycles  and  optimum  order  of  examination  of  cells. 
By  comparing  (3.95)  and  (3.9.10),  it  is  not  difficult  to  see  that  the  optimum 
order  of  examination  is  identical  for  these  two  cases:  the  cells  should  be 
examined  in  order  of  decrease  of  a  priori  probability. 

Selection  of  distribution  of  cells  by  cycles  is  significantly  more  compli¬ 
cated  problem,  for  the  solution  of  which  it  is  useful  to  introduce  into  consider¬ 
ation  an  increase  of  average  time  of  searching,  occurring  upon  transfer  of  the 
t.h  cell  from  the  vth  cycle  to  the  (v  t  1)  th; 
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(3.9.11) 


where  A/,  is  the  number  of  cello,  examined  in  the  vth  cycle  (N,  1!«() 

I 

If  a7<0  at  given  ,  then  the  transfer  of  the  pth  coil  to  the  (v  f  l)th 
cycle  leads  to  a  decrease  of  average  time.  Proceeding  from  :iny  distribution  of 


colls  by  cycles  and  producing  all  possible  tranofora,  not  increasmg  the  average 
time  of  searching,  it  is  possible  to  arrive  at  on  optimum  distribution.  The 
practical  realisation  of  this  procedure  is  connected  with  largo  calculating 
diffioultlee.  Therefore,  we  shall  be  limited  only  to  the  consideration  of  sev¬ 
eral  very  particular  cases. 


We  shall  start  from  the  case  of  finite  width  of  a  priori  distribution,  when 
i)  ati‘>.V.  Let  all  N  cells  be  distributed  between  two  cycles.  Then 
equality  (3.9.11)  has  the  form 

W'-!  Ih!  -  ;.)1  1  (  /;ln.)!! 

from  which  it  follows  that  to  the  second  cycle  it  is  expedient  to  refer  ail  those 
cells,  for  which 
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s  ('I,  f  i)ii  -■  j)  ■  (3.9.12) 

From  (3.9.12)  it  follows  that  if  at  all  h 

then  it  is  better  to  include  all  cells  already  in  the  first  cycle.  If  the  inverse 
inequality  is  carried  out,  then  (3.9.12)  determines  the  boundary  of  the  first 


cycle. 

Analoroualy,  if  t.he  number  of  cycles  ip  Riven  and  is  equal  to  v  t  1,  then 
the  iHHjndary  of  the  \th  cycle  is  determined  by  the  relationship 


(3.9,13) 
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Iff)  is  1 ,  then,  belny  limited  to  members  of  the  first  order  by  .avl 
eonsiderlnff  'bji  '*•  wo  c;.ui  rewrite  (1.9,11)  in  the  forsti 


i  ;tv,)  V  {/■'V,)  ,'jl  ( 1.9,  li.) 
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Relatlcnahipu  (3.9,13),  (3,9.  U)  at  %  1,  2,...  detemino  some  subdivision 

of  the  considered  N  cells  Into  cycios.  Tlthi  difitribution,  which  is  not  fully 
optimum,  allows,  nevertheless,  to  receive  a  very  sigtiifieant  gain  as  compared 
with  the  case,  when  all  cells  are  exajulnecl  in  the  first  cycle. 

Aa  iin  example,  let  ua  conaider  the  caae  of  on  exponential  a  priori  distri¬ 
bution,  considering  for  simplicity  this  dlatribution  to  be  continuous.  Here, 


from  (3*9.1/i-)i)  w«  obtain 
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(3.9.15) 


where  p,  is  the  probability  of  miss  of  the  target  in  the  examined  interval; 


is  the  width  of  distribution. 

Lot  us  assume  -  lO  'i  ji— -lb-‘  .  Here,  the  boundaries  of  cycles  are  determined 

by  the  following  values  of  x:  -  3*45,  X2  -  7.65,  x.^  -  9.2.  The  third  and 

subsequent  cycles  include  all  examined  cells.  Corresponding  to  this  case,  the 
average  time  of  searchirg,  calculated  by  the  formula  (3.9.10)  at  tc'-s.  is 

approximately  3t)^  less  than  in  constant  cycles.  This  gain  in  time  is  increased 
with  the  increase  of  probability  of  pass  of  the  target.  Thus,  at  0.5  for 
f.he  considered  example,  (x^  "  2.45,  5.12,  x^  "  7.96,  *'  9.2)  the  gain 

constitutes  80^, 

In  the  considered  example  attention  is  turned  to  the  fact  that  ejqiansion 
of  cycles  occurs  evenly  (x^  v.  ix).  If  one  wore  to  assume  such  uifiiformity  from 
the  very  begirming,  then  for  exponefitlal  a  priori  distribution  it  is  possibl#  , 
to  calculate  average  time  of  inveetigation  at  arbitrary  x,  not  limitlni?  the  total 
number  of  eximined  cells.  making  the  necessary  calculations,  from  (3.9.1U), 
wo  obtain 
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(3.9,16) 


Tn  ‘‘‘ig.  3,1  is  constructed  the  dependence  of  t  on  x  for  various  ^  .md  at 
\  '  ,  Cui'vea  t  (x)  have  a  oiinimuHi,  shifting  in  the  direction  of 

large  x  with  the  decrease  of  ,  At  ?  *<  I  ,  the  fjooition  and  magnitude  of  the; 
mininuan  are  determined  by  approximate  relationships 


.V  tn 


The  following  step  on  the  way  of  opl.iniization  of  searching  should  consist 
in  the  rejection  of  cyclic  recivrrence.  The  best  order  exaininfition  will  be, 
obviously,  that,  with  which  the  solution  on  which  of  the  cells  to  inspect  is 
taken  after  exa::dnation  of  each  cel  i  on  the  basis  of  inforrmition,  known  a  priori 
and  received  in  preceding  inspections.  All  this  inforniation  is  contained  in  an 
a  post.eriori  probability  distribution  of  the  presence  of  a  target  by  the  cells. 
This  distribution  should  be  used  with  the  accept.-mce  of  the  solution  as  a  priori 
If  in  one  of  cells  there  oc cured  exceeding  of  the  threshold,  then  the  solution 
is  taken  on  the  presence  of  a  target  in  this  cell  and  the  reirainini?  ceils  ..re 
not  examined-  Here,  the  a  r><5sterie'ri  nrooa'uiiity  is  eiiual  to  a  unit  in  tr.e 
where  the  threshold  is  increase-d  an:  to  zero  in  all  reraiining  ce.*iii,  ' 


'v  is  the  :v  prfoealng  examinations  of  the  H'th  cell. 

The  D’.jj.iberator  v,3.9.I7)  is  an  unconditional  probability  that  there  is  a 
target  in  the  pth  cell  and  it  was  missed  In  all  preceding  examinations,  and  the 

enominator  -  the  probability  of  the  condition  under  which  /'(p/h . U.  .  .  .).  is 

calculated,  i.e.,  the  probability  of  the  absence  of  exceedings  of  threshold  in 
all  preceding  examinations. 

It  is  ab.iost  evident  that  at  identical  (on  the  average)  delay  times  in  cells, 

,  it  is  best  of  all  to  examine  thorn  in  the  order  of  decrease  of  a  posteriori  pro¬ 
bability  (3.9,17).  It  is  not  difficult  to  show  that  at  any  undimrashing  func¬ 
tion  of  lasses'  g(t)  of  such  order  of  examiiiation  ensures  a  minimum  of  average 
risk.  In  order  to  be  convinced  of  this,  we  shall  calculate  the  average  risk  under 
t  he  condition  that,  the  proce<li.ng  exiwdnation  conducted  for  the  duration  of  a 
certain  time  did  not  .give  rosulta,  and  aubaequent,  exaraination  stui'ta  with  a  certain 
'  p  th'  cell. 

In  accordance  with  (3.V,2)  aitd-vdUi  the  aaaumption  t-n  the  equfiUty  of  rights 

'•©r  eella  .... 

■  Tf  t  V  ,  (3.9.18) 

whcfi^-  is  the  tit  ’)#  irxj)«tndeti;-'ia  t-ie /preceding  ©tminalion; 

T  ia  the  cf  .time  of  searching,  obtained  with  undetootion  of  the. 

targoi  in  the  firat  of  .'the  oxas;jiH4  ceMa  (!.«.,  in  the  pth  ceil); 

ifl  the  delay  time  in  the  ceil,  where  the  t-artfet  in  .detected. 

Jt  -la  ot'viotiv?  thiut- 

if  4' vt, 

if  g(t)  —  iif  an  nndlminiahing  .function,  and  coneequently,  the  r.iak  is  mlnljBUa, 

whan  'mh  f  has  tnc  highoat  of  thr  "osaihlo  values- 

f.n  .’3i'*cordii.nc«  with  the  rwceivetl  reeitlta,  optixsiuti  aeiu'chJng  ahouJd  be  done 


in  the  folloviong  manner.  We  shall  arrange  the  cells  in  order  of  decrease  of  a 
priori  probability  .  Examination  should  start  from  the  first  cell  juid  be 
conducted  in  order  of  growth  of  numbers  as  long  as  the  inequality  is  executed 

,  1.0.  (1/1, X.ri7  0,...), 

i.e.,  as  one  may  see  from  (3.9.17),  while 


(3.9.19) 


After  in  (3. 9. 19) the  inverse  inequality  starts  to  be  executed  (starting 
from  u  =  ui  ),  the  cells  with  numbers  p  ^'^ii  ai'e  examined  alternately  with  those 
already  inspected,  while 


after  which,  the  first  cells  should  be  examined  for  the  third  time  alternately 
with  the  cells,  inspected  in  the  first  and  second  time,  etc. 

In  order  to  have  the  possibility  to  compare  such  an  order  of  examination 
with  those  considered  earlier,  m  shall  calculate  the  average  time  of  search. 
For  that,  we  shall  divide  axis  p  into  intervals,  detennined  by  inequalities 


.  :  ■  ■  (3.9.ao) 

the  number  of  cells  in  each  interval  will  be  dbaignated  by  ni,.,,,  Each 


cell  be  placed  in  aonfomity  with  the  totality  of  eelJx  in  other 

intervals,  for  which  a  priori  probabilities  least  of  all  exceed  /0* 

The  nuabera  of  these  cells,  covmted  off  from  the  beginning  of  the .  c<>rre8|K.n}dli^g 
intervals,  will  be  designated  by  p,..  e, ,  .  .  Before  we  ex^tmine  for  the  first 
tiiiise  the  pth  cell,  referring  to  the  kth  interval.,  intei^val  %  will  h«  exatfl-lned  k. 
timea,  k  «  1  times  istiterval  Furthen^more,  we  shnl.l  esuuaine  for  the 

(k  i)  th  timd  m  cells  of  aero  interval,  for  the  kth  time  »,  cella  of  the 
first  interval  and  so  forth  to  the  kth  interval.,  If  the  target  is  saisaed  v 
times,  then  the  number  of  «mi9tlm>tions  of  all  iatervala  to  the  kth  is  increased 


*  ftl 


by  V  cmd,  furthermore,  cells  ai’e  added,  which  refer  to  "/<.(• 
accordance  with  what  has  been  said,  T{ii)  maybe  written  in  the  form 


t 

^ h*)  --  i\~  \)  +  j-1  j (’’c  - t  (*i  + 


(i’4-v— /)«(. 


»-.0  /  0 


(3.9.21) 


The  two  first  and  the  last  components  of  the  received  expression  coincide 
with  the  corresponding  components  in  formula  (3.9.9)  for  average  time  of  search 
with  expanded  cycles.  Such  a  coincidence  could  have  been  expected,  since  the 
difference  between  theae  two  methods  of  searching  consists  only  in  the  fact  that 
in  the  case  of  expanded  cycles  in  the  next  examination,  during  which  the  target 
is  detected,  ii  -  1  cells  are  examined,  and  in  the  optimum  order  of  examination 
!<•  ceils  are  inspected  of  each  interval  from  those  already  examined  by  then, 
i.e.,  from  the  first  to  the  (1  +  v)th. 

By  averaging  (3.9.16)  by  p  and  converting  the  last  component,  Just  as  in 
the  derivation  (3.3.17),  we  obtain 


i).f  ijj, 


(3.9.22) 


In  particular,  for  exponential  a  priori  distribution 


i  +  M«f +J* 


I »  . — i. 


(3.9.23) 


At  t «  bhe  factor  at  ^  in  (3*9.23}  is  approxiatately  equal  to 


and  t  is  very  close  to  the  average  time  of  search  in  the  case  of  expanded  cycles 
at  optimum  selection  of  increase  of  x  —  'L. 

The  noted  proximity  of  average  times  of  search  in  expanded  cycles  of  optimum 
duration  and  with  optimum  order  of  examination  shows  that  the  method  of  expanded 
cycles  can,  without  significant  losses  in  time,  be  used  instead  of  the  optimimi 
method,  the  realization  of  which  is  connected  with  large  technical  difficulties. 
This  result  can  be  used  also  in  the  selection  of  duration  of  expanded 
cycles.  Considering  the  smallness  of  the  difference  of  average  times  for  the 
two  shown  methods,  it  is  possible  to  expect  that  subdivision  into  cycles  in 
accordance  with  (3.9.20)  is  close  to  optimum. 

Above  were  considered  various  cases  of  selection  of  order  of  examination 
of  cells,  ensuring  minimum  of  average  time  of  search.  In  some  practical  problems, 
it  is  more  justified  to  finu  aju  optimum  method  of  target  search,  proceeding  i"rom 
the  requirement  of  maximum  probability  of  detection  (minimm  probability  of 
miss)  of  target  in  a  certain  fixed  time.  To  solve  this  problem  is  possible  only 
for  the  case  of  fixed  time  of  delay  in  a  cell*  The  received  results  can  be, 
with  some  effort,  used  in  random  de^lay,  if  the  total  time,  expended  for  detect  ion, 
is  great  as  compared  with  the  average  delay  time  in  the  cell* 

Let  T  be  the  time  expended  in  the  search,  and  t  be  the  delay  time  in  the 


cell*  If,  during  time  T,  a  certain  nth  ceil  is  examinad  tiiaes  and  the 
signals  from  the  target  in  various  exatidnatioas  are  independent,  iher>  iW  the 
probability  of  detection  of  target  it  is  possible  to  write 


£>  y  **)  -  d 


{3.9.14) 

It  is  necessary  to  select  In  such  a  mamier  that  D  is  maximuia  and  the 
condition  is  fulfilled 


V, 


We  shall  assuice  that  the  method  of  search,  which  is,  for  the  oonaidersd  case, 


optimum,  is  characterized  bj  the  numbers  satisfying  condition  (3.9.2^)) 

We  shall  I’eplace  in  (3»9t^.U)  U  -  ^  by by  ,  preser¬ 

ving  the  remaining  li  constant.  With  such  replacement,  condition  (3«9.25) 
remains,  obviously,  in  force,  and  probability  D  changes  the  magnitude 


(3.9.26) 

Inasmuch  as  numbers  correspond  to  optimum  search,  dD  should 

be  negative  at  any  i  and  k,  only  if  1  .  It  follows  from  this  that  for  all 
i,  for  which  /<>0,  the  product  of  should  bo  approximately  constant,  i.e.. 


In 


(3.9.27) 


The  magnitude  of  constant  C  is  determined  by  condition  (3.9.25).  An  approxi¬ 
mate  formula  (3.9.27)  is  carried  out  more  accurately,  the  larger  the  I-  .  At 
I  >  I  ,  it  is  possible  to  consider  appro^dxsately at  Pi<C,  With  these 

assumptions,  the  calculation  of  optinmm  distribution  of  time  T  between  cells  does 

T 

not  present  much  effort*  With  small  T  >  the  calculation  is  brought  to  an  end 
by  only  numerical  methods. 

As  example,  let  us  consider  normal  a  priori  distributicm  with  dispersion 
,  equal  to  the  variance  of  error  of  target  deeignation,  divided  by  the  width 
of  the  unit  cell. 

Considering  3  '>t  and  J.  ^  t  ,  we  ahall  replace  all  sums  by  integrals, 
and  ,  starting  from  tdtioh  «e  shall  determine  from  the  condition 

pr  Ct  Here, 


23*  In 


VJhC 


and  in  accordance  with  (3*9«27) 


i  ^  ‘  »»»\ 


Substituting  this  expression  in  (3*9»25)*  we  obtain 


and 


?L 

2t« 


(3.9.28) 


Using  formula  (3.9.28)^  it  is  siji^jle  for  specific  p,  T,  t  and  a  to  find 
the  optimum  distribution  of  time  T  between  cells,  ensuring  maximum  probability 
of  detection  of  target  during  that  time." /In  distinction  frtmi  the  ease  of  minimi- 
zation  of  average  time  of  search,  this  optimum  distribution  does  not  determine 
the  order  of  examination  of  cells.  It  can  be  realized,  for  example,  with  the 
help  of  cyclical  search  with  e3q)anded  cycles.  Here,  the  limits  of  search  and  the 
distributive  law  of  cells  by  cycles  should  be  determined  by  forarula  (3*9.28). 

The  considered  problems,  undoubtedly,  do  not  by  far  xdiaust  all  problems, 
connected  with  optimization  of  search  and  scanning.  In  particular,  the  inv)blems 
of  search  were  hardly  considered  in  a  number  of  targets  more  than  one*  The  very 
interesting  problem  optimization  of  scanning,  based  on  the  rCMpiirenent  of  most 
rapid  detection  of  rand(»ly  appearing  targets  was  not  touched  ^pon* 

In  connection  with  the  develoiaent  of  methods  of  processing  radar  information, 
obtained  during  scanning,  with  the  help  of  eUetoonie  computers  there  anpeared 
one  more  vary  important  and  interesting  problem,  fonttlated  in  sufficiently 
general  form  in  (52]*  This  |»oblom  reduces  to  optimteatlon  of  the  method  of 
filling  a  finite  number  of  machine  memory  tracks  with  data  w  the  traiectory  of 
the  assumed  targets.  An  optlpsi  method  should  eneure  the  festeet  detection  of 
a  true  tai^t  after  ite  Unfortunattiy,  any  reaulte  in  this  area, 

as  far  as  it  is  knoiei  by  the  authors,  ere  prteeaUy  lacking* 

3.W.  Ssasi!^ 

The  conducted  eoBeideratlon  of  methods  of  aoeoptaneo  of  solutione  on  the 

/f/ 


presence  and  position  of  a  target,  optinaaa  from  various  points  of  views  during 
detection  showed  that  under  very  general  conditions  these  methods  reduce  to 
the  comparison,  with  the  threshold  and  among  themselves,  of  the  values  of  the 
relation  of  verisimilitude  for  all  possible  a  priori  values  of  parameters  of  the 
detected  target.  Here,  the  system  of  detection  consists  of  a  certain  number  of 
channels,  each  of  which  is  intended  for  processing  a  signal  from  the  target  with 
the  fully  determined  values  of  parajneters.  This  circumstance  considerably 
facilitates  analysis  and  synthesis  of  systems  of  detection  and  will  allow  us, 
in  Chapters  k  and  3,  to  consider,  mainly,  the  case  of  detection  of  a  target  with 
known  parameters,  applying  the  received  results  to  multichannel  systems.  An 
estimate  of  parameters  of  the  detected  target,  as  showed  the  consideration,  should 
be  made  on  the  basis  of  comparison  of  the  values  of  a  posteriori  pjfobability  of 
the  presence  of  a  target  in  various  points  of  the  a  priori  interval  or  region* 
There  is  a  basis  to  consider  that  the  permissible  error  of  measurement  of 
parameter  coincides  with  or  exceeds  the  interval  of  solution  lythis  parameter, 
then  such  an  operation  is  equivalent  to  the  selection  an  estimate  of  that  value 
of  A  ,  with  which  ;>>.(>.). My,  A)  exceeds  the  threshold*  A  comparison  of  these 

two  methods  for  particular  cases  will  be  conducted  in  subsequent  chapters* 

In  the  future  we  sitall  be  limited  to  the  ease  of  fixed  time  of  obaervation 
at  each  stage  of  detection,  not  eonoeralng  systems,  using  the  procedure  of 
sequential  analysis*  As  already  laia  noted  in  beetion  3.5,  a  stiffic^^tly  com¬ 
plete  investigation  of  these  systems,  which  would  consider  the  actual  pi  oper- 
ties  of  fluctuations  of  a  reflected  si^tal  and  would  include  the  ease  of  deteetioh 
of  a  target  with  unknown  coordinates,  cannot  be  made  with  the  existing  methods* 

In  sections  and  3*9  were  formulated  certain  problems,  concerning 
optimisation  of  space  spanning  and  target  search*  The  soluti<»i  of  these  pro¬ 
blems  was  found  only  at  that  stage,  at  which  it  turns  out  to  be  necessary  to 
use  the  specific  dependence  of  probability  of  miss  from  time  of  observation  and 


probability  of  false  alarm.  After  these  dependence  are  found  in  subsequent 
chapter's,  we  will  continue  the  solution  of  the  indicated  problems  for  those 
particular  cases,  for  which  this  can  be  done  without  the  use  of  laborious  numer¬ 
ical  methods.  Some  results  of  Sections  3*8  and  3*9  present  Independent  interest. 
Here,  are  included,  basically,  the  results  on  optimiaation  of  the  order  of 
exandnation  of  cells  during  search. 

It  turned  out  that  in  the  absence  of  any  limiting  assumptions,  the  examina¬ 
tion  of  cells  in  the  order  of  decrease  of  a  posteriori  probability  of  the  pre¬ 
sence  of  a  target  is  optimum.  If  the  cells  are  located  in  order  of  decrease  of 
a  priori  probability  of  the  presence  of  a  target,  then  the  optimum  order  of 
examination  is  close  in  character  and  in  effectireness  to  cyclical  examination 
with  optimum  distribution  of  oells  between  cycles.  This  method  of  examination, 
apparently,  in  the  majority  of  systems  is  easier  to  oarry  out  technloally. 


CHAPTER  4 

DETECTION  OF  A  COHERENT  SIGNAL 
4.1.  Introductory  Remarks 

In  this  and  subsequent  chapters^  the  general  results  of  chapter  3  will 
be  used  for  the  synthesis  of  optimum  systems  of  detection  of  coherent  and  in¬ 
coherent  signals  on  the  background  of  noises  and  certain  forms  of  interferences. 
Along  with  synthesis,  we  will  conduct  analysis  of  existing  systems  of  detection, 
and  also  quasioptimum  systems,  obtained  from  optimum  ones  by  means  of  their 
simplification.  The  utilised  division  into  coherent  and  incoherent  signals, 
as  already  was  noted  in  Chapter  1,  is  connected  exclusively  with  considerations 
of  convenience  of  solution  of  problttsa  of  analysis  and  synthesis.  In  accordance 
with  this  division,  the  incoherent  signals,  considered  In  the  following  chapter, 
refer  to  si^ials  with  periodic  modulation,  for  which  the  initial  phases  of  high- 
frequency  oscillations  in  various  periods  change  independently  and  randomly, 
being  subordinated  to  the  unlfom  distributive  law  of  probability  in  interval 
(0,2  A  ).  Signals,  for  which  such  uncontrollable  jumps  of  phase  are  absent,  we 
shall  call  coherent. 

In  accordance  with  the  results  of  Ctsapter  1,  s  signal,  reflected  from  a 
target,  will  be,  in  an  ovax*«dielming  majority  ct  oaaesj  considered  as  a  non&al 
random  process* 


Synthesis  of  optimum,  and  also  analysis  of  a  broad  class  of  nonoptiinum 
systems  of  detection  with  a  normal  received  signal  y(t),  i.e.,  with  normal 
distribution  for  the  signal  from  the  target  and  for  interference,  can  be  con¬ 
ducted  on  the  basis  of  some  general  relationships,  determining  the  character 
of  optimum  operations  and  the  form  of  the  characteristics  of  detection.  These 
relationships  were,  for  the  first  time,  received  in  [53].  In  Section  4.2,  their 
derivation  will  be  conducted  by  a  somewhat  simpler  method  (in  the  part,  concerning 
the  obtainment  of  characteristics  of  detection).  In  subsequent  paragraphs,  the 
general  relationships  will  be  used  for  investigation  of  questions  of  detection  of 
a  radar  signal  on  the  background  of  noises  and  interferences,  subordinated  by 
normal  distributive  law  (passive  and  wide-band  noise  interferences,  which  is 
normalized  upon  passage  through  input  filters  of  the  receiver). 

Examination  of  these  questions  is  expedient  to  start  from  the  most  fre¬ 
quently  encountered  case  of  detection  on  the  background  of  noises.  Investiga¬ 
tion  of  methods  of  maximum  increase  of  reliability  of  detection  of  weak  aigaala 
on  the  background  of  internal  noises  of  the  receiver  and  external  thermal  noises 
has  a  direct  relation  to  the  problem  of  increase  of  range  of  radar  stations, 
and  presents  great  practical  interest.  This  problem  is  devoted  to  a  large 
number  of  published  works,  from  which,  however,  only  a  comparatively  small  part 
is  carried  out  with  respect  to  fluctuations  of  the  reflected  signal  [7,  9,  19,  40], 
Calculation  of  fluctuations  in  these  works  was  reduced  to  consideration  of  extreme 
cases:  very  slow  (a  pack  of  harmoniously  fluctuating  si^ls)  and  very  fast  (a 
pack  independently  fluctuating  signals)  fluctuations.  In  this  work,  the  question 
of  the  influence  of  fluctuations  on  reliability  of  detection  is  considered 
more  specifically. 

Wide-band  noise  interference,  by  the  oharaeter  of  its  interfering  influ¬ 
ence,  in  a  significant  degree  is  equivalent  to  internal  noise.  The  peeuliarities 
of  the  influence  of  interferences  are  connected  basioally  with  the  fact  that 


its  spectral  density  is  unknown  and  that  the  interference  is  uio'lul.ii.r'l  l;y  ijitrri;;i  i,.v 
during  scanning.  The  influence  of  these  peculiarities,  and  also  the  possibilities 
of  protection  from  interferences,  will  be  considered  in  Section  4.12.  In  the 
same  place  will  he  considered  the  question  of  the  influence  on  systems  of  detec¬ 
tion  of  a  coherent  signal  of  pulse  chaotic  interference. 

Considerable  attention  in  this  chapter  is  given  to  the  important  problem 
of  noise-resistance  of  systems  of  detection  in  reference  to  passive  interferences. 
Synthesis  is  conducted  for  optimum  systems  of  detection  of  a  signal  on  the  back¬ 
ground  of  noises  and  passive  interferences  for  an  arbitrary  law  of  modulation, 
and  also  synthesis  of  optimum  intra-  and  interperiod  processing  for  the  case 
of  separate  processing  of  periods  of  the  signal.  On  the  basi >  of  results  of 
synthesis,  is  conducted  a  comparison  of  various  laws  of  modulation  from  the 
point  of  view  of  ensured  noise-resistance  and  the  criteria  are  worked  out  for 
the  selection  of  the  law  of  modulation*  Optimum  methods  of  signal  processing 
are  compared  with  the  method  of  period-by-period  compensation,  applied  for  suppres¬ 
sion  of  Interfering  reflections  from  motionless  objects  in  pulse  radar  stations 
[Ij  59,  65,  663. 

Questions  of  synthesis  of  optimum  systems  of  detection  in  the  presence  of 
passive  interferences  were  considered  earlier  in  (9,  54*«-5d»  64],  the  results 
of  which  are  partially  used  here. 

4.2.  Relation  of  Verisimilitude  and  Ita  Statistical 
Oharaoteristica  for  Gauss  Signal  and  Interference 


As  already  was  noted  in  Chapter  1»  the  received  slpal,  which  is  the  sum 
of  the  coherent  signal,  reflected  from  the  target,  ;uid  interferences,  for  a 
very  broad  class  of  cases  can  be  considered  as  a  normal  random  process  and 
be  charaoterited  by  the  functional  of  probability  density 


where  Kq  is  a  coefficient  net  depending  on  realijjation  of  the  received  signal 
y(t); 

W  (t^,  t^)  is  the  fxmetion  which  is  a  continuous  matrix  analog,  inverse 
to  the  correlation  matrix. 

Function  W  tj)  is  connected  with  the  correlation  function  by  equation 
(1.4.2). 

The  relation  of  verisimilitude  is  expressed  by  the  fomula 

'.'IX  ' 

Xi.(<, (4.a.2) 

Where  W  „  (t^^,  t^)  is  the  solution  of  equation  (1.4.2)  at  R  (t^^,  t2)i  equal  to 
the  function  of  correlation  of  interference  R «  (tj, 

^  SB  (♦'i-*  t^)  is  the  solution  of  the  same  equation  at  R  (t^,  tg),  equal  to 
the  function  of  correlation  of  mixture  of  signal  and  interference 

n  tf)i 

Combinitig  the  equations  for  W,,  (t^^,  t^)  and  (ip  tg)#  it  is  easy  te 
show  that  funeti^ 

;  .  (4.24) 

in  (4.2.2)*  should  satisfy  equation 

.'■■■■  r  ■  ■■  r 

M (VO 

ItiasiaueH  as  the  eoefficlefit  in  front  of  the  exponent  in  (4»2«2)  does  not 
depend  on  the  accepted  realisation*  one  can*  obvloualy*  take  the  solution  on 
the  i^resence  of  the  target  on  the  tsasis  of  cottpariaon  with  the  eorrespoiidinf 
threshold  of  the  functional 

tt 

4  Ipj  Ijwv  Vv  (V  y  (Vdf,  dv 


(4.2.5) 


In  order  to  explain  the  character  of  operations  on  the  received  signaJ, 
leading  to  the  forination  of  lly],  it  is  necessary  to  .find,  in  evident  view, 
function  V  (tj^,  t2)  from  equations  (1.4.2)  and  (4.2.4) ♦  The  solution  of  these 
equations  reduces,  thus,  to  the  problem  of  synthesis  of  an  optimum  system  of 
detection. 

Some  conclusions  relative  to  the  possible  methods  of  realization  of  these 


operations  can  be  made  wi  thout  solving  the  indicated  equations.  From,  the 
syifuir^try  of  the  function  of  correlation  and  equations  for  V  (tj,  ^2)  dt  follows 
that  this  function  also  is  synanetric,  i.e.. 

By  dividing  the  integral  by  tg  in  (4.2.5):  into  (fn>m  0  to  tj_  and  to  T) 
and  using  the  indicated  property  of.  V  (tj,  t^),  it  is  simple  to  reduce  (4.2.5) 
to  the  form 

V  '  -I: ,  »  ■  \  ■  y-  y 

In  this  feiTRula,  the  V  a*^  be  simeidered 

rmiition  ©f  a  linear  ;fi2:iep,  *  the  fornation.  ©f  I*C«3  .jW^Uees.  ,t©; -the 
mission  ©f  the  r^eiv^,  ©ifnai  ^thret^,’ th^  filter*  the peceived ' 

the  outfit  ;iht 'integration* 


.  Funetitwial  diAi^aa  of  ©jA.i^  syetm.ef  'detfetto^vr^ 

i)  filter-.with  pilee  metioji  V  .(11*;%)^.  2)  integr4t;<?r  dialing ... 
-ti©ia.  tr3) -reii/. 

to -t.heee.'' operations,  .  -  ; 

tion  Is  . shown  In  .Fi-g*  4.1.'  Such  ah'''inter|»r«ieii<^'.of;:opti«^  ©peratl^^ 


proposed  in  (531. 


For  obtaining  the  characteristics  of  detection,  corresponding  to  the  com¬ 
parison  of  L[y]  with  the  threshold,  it  is  necessary  tc  know  the  distributive 
law  of  magnitude  L  in  the  presence  of  and  absence  in  y(t)  of  a  signal,  reflected 
from  the  target.  Calculation  of  this  law  in  clear  form  requires,  undoubtedly, 
assignment  of  functions  of  correlation  of  interference  and  useful  signal.  In 
a  general  form  we  can  obtain  only  an  expression  for  the  characteristic  function, 
corresponding  to  this  distributive  law.  In  order  to  do  this,  we  temporaiy 
replace  integrals  in  (4.2.5)  by  the  sums 

n 

y.  *.-.i 

[r  1  T 

j—  ls:.the  integral  part  of  relation  — . 

The  joint  distribution  of  magnitudes  y(/A/)  (/r=  1, ,  n)  has  the  form 

where  R(t^,b2)  is  the  function  of  correlation  of  the  received  signal; 

W(t^,t2)  is  the  corresponding  solution  of  equation  (1.4.2). 

For  the  characteristic  function  of  magnitude  Cy3  we  have 

- X 

(2«)  V 

oo  00  n 

X[..Jexp{-~L  '^[W{jM.k!^l)^i^V(l6t,  A'A/)jX 

—00  -  00  /,  *-3l 

X  (A0‘ ^  (/AO  i/ (A-A/)  j</// (A/) ...  y/// («A/)  ^ 

-JL 

==(|/?(/A/, /v-AOIi\l^\/A/.  *AO(AO’-"i^V(/A.^  4*A0(A0‘1  ^ 

.  »  I 

={!Sm”<ii(ao*S«(/ao  /aov'(/ao  aoi 

/-«i  ' 

For  calcxilation  of  this  determinant,  it  is  posslblwi  to  use  the  method. 


described  in  Section  1.4.  As  a  result,  we  obtain 

(tj) limT,,  (ti)  --  exp  I  —j dij  G(t,t-X)  , 

where  function  G(t]_,  tgJA)  is  determined  from  the  equation 

r 

G  (/..  i)  -  X  /;  i)  V.  (/.  t,)(U  -  V.  (/.. 
and 

r 

0 


(4.2.6) 


(4.2.7) 


(4.2.8) 


One  should  note  that  in  the  derivation  of  the  formula  for  the  characteristic 
function  we  did  not  assume  that  function  V(t^,  t^)  is  determined  by  equation 
.  (4.2.4)  and  corresponds  to  optimum  processing.  In  connection  with  this,  this 
formula  can  be  also  used  for  calculation  of  characteristics  of  detection,  corres¬ 
ponding  to  nonoptimum  processing,  if  its  result  can  be  represented  in  the  form 
of  (4.2. 5 )»  with  arbitrary  function  V(t2_,  t^). 

Frequently,  the  result  of  processing  the  sigpal  can  be  presented  in  quad¬ 
ratic  form  from  complex  functions  f (t) 

r  r  ' 

(4*2»5*) 

where  the  real  and  imaginary  part  of  f(t)  are  distributed  by  notml  law  with 
zero  mean  values,  and 

The  derivation  of  the  oharaoteristie  function  of  magnitude  L(f }  is  fully  analo¬ 
gous  to  that  Just  now  given.  Joint,  distribution  for  real  and  imaginary  parts 
of  magnitudes  fiJM)  can  be  written  in  the  fora 

whore  ,  and  |;  r*’  (M4  kM)  ll  -  ie  the  Inverse  H  Aif)  il 

of  matrix* 


Replacing,  in  the  expression  for  L(f),  the  integrals  by  sums,  calculating 

the  characteristic  fmction  by  direct  integration  and  changing  to  the  limit 

atA^— 0,  analogous  to  (4.2.6)  we  obtain 

r  i',  . 

1)^1 ).  (4.2.6*) 

()  l) 


where  ^^(t^,  ^2’^^  determined  from  the  eqiiation 


f 

Gj  (/,.  -  i{G,  (/,.  4  A)  c,  {/.  /,)<//  /,h 


and 


I 


(4.2.7*) 


(4.2.8*) 


The  received  relationships  can  be  easily  generalized  in  the  case,,  when  the 
solution  on  the  presence  of  a  target  is  taken  on  the  basis  of  several  signals 
yi(t),  y2(t ),...,  ym(^)»  ^^e  joint  distributive  law  of  which  is  Gauss,  and  the 
mean  value  is  equal  to  zero.  This  case  is  encountered,  for  example,  in  raulti- 
froquency  operation.  Here, 

i-to)-!  I) 

/.*wj 


r  r 

^Jyjk(<iii»)*^((/i)i/fc{^,)d/|d/,,  (4.2.9) 


where  function  Vj{f(t2^,  12)  is  determined  by  eq[uations 

m  T 

i«ia 


m  T  ■  ' 


(4.2.10) 


(W'ttii  (/,.<) (4.2.11) 

jWltf 


The  ohar&cteristlo  funotlon  in  a  multl^dijaensional  ease  ie  determined  by 


theae  relationships i 


Gm  (/..  /,:  A)  -  i  V  Jg,,  it,,  t-  X)  /,)  di  ^  VAt„  /,). 

'='0  (4.2.13) 

m  r 

'  i^o  (4.2.14) 

Analogously  generalized  are  relationships  (4.2.6)  and  (4.2.8) ^ 

Substituting  in  these  formulas  the  functions  of  mutual  correlation  of  com¬ 
ponents  of  the  received  signal 

in  the  presence  and  absence  of  a  target,  it  is  possible,  in  principle,  by  the 
found  expressions  for  characteristic  functions,  to  find  the  corresponding  distri¬ 
butive  laws  of  magnitude  Lq  and  to  obtain  an  expression  for  probabilities  of 
miss  and  false  alarm* 

The  relationships  for  the  multi-dimensional  case  are  considerably  simpli¬ 
fied,  if  the  received  signals  yi(t),.,.,  yj^(t)  turn  out  to  be  statistically 
independent  (for  example,  due  to  large  detuning  of  the  utilized  frequency  chan¬ 
nels),  Here,  the  joint  distribution  of  probability  of  signals  is  equal  to  the 
product  of  distributions  for  separate  signals.  In  accordance  with  this,  function 
al  Lq  (y)  turns  out  to  be  equal  to  the  siot  of  statlstieally  independsnt  function 
ala  for  separate  signals 


M  (4.2.15) 

and  the  characteristic  function  of  random  variable  (y)  Is  equal  to  the 

product  of  characteristic  functions  Vi  (n). 


4.3.  Qptintum  Detection  of  Signal  in  Noise 


4.3.1.  General  Relationships,  Determining  the  Form 
of  Optimum  I^cessing 


Let  us  consider  the  most  frequently  arising  problem  of  detection  of  a  radar 
signal  on  the  backgrovind  of  noises  with  uniform  spectral  density  Nq,  The  func~ 
tion  of  the  correlation  of  received  signal  in  this  case  is  determined  by  equali¬ 
ties  (see  Section  1.4) 

+  Pc  Re  «  -  ■'V  t'’"*'''*"'’', 


(4.3.1) 

(4.3.2) 


where  ig  the  carrier  frequency  of  the  received  signal. 

It  is  not  difficult  to  be  convinced  that  function  W„  (t;^,  t2)$  correspond¬ 
ing  to  (4.3.1)»  has  the  form 


(4.3.3) 


Usually  fluctuation  of  the  signal,  the  speed  of  which  is  oharactoriaed 
by  the  speed  of  decrease  of  function  P(0.  are  Blow  as  conqared  with  the  law 
of  modulation  u(t)  and  do  not  distort  the  law  of  modulation  of  the  received 
signal.  Fulfillment  of  this  condition  is  necessary  for  effective  use.  of  modu¬ 
lation  during  detection  and  measurement  of  parauneters  of  a  target.  In  the. 
future,  we  shall  consider  fluotuaticn  to  be  quite  slow,  assuming,  during  periodic 
modulation,  PiO  to  be  slightly  changing  in  the  period,  and  in  the  case  of  com- 
plex-.modulated  single  sendings,  slightly  changing  in  the  duration  of  sending. 
Here,  it  Is  natural  to  expect  that  optimum  proetsslng  of  a  fluotuating  signal 
v^.ll  include  multiplication  by  the  expected  signal,  which  is  the  main  aleaent  of 
optimum  processing  without  fluctuations  (2,  d],  and  find  the  solution  of  equa¬ 
tion  (4.2,4)  in  the  form 


(4.3.4) 


considering  function  ^(ti,  12)  just  as  slow,  as  t2)»  A  more  formal  basis 

for  finding  the  solution  in  such  form  is  the  circumstance  that  at  P{0  — 

=  the  equation  (4.2.4)  has  a  degenerate  nucleus  (t^,  t^)  and 

the  solution  of  the  form  (4.3.4)  with  0  (t^^,  t2)  *  const.  With  a  slow  change 
of  p{t)  ,  the  nucleus  of  equation  (4.2.4)  is  quasidegenerate  and  it  is  natural 
to  assume  that  its  solution  in  its  form  is  also  similar  to  degenerate. 

Substituting  (4.3*2)  and  (4*3.4)  in  (4.2.4)#  we  obtain 


We  shall  now  use  the  assumption  made  above  on  the  slowness  of  fluctuations 
as  compared  with  the  law  of  modulation  of  the  main  sigial.  In  the  case  when 
the  signal  is  a  complex.4nodulated  single  sending,  this  assumption  leads  to  replace 
ment  of  P (ti  tg)  in  (4.3*5)  by  one.  The  solution  of  equation  (4.3.5)  in  this 
case  is  constant  (see  paragraph  4.3*3).  If  the  law  of  modulation  is  periodic 
or  represents  a  stationary  random  process,  then,  by  using  the  slowness  of  fluct¬ 
uations,  it  is  possible,  under  the  integral,  to  average  /u(t)/^  in  time,  where¬ 
by  in  accordance  with  the  utilized  normalization  (Section  1*2), 

r 

Then  (4.3*5)  obtains  the  following  form: 

(4.3*5*) 


Hot  specifying  p(t),  the  solution  of  (4.3*5 •)  can  be  obtained  for  two 
extreme  oases,  when  p(t}  diminishes  during  time«M  (time  of  correlation),  signl- 
fio^mtly  less  tlum  T,  and  idum  p(t)  praotloally  does  not  change  during  time  T. 

4.3 .2.  Case  of  Fast  Fluctuations 


At  by  disregarding  the  extreme  effects,  it  is  possible  to  consider 

the  limits  of  integration  in  (4*3.50  to  Infinite  and  to  solve  this  equation  by 


Fourier  transform.  As  a  result,  we  obtain 


y(<i. 
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hS,  (o») 

1  +AS,(«") 
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(4.3.6) 


where  h  = 

A/c  —  is  the  effective  width  of  the  spectrum  signal  fluctuations  j 
'S.t*)—  is  spectral  density  of  fluctuations,  standardized  so  that  its  maxi¬ 
mum  is  equal  to  one. 

Substituting  (4.3.4),  (4.3.6)  in  (4.2.5)  and  using  the  Parseval  theorem. 


we  have 


Hy)^- 


00 


i 


1  +• 


(4.3.7) 


where  Y]!(oj)  is  the  spectrum  of  the  product  of  observed  realization  y(t)  by 


Q(t)  is  the  result  of  transmission  of  this  product  through  a  filter,  the 
square  of  the  modulus  of  frequency  response  of  which  is  eqxial  to 


!//.(/•)!•*= 


r+’Ai;?-)  * 


(4.3.8) 


Optimum  processing  of  the  received  signal,  determined  by  formulas  (4.3.7), 
(4.3.3),  consists  in  multiplication  of  the  received  signal  by  the  expected 


sigjial  n(t  ~  tranamiasioa  throu^  a  filter  with  frequency  reeponse 

formation  of  the  square  of  the  modulus  of  output  voltage  of  the  filter 
and  integration  during  time  T. 


Fig,  4.2.  Functional  diagram  of  optimum  system  of  detection  for  the  case  of  fast 
fluctuations  with  multiplication  by  the  reference  signal 

eos  KM  »(«  -1)1  and  filtration  at  low  frequency:  1)  phase  inverter  at  90® j 

2)  narrtJW-band  filter}  3)  square-law  function  generator  (uoutput  “  “'^^input^* 

/*)  integrator  dui*ing  time  T}  5)  relay. 


The  block-diag:*am,  carrying  out  these  operations,  is  shown  in  Pip,. 
Heterodyning  and  transmission  through  the  filter  are  carried  out  in  this  diagr.'im 
in  two  quadrature  channels.  The  output  voltages  of  the  filters  are  raised  in  the 
square  and  are  added,  the  received  sum  is  integrated  by  interval  of  time  T  and 
compared  then  with  the'  threshold  of  relay,  selected  in  accordance  with  the  given 
probability  of  false  alarm. 

In  most  cases,  it  is  technically  more  convenient  to  carry  out  filtration  at 
intermediate  frequency  and  to  use,  for  obtaining  the  square  of  the  modulus 
of  complex  oscillation  (square  of  envelope),  a  squarelaw  detector.  In  connection 
with  this,  it  is  desirable  to  add  optimum  operations  of  such  form,  which  would 
allow  their  realization  in  a  similar  diagram.  We  shall  displace  reference  signal 
Ua(/~t)c()s(uJi/  +  tf (/— t)]  in  frequency  to  a  magnitude  of  some  intermediate  fre¬ 

quency  V/yjp,  to  vAiich  the  filter  is  tuned. 

The  pulse  reaction  of  such  a  filter  will  be  registered  in  the  form 

A(Ocoseui)^ 

where  h(t)  is  the  pulse  reaction  of  the  filter  //,(/•). 

The  square  of  the  envelope  of  voltage  on  the  output  of  the  filter  is  recorded 
in  the  fora 

I  (/»)«« (^ — '•)cos  ((•,  -  -  t)j  X 

X  A  (/ —* /,)  cos  j, ,  I 

t  * 

•f  I  j  (M "a  -  v)  sin  ((•,  -  /,  4. ~ -*)1  X 

ay  replacing  the  product  of  cosines  and  sines  by  cosines  of  the  sum  and 
dif f erenoc,  it  is  simple  to  be  convlnoad  that  this  expression  coincides  with 
Q(t)  if  the  signal  on  the  input  of  the  mixer  y(t}  does  not  contain  fre¬ 
quencies,  close  to  wr—'-wottti.e.,  if  the  input  circuits  of  the  receiver  ensure 
sufficient  suppression  of  image  frequency*  This  condition  is  usually  fulfilled, 


so  that  both  considered  versions  of  the  optimum  diagram  can  be  considered  fully 
equivalent.  The  block-diagram  with  filtration  by  intermediate  frequency  is 
shown  in  Fig.  4.3. 

We  shall  pause  briefly  on  the  physical  meaning  of  optimum  operations. 
Multiplication  of  the  received  signal  by  the  expected  law  of  modulation  of  the 
signal  from  the  target  ensure^  suppression  of  noise  components,  not  coinciding 
in  form  with  the  expected  law  of  modulation  (in  any  degree  orthogonal  to  this 
law).  Subsequent  filtration  ensures  suppression  of  noise  components,  not 
coinciding  with  the  expected  signal  in  frequency. 


\iiit) 


Fig.  4.3.  Functional  diagram  of  optimum  system  of  detection  for  the  case  of 
fast  fluctuations  with  filtration  on  intermediate  frequency,  s,  ~ cos 

-h  — ■«)1;  1)  filter;  2)  detector;  3)  integrator  during 

Time  T;  4)  relay. 

This  filtration  <jan  be  treated  also  as  coherent  accumulation  of  the  signal 
during  time,  comparable  in  order  magnitude  with  time  of  con*elation  of  fluctu¬ 
ations,  i.e.,  during  the  time,  for  the  duration  of  which  the  coherence  is 
nuiintained.  Incoherent  post-detector  accumulation  is  carried  out  in  a  large 
time  interval  T,  in  which  coherent  accumulation  is  impossible  due  to  fluctuations. 

Tlie  form  of  frequeiioy  response  //oiiV))  ai^d  tratismission  band  of  filter  de¬ 
pend  on  the  form  of  the  spectrum  fluctuations  of  the  reflected  si^ial  and  on  the 
relat  ion  h  of  j)Ower  of  the  signal  to  the  power  of  noise  in  the  barid  A/s-  At 
small  h  the  function  coincides  in  form  with  the  spectral  density 

of  fluctuations,  and  the  filter  band  with  the  width  of  the  spectrum  of  fluctu- 
siiono.  If  the  spectrum  of  fluctuations  can,  with  sufficient  accuracy,  be  approxi¬ 
mated  by  a  rectangle,  then  such  a  coincidence  takes  place  at  all  h.  At  other 


So(<'i),  the  filter  band  is  expanded  with  the  increase  of  h,  faster,  the  slower 
So(o))  drops  with  the  increase  of  |wl-  Thus,  at 


the  effective  band  of  transmission  of  the  filter 


at 


5,(«)  = 


('+(-437)’]’ 


the  effective  transmission  band 


For  a  Gauss  spectrum  with  the  same  effective  band,  the  bjid  of  transmission 
on  the  level  of  half  power  (effentive  band  cannot  be  expressed  by  h  in  clear  form) 
is  equal  to 


It  is  necessary  to  note  that  expansion  of  the  filter  band  with  the  growth 
of  the  signal-to-noise  ratio  h  is  justified  not  only  purely  by  power  considera¬ 
tions,  which  are  reduced  to  the  tendmcy  to  miss  a  tdtole  section  of  the  spectrum, 
where  spectral  density  signal  fluctuations  is  greater  than  spectral  density  of 
noise.  In  expansion  of  the  filter  band  along  with  the  increase  of  transmitted 
power,  there  occurs  an  incr^se  of  the  number  of  independent  values  of  noise, 
sumntarized  during  subsequent  incoherent  accumulation*  This  promotes  th?  ieorease 
of  relative  magnitude  of  fluctuations  of  output  voltage*  A  decrease  of  time 
of  coherent  accumulation  of  si^ial  and  signal-to-noise  ratio  on  the  output  of 
the  filter  limit  expansion  of  the  band  and  ensure  the  existence  of  an  optimum. 

As  can  be  seen  from  the  received  results,  optimum  processing  during  fact 


fluct.uation  depends  on  the  signal-to-noise  ratio.  This  creates  definite  difficul¬ 
ties,  since  h  usually  is  unknown.  The  most  expedient  for  surmounting  these 
difficulties  is  to  use  the  rainimax  approach,  considering  h  in  (4.3 •S)  to  be  equal 
to  the  least  value,  with  which  it  is  still  possible  to  detect  the  target  with 
given  probability. 

4.3.3.  Case  of  Slow  Fluctuations 

In  the  case  of  slow  fluctuations  of  the  reflected  signal  (^kc  >  T  or,  the 
same,  <  1),  the  solution  of  equation  (4.3»5)  is  constaht 

Pc 

^0 

- -  u  f  • 

Here,  in  accordance  with  (4.2.5)  and  (4.3.4) 

r 

^  (y)  I  J«  it  -  ■«)  (0  (Jt\\  ,  rs 

0  (4.3.9) 

Optimum  processing  in  this  case  reduces  to  multiplication  of  the  received 
signal  by  the  eocpected  (it  (t  —  integration  during  the  time  of 

observation  and  formation  of  the  square  of  the  modulus  of  complex  oscillation  on 
output.  The  block-diagram,  carrying  out  the  envuiierated  operations,  is  shown  in 
Fig.  4.4.  The  diagram  consists  of  two  quadrature  channels,  in  each  of  which  the 
signal  is  ndxed  with  the  reference  voltage  «„(/  ■-<)  and  is  integrated 

during  the  time  T.  The  results  of  integration  are  squared,  added  and  are  compared 

with  the  threshold. 

If  signal  u(t)  has  a  finite  duration,  then  multiplication  by  the  expected 
signal  and  integration  can  be  replaced  by  filtration,  considering  the  factor 
'*  (4.3*9)  as  the  pulse  reaction  of  the  filter 

Addition  of  the  factor  does  not  change  the  magnitude  L(y),  since  {e'"*' 

and  due  to  the  finite  duration  or  tne  signal,  the  beginning  of  reading  of  time 


diagram  of  optimum  system  of  detection  for  the  ease  of  slow 
fluctuations:  1)  phase  inverter  at  90®|  2)  integrator  during  the  time  T; 

3)  square-law  generator)  4)  relay. 

can  be  selected  In  such  a  manner  that  u(t)^Q  at  •  f>0. 

Here,  the  optimum  filter  is  physically  realized.  Conducting  the  same 
reasonings  as  on  the  basis  of  the  diagram  of  Pig.  4.3  for  fast  fluctuations,  we 
can  be  convinced  that  filtration  in  the  considered  case  also  can  be  carried  out 
on  an  intermediate  frequency,  if  this  frequency  is  sufficiently  high  A/m, 
where  —  the  width  of  the  spectrum  of  modulation)  and  the  signal  of  image 


frequency  is  suppressed  in  the  input  circuits  of  the  receiver* 

In  those  cases,  when  the  distance  to  the  detected  target  is  know,  the 
methods  of  realization  of  optimum  processing  with  heterodyning  and  filtration 
are,  in  principle,  equivalent.  However,  if,  as  thie  usually  occurs,  the  dis- 
tones  to  the  target  is  unknown,  than  the  version  with  the  filter  is  more  pre¬ 
ferable,  since  the  output  of  the  filter  in  various  moments  of  time  ooinoldes 
with  the  results  of  optimw  .prooessing  of  signals,  oorresponding  to  various 
distances  to  the  target.  2n  order  to  separate  and  compare  with  the  threshold 
the  signal  from  the  target,  located  at  a  determined  distance  d©,  it  Is  necessary 
to  gate  the  output  of  the  optiMim  filter  in  the  moaant  t  •  t  -  222  by  a 
sufficiently  short  pulse. 


The  received  siffjal  y(t)  represents  the  eum  of  the  reflected  si^ial  and 


noises 


y  (1) Re  «(/-  +  n  (t),  (4.3.10) 

where  E  and  ?  are  coefficients,  considering  the  chance  of  amplitude  and  phase 
of  the  signal 

n(t)  is  the  noise. 

On  the  output  of  the  optimum  filter,  we  obtain 

(0  -  —*)«(/,-/)  + 

—09 

I 

+  f  n(/, )«(/,-/) (4.3.11) 
As  can  be  seen  from  this  formula,  the  amplitude  of  useful  signfd  on  the 
output  of  the  filter  is  proportional  to  the  function  of  autocorrelation  of  the 
main  signal  C{t—x,  0)  introduced  in  Chapter  1.  The  maximujn  value  of  useful 

component  on  the  output  of  the  filter  is  obtained  at 

The  first  component  in  (4.3.11)  may  be  oonaidored  as  the  reaction  of  the 
optimuffl  system,  designed  for  the  mssnitude  of  delay  of  signal  t,  on  the  signal, 
with  delay  t,  i.e*,  on  the  signal  from  a  target,  not  oainalding  with  the  detested 
target  tn  diaiance.  For  goo<l  eeleotion  in  distance  it  ia  necesaary  Uiat  the 
indicated  reaction  is  as  small  as  possible  at  ,  i.e.,  that  function  C{x) 
decreases  quite  quickly  with  the  increase  of  !*!  .  Hiia  function  deteradnes, 
thus,  the  resolving  power  of  the  r^ar  in  distance. 

For  the  laws  of  modulation  usually  utilised  in  radai*,  C(x)  represtirtta  a 
rather  short  ptilae  (see  Section  1*1),  the  duration  of  which  in  a  nuiaber  of  cases 
(for  example,  for  frequency  an<l  plsase-code  modulation)  is  many  ttees  less  thaii 
the  duration  of  the  main  signal.  2a  connection  with  this^  the  filters,  carrying 
out  optimum  processing  of  such  signals,  frequently  are  called  reducing  filters. 

Even  if  the  frequency  of  the  signal  from  the  target  is  differ^rit  than  that 
expected  instead  of  »,).  then  the  amplitude  of  useful  sliptal  on  iHe 

output  of  the  reducing  filter  is  proportioKiai  to  Cii-t.  Aw)-  The  faster 


diminishes  C(/— t.  A(o),  >dth  the  growth  of  the  higher,  obviously, 

the  resolving  power  ensured  by  the  given  main  signal  according  to  speed. 

Let  us  consider  more  specifically,  very  important  for  practice,  the  case  of 
reception  of  a  group  of  periods  of  a  signal. 

The  form  and  duration  of  the  group  is  determined  by  the  form  of  the  diagram 
of  direction  and  speed  of  scanning.  We  shall  consider  that  the  group  envelope 
does  not  distort  modulation  of  the  reflected  signal,  i.e.,  or  (if  the  signal  is 
continuous)  the  duration  of  the  group  is  great  in  cou^arison  with  the  period  of 
modulation,  or  (if  the  signal  is  pulse)  the  duration  of  the  group  is  great  as 
compared  with  the  pulse  duration.  Then  (4*3 #9)  can  be  rewritten  in  the  form 

4 

n 

where  g(t)  is  the  group  envelope. 

Optinmm  processing  con  be  msur^  by  accumlation  of  the  results  of  proeees- 
iag  of  separate  periods  with  coefficients  g(/r.).  Correlation  processing  of 
every  period  can  be  replaced  by  filtration.  Pulse  reaction  of  the  com^apondinf 
optimuffl  filter  is  determined  by  the  fonaula 


(4.3.12) 


Thu^,  evet^  period  of  modulation  is  Ultered  as  a  separate  pulse  in  duraticm 
T  with  iatm-pulse  modulation  u(t).  Hie  output  sipial  of  the  filter  is  gated 

■ .  V 

in  isoaenta  tHh  /f*  and  the  sepau^ted  short  pulees  are  ston4  with  weight 

If  onu  were  to  change  the  beiianlnf  of  reading  of  time  in  such 
a  mariner  that  g(t)  »  0  at  t>0,  then  aecuwulaticfi  with  weight  ttey  be  repdaced 
by  tranemission  throuiii  the  filter  with  pulse  reaetioti  g(*«t)cds  Con*« 

eequently,  optimum  preceesint  of  the  sipal  c^ui  be  produv  ed  in  this  ease  with 
the  help  of  two  series  filters,  carrying  out  -intra^  and  interHperiod  processing, 


and  a  square-law  detector. 

It  is  possible  to  reduce  optimum  operations  to  the  same  form  with  a  periodic 
main  signal  in  the  case  of  fast  fluctuations  of  a  reflected  signal.  Here,  the 
frequency  response  of  the  second  filter  is  determined  not  by  the  form  of  the 
group  envelope,  but  by  the  spectrum  of  fluctuations  and  magnitude  of  the  signal- 
to-noise  ratio  in  accordance  with  formula  (4.3 •8). 

4.3*4.  Optimum  Processing  with  Arbitrary 

Earlier,  we  analyzed  cases  of  fast  and  slow  fluctuations  of  a  reflected 
signal  (large  and  small  values  of  A/rT').  By  measure  of  the  change  oi  A/rT, 

+.he  optimum  operations  should,  obviously,  change  from  one  of  the  considered 
ext-reme  cases  to  another.  In  order  to  trace  this  change  and  to  definitize  the 
condition  of  application  of  the  previously  used  approximations,  it  is  necessary 
to  solve  equation  (4.2.5)  with  arbitrary  MJ,  at  least  for  certain  particular 
cases.  In  principle,  such  a  solution  can  be  received  for  an  arbitrary  fractional' 
rational  spectral  density  of  fluctuations  [60],  Here,  the  solution  of  the  inte¬ 
gral  equation  reduces  to  finding  Green's  function  of  the  linear  differential 
equation  with  constant  coefficients  at  determined  boundary  conditions.  No 
principal  difficulties  are  presented  by  this  problem;  however,  for  spectral 
densities  of  high  order,  it  is  very  awkward.  Therefore,  we,  for  simplicity, 
will  be  limited  to  consideration  of  spectral  density  of  the  form 


corresponding  to  the  exponential  function  of  the  correlation  of  fluctuations. 

Substituting  in  (4.3.5)  the  expression, for  by  ■  5j«)  and  applying  an 
opei'ator  to  both  parts  of  the  equality 


we  obtain 


,  ("- 15- 


Considering  that 


^  2h  - 5i —  e  • 

p,  I 

it  <‘i; 


m 


from  (4*3.15)  we  find 

""  4A/f  ""dlil  — (4r3*l 

The  solution  of  differential  equation  (4*3*16)  depends  on  two  oonstantsi  deter 
mined  by  boundary  conditions  for  t(ti,  tg)  at  t2  *•  0  and  t2  »  T.  In  order  to 
find  o(t^i  T),  we  apply  an  operator  to  equation  (4.3*5) 

,  I  s 


and  then  let  us  assume  T.  On  the  strength  of  the  fact  that 

>  ~  IH-sign  (A  “ 


where 


we  obtain  the  first  boundary  oonditi<m 


j  at  <>^« 
*  at  <<0, 


« (<i.  n  "f*  » (fo  ft)  0. 


(4.3.r^ 


Analogously,  at  t2  =  0,  using  operator 


1  + 


I  a 

2A/o  Oit 


we  find  the  second  boundary  condition 


y(/..0)- 


1  d 

2A/e  d/, 


=  0. 


(4.3.18) 


The  same  conversions  are  used  for  obtaining  a  differential  equation  and 
boundary  conditions  in  the  case  of  spectral  densities  of  a  higher  order.  Here, 
accordingly,  is  increased  the  order  of  utilized  differential  operators. 

The  solution  of  equation  (4.3.16)  with  boundary  conditions  (4.3.17), 
(4.3.18)  is  recorded  in  the  form 

4. 2 hch2li!,yTT~fi(T-t>~  <0  + 

+  {/rVh  4-  I 

_a.e-2*»/TT/rr,'  I’  (4.3.19) 


whore 


In  principle,  optiinum  processing  of  a  signal,  determined  by  formulas 
(4.3.19)  and  (4,3,4),  can  be  realised  in  the  diagram,  given  in  Pig,  4.1.  Filtra¬ 
tion  in  this  case,  as  in  that  earlier  considered,  can  be  carried  out  on  an  inter¬ 
mediate  frequency.  The  d«nodulat«d  signal  of  intermediate  frequency  should  be 
passed  through  a  filter  with  pulse  reaction  ‘'(t^^,  t)  cos  wup  (t^  -  t)  and  move 
to  the  phase  detector  together  with  the  signal  from  the  input  of  the  filter. 

H)e  output  voltage  of  the  phase  detector  should  be  integrated  during  the  time 
of  obuemtion  T,  The  filter  of  the  optimaua  system  of  signal  processing  has, 
as  can  be  seen  from  (4*3.19),  parameters  variable  in  time.  In  connection  with 


«tfc.  /  / 


this,  during  its  technical,  soi.utian,  there  can  appear  a  difficulty,  si/iai fjc.intJy 
greater,  than  in  the  realization  of  a  filter,  designed  for  fast  fluctuation. 
Therefore,  essential  interest  is  presented  by  the  manifestation  of  conditions, 
with  which  optimum  processing,  determined  by  formula  (4.3«19),  is  close  (in 
form  or  in  effectiveness)  to  one  of  the  earlier  considered  extreme  cases.  Here, 
we  are  limited  to  a  comparison  by  form,  having  left  the  comparison  by  effective¬ 
ness  to  the  following  paragraph,  devoted  to  the  investigation  of  the  character¬ 
istics  of  detection. 

The  first  component  in  (4»3»19)  coincides  with  t2)  during  fast 

fluctuation.  In  order  to  explain  the  distinction  of  optimum  processing  at 
the  considered  value  of  and  processing  during  fast  fluctuation,  it  is 
necessary  to  estimate  the  order  of  magnitudes  of  the  remaining  components. 

The  third  component  diminishes  with  the  growth  of  at  any  ^IcT  not 

slower,  tlian  This  decrease  occurs  faster,  the  greater  the  signal- 

to-noise  ratio  h,  but  even  at  4  I  ,  this  component  may  be  disregarded,  start¬ 
ing  from  i/iT  5  I  to  2. 

''he  second  component  in  (4.3.19)  slightly  depends  on  at  t^,  near 

to  the  ends  of  interval  (0,  T).  However,  by  measure  of  removal  from  the  ends,  - 
this  member  also  diminishea  faster,  the  greater  the  To 

disregard  this  component  means  that  we  allow  nonoptimalneos  of  signal  pTOcessing 
on  some  pfirt  of  the  interval  of  observatiwi.  If  one  were  to  allow  that  this 
part  constitutes  of  the  interval  of  observation,  then  at  li<\  it  is 
poaelhle  to  disregard  the  considered  component  in  (4*3.19),  starting  from 
and  at;  A  s  .i,  starting  from 

At  small  ii/sT  ,  function  v(ti,  t2)  hardly  changes  in  the  liiterval  of 
observation  and  can  be  replaced  by  a  constant  at  values  of  not  exceed¬ 

ing  in  order  of  magnitude 

r  I  'f  A 

Tho  formulated  conditions,  in  the  observance  of  which  are  near  to  optimum, 


the  received  above  methods  of  processing  fast  and  slowly  fluctuating  signals, 
can  be  significantly  weakened,  if  one  were  to  compare  the  considered  methods 
of  processing  a  signal  by  effectiveness*  Such  a  comparison  will  be  made  in 
the  following  paragraph. 


4.4.  Characteristics  of  Detection  of  a  Signal  on  A  Noise  Background 


4.4.1.  Case  of  Fast  Fluctuations 


As  already  was  noted,  the  ;general  relationships  in  Section  4.2,  with  the 
help  of  which  is  determined  the  form  of  the  characteristics  of  detection,  can 
be  used  also  when  the  method  of  signal  processing  differs  from  optimum.  In 
coherent  processing  of  a  received  signal,  these  differences,  basically,  reduce  to 
the  difference  of  the  reference  signal  and  frequency  response  of  the  filter 
from  the  optimum,  considered  in  the  preceding  paragraph.  Here,  let  us  consider 
the  characteristics  of  detection  with  arbitrary  reference  signal  and  character- 
ivStico  of  the  filter.  The  received  results  allow  to  determine  not  only  the 
effectiveness  of  the  optimum  system,  but  also  the  degree  of  lowering  of  effec¬ 
tiveness,  duo  to  the  withdrawal  from  the  optimum  method  of  processing. 

If  processing  of  signal  y(t)  is  carried  out  by  the  system  consisting  of 
mixer,  filter,  square-law  detector,  accumulator,  and  relay,  thon’the  signal  on 
the  input  of  the  relay  is  determined  by  the  formula 

r  t  , 

./•Mi!  (i.Ul) 

where  Z(t)  is  the  reference  signal,  equal,  at  optimum  processing,  to  u(t)i 
h(t)  is  the  pulae  reaction  of  the  filter* 

Coefficient  is  added  for  similarity  of  this  expression  to  the  result 


'O 


of  optimum  processing  (4.3.7 )• 

For  simplification  of  notation,  we  consider  the  case,  when  filtration  is 
produced  .at  low  frequejticy.  Pesignating  the  low-frequency  coffiponent  of  the 


prodv.ot,  h)y(i)Q““‘‘ 


by  f(t),  we  can  rewritu 


T  r 

L{y)  =  ivT 


{U,UA') 


vdurl'e 

r  * 

i'll..  i,)=.rii((-i,)ftv-/,)i/(»=-J-  f  /'"■  ''’dm: 

i  "-■L  {u.h.d) 

Upon  u-ansition  from  (4«4«l)  to  (4.4»1')  we  replaced  the  upper  limit  in  the  inner 
intej^ral  in  {k*U,l)  by  T,  which  is  allowed  due  to  the  proposed  physical  realiza- 
'  '1  i.he  filter  (h(t)  =*  0  at  t  <  0).  The  last  approximate  equality  in  (4.4.2) 

i  Ti  M  under  the  condition  thatA/e^'^**  where  A/,j, -■  is  the  effective 
wi'ii.h  of  the  transmission  band  of  the  filter. 

The  received  expression  for  L(y)  coincides  with  (4.2.5' )»  for  finding 
the  .'Vti'' iCtorintic  function  of  this  magnitude  it  is  possible  to  u.se  rel'-Mon- 
Tihii.i''.  (A.?, 6*)  —  (4.2.8*  )♦  For  the  function  of  correlation  r(tj^i  t^)  in  these 
relationships,  we  have 


^'unction  v(tx*  t2}  changes  slowly  as  compared  with  the  iaws  of  tiiodu- 
1.4  referuncc  uid  main  si^uls.  Therefore,  in  (4.4.1'),  f(t)  ■•nay  b©  rep’uced 
'  •  It  <>(*  '.ver-H^lng  this  fxinction  by  time  in  an  interval,  for 

.  !n;  the  modulation,  and  at  the  same  time  sufficiently  small,  so  that 

'  *  ‘■■(ti#  t2),  and  also  random  amplitudes  and  phaa©  of  ruriect...^  ‘Mgn.  ’ 

in  this  interval,  be  considered  eonstajot.  Here,  the  function  of  eorrela- 
^  ^  1.^)  also  is  averaged  in  time*  Considering  Z(t)  to  be  normalised 

Just  as  u(t),  we  have 


'  Sit 


(4.4.4) 


where,  in  the  case  of  a  single  sending. 


00 

C,  (t.  - 1)  ^  J  Z  (/  _  ,.)  «•(/  _ 


(4.4.5) 


and  in  the  case  of  a  signal  of  unliinited  duration 

T 


C,  K  ^  t)  =Jini  y.  Jz  {i  - 1.)  u*  (t  - 1)  dt. 


(4.4.5‘) 


Substituting  (4.4.4)  in  4.2.8* )  and  (4.2.7* )>  ^  obtain  the  following  equation 
for  function  G(t^,  t2J  1): 


r 

G  (/,  /,:  1)  _  I  Jg  (/..  /;  I)  [c  {/,  /,)  4-  ^  I C.  (,.  -  ,)  |*x 

0 

r 

X  jo  (/./')  p  (/'.  g  dt'jdt = g+2^|C,  (T.  - 1)  [‘X 
0 


xj  t>{t„np(t\i,)di\ 


(4.4.6) 


For  the  considered  case  of  fast  fluctuations  of  the  reflected  signal 
(assuming  that  I.  and  using  (4.4.2),  we  can  find  the  solution  of 

equation  (4.4.6),  converting  both  its  parts  by  Fourier  tj^  -  tg  and  disregarding 
the  fringe  effects.  As  the  i*esult  of  substitution  of  this  solution  in  (4.2.6*) 
we  have 


(1,)  exp  j  —  Ij”  j  In  ( I  —  i'n  I  Af  (h)\  ’  X 
-00 

The  expreosion  of  the  characteristic  function  for  the  case,  when  the  signal 
from  the  target  is  absent,  is  determined  from  (4*4.7)  at  Pe^O,  This  formula 
can  be  used  also  for  determination  of  the  charaoteristlos  of  the  optimum  system. 
Here,  //(((>)  is  replaced  by  the  frequency  response  of  the  optimum  filter  (4.3.B). 
(•Vom  (4.4.7),  we  can  easily  find  the  semi-invariants  of  distribution 


(A.4.8) 


pCl) 

x,={v-l)!X.  J  I H (/m)  j**[I4-4 1C.  (-c-t.)  1»S,  («.)1V<0. 

—Oil 

As  it  is  known  [18],  x,  coincides  with  the  mean  value  of  random  variable, 

^ _ X4 

—  with  dispersion,  and  relations  are  equal  to  the  asymmetry 

coefficients  and  excess  of  the  considered  distributive  law.  3y  measure  of  increase 
of  T,  relations  Y.  and  y^  as  ®asy  to  see,  diminish,  irtiich  confirms  the 

approximation  of  the  considered  distributive  law  to  normal,  for  >^ich  y.~Yj~8. 

In  normal  distribution,  the  probability  that  magnitude  L  exceeds  the  level  of 
operation  of  relay  c  (probability  of  detection),  is  determined  by  the  formula 


P{Li^c)^D 


(4.4.9) 


where  by  is  designated  the  integral  of  probability. 

Considering  h  «  0  in  formulas  for  xi  and  X2,  we  oan  obtain  an  analo¬ 
gous  expression  for  the  probability  of  false  alarm,  and  excluding  from  these 
expressions  the  magnitude  of  threshold,  we  oan  find  the  equation  of  the  charac¬ 
teristics  of  detection 


I  ~ a* f ] . 


(4.4.10) 


where  by  k,.,  is  designated  the  semi-ivariant  x,  in  the  absence  of  a  signal 
from  the  target,  and  by*b-*(/>)—  the  function,  inverse  to 

For  a  s»re  precise  deflation  of  magnitudes  of  probabilities  0  and  P, 
corresponding  to  normal  distributive  law  p(L),  it  is  possible  to  use  the  Edge- 
worth  series  [46] 


(4.4.11) 


whereby  '1>"’(a-)  is  designated  the  ith  derivative  of  the  integral  of  probability. 

The  considered  approximations  are  correct  only  at  large  values  of  products  of 
\j,.T  and  where  the  less  the  probability  of  false  alarm  and  target 

miss,  the  slower  the  probabilities  converge  to  the  magnitudes,  determined  by 
normal  approximation.  To  receive  an  expression  for  distribution,  corresponding 
to  the  characteristic  function  (4.4.7)>  not  using  the  normal  approximation  and 
not  resorting  to  specific  approximations  of  frequency  response  of  the  filter 
and  spectral  density,  is  impossible.  If  one  were  to  assxame  that  it  is 

possible  to  approximate  a  P-shaped  curve,  having  width  2.nA/,-.  and  that  the 
filter  is  coordinated  with  the  spectrum  of  fluctuations  ('//(ha).-  also  will 

be  approximated  by  a  P-shaped  curve,  having  width  2aA/i),  then  (4.4.7)  vdll 
be  converted  to  the  form 


_ _i _ 

[i  -  .>1  (1  +  /f  Tc,  (:  •-  ■ 


(4.4.12) 


With  integral  A/,T  ,  the  distributive  law,  corresponding  to  the  character¬ 
istic  function  (4.4.12),  coincides  with  the  chi-square  by  distribution  with 
2  \/,  T  degrees  of  freedom.  Such  coincidence  is  connected  with  the  fact  that 
in  the  considered  case,  on  the  strength  of  the  known  theorem  of  V.  A.  Kotel'nikov 
the  process  on  the  output  of  the  filter  is  determined  by  its  discrete 
meanings,  distant  from  each  other  by  where  at  right-angle  spectral 

density  these  values  are  statistically  Independent.  Piirthermore,  the  rmrrow- 
i;)and  rjindom  process  has  two  independent  quadrature  components  [17],  so  that  the 
signal  in  interval  (o,  T)  has  2\/./'  statistically  independent  coordinates, 
distributed  by  normal  law.  As  the  result  of  quadratic  detection  and  integration 
will  be  formed  the  sum  of  squares  of  the  values  of  all  these  coordinates,  which 
is  subordinated,  as  is  known  [46],  to  chi-square  distribution.  For  probabili- 
ttoa  D  and  P,  we  obtain  the  following  expressions! 

(4.4,13) 


where  c  is  the  magnitude  of  threshold,  and 


m 

00  rr 


K,Ac)= 


(4*4.»lA 


The  dependence  of  Kjj(c)  can  be  obtained,  using  the  tables  of  integral  law 
of  chi-square  of  distribution  or  incomplete  gamma-function  [6l],  by  which  is 
expressed  I^(c)! 

Kx-t) 

For  facilitating  the  calculations  by  the  formulas  (4.4.13)  in  Fig.  4.5  and 

4.6  are  shown  graphs  of  inverse  function  c  =  K“^  (p)  for  various  m.  Here,  on 

.  m 


the  axis  of  ordinates  for  convenience  is  the  magnitude 

f  ^  m 

finite  at  m 


remaining 


In  Pig*  4.5>  on  the  axis  of  abscissas  is  log  p.  This  graph  is  convenient 
to  use  for  the  determination  of  threshold,  corresponding  to  some  value  of  pro¬ 
bability  of  false  alarm.  In  Fig*  4.6,  on  the  axis  of  abscissas  is  log(l  -  p), 
due  to  which  a  section  of  the  curve  will  stretch,  where 


Fig.  4*5*  Dependence  of 


w'  a  *  w'w 


on  p  at  p  4:  1 


This  graph  is  convenient  for  the  determination  of  probability  of  correct  detec¬ 
tion  or  threshold  signal-to-noise  ratio*,  corresponding  to  the  given  probability 
of  correct  detection.  As  can  be  seen  from  the  graphs,  at  ^fcT^3  to  5  ,  the 

change  of  A/cl’  by  one  leads  to  a  comparatively  small  change  of  r 

'c 

so  that  at  fractional  values  of  \jcT>3  ,  this  magnitude  can,  without  appreci 
able  errors,  be  replaced  by  the  nearest  integer  and  chi-square  distribution  may 
be  used. 


Fig,  A, 6,  Dependence  of 


f  ■  fff 


on  p  at  1“  p  f  1. 


Excluding  from  (4.4.13)  the  magnitude  of  threshold  c,  we  obtain  the  follow¬ 
ing  equation  for  the  characteristics  of  detection: 


D  A' 


.Mgr 


Mu  r  (f) 
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r-f • 


(4.4.15) 

lence,  in  partioul^ir,  can  be  found  the  nuignitude  of  threshold  signal-to-noise 
•atio,  required  for  guunmtee  of  definite  probabilities  of  P  and  D.  At  A/cf  -  ( 


*The  threshold  signal-to-noiae  ratio  originally  was  called  the  raaj^iitude  of 
this  ratio,  with  which  starts  the  fast  growtdi  of  the  probability  of  detection. 
Oraduully,  by  measure  of  appearance  in  theories  of  detection  of  strict  quantita¬ 
tive  methods,  In  this  conception  there  were  somewhat  different  moarilngs;  The 
threshold  relation  aignal-to-tnterference  ratio  was  called  the  value  of  this 
relat on,  with  which  is  attained  a  definite  probability  of  correct  detection  at  a 
given  probability  of  false  alarm.  In  such  meaning  thia  tern  will  also  be  used  in 
this  book. 


and  from  (4.4.15)  have 


■  (4.4.16) 

The  error,  allowed  in  the  use  of  normal  approximation^  one  can  determine,  by 
comparing  the  graphs  in  Pig.  4*5  and  4.6  at  the  considered  value  of  m  and  at 
m  =  oo.  The  received  relationships  together  with  the  results  of  Section  4*4*2 
will  be  used  later  in  the  analysis  of  the  influence  of  main  factors,  deter¬ 
mining  the  threshold  value  of  the  signal-to-noise  ratio* 

4.4*2*  Case  of  Slow  Fluctuations.  Dependence  of  Threshold 
Signal  on  Width  of  Spectrum  of  Fluctuations 

The  characteristic  function  ’rfij)  for  this  case  also  can  be  received  with 
the  help  of  equation  (4*4*6),  where  at  optimum  accumulation  of  signal  r  (t^,  t2)  • 

Solution  of  equation  (4*4*6)  is  constant 

0  i) -4-  ^  In  1 1  ~  i  ( 1  +  1 C  (t.  - 

by  substituting  in  (4*2*6')  and  producing  all  necessary  calculations,  for  pro¬ 
babilities  of  false  alarm  and  correct  detection,  we  have 

«  I 

. O  e” f (4.4*17) 

where  the  ratio  of  energy  of  the  signal  to  the  one-way 

spectral  density  of  noise  (in  the  case  of  single  sending  T  is  the  effective 

duration  of  sending,  see  Section  1*2). 

For  a  slowly  fluctuating  signal,  the  use  of  optimum  processing  clashes  with 

difficulties,  connected  with  the  creation  of  inte^ratora  lurint*  the  time  of 

observation  or  narrow-band  filters  with  a  band,  approximately  equal  to  ^  .  In 

T 

practice,  the  very  frequently  obtained  transmission  band  of  the  filter  si^fi- 
cai»tly  exceeds  the  coordinated  one,  which  certainly  is  indicated  by  the  oharaoter- 
istios  of  detections,  which  also  can  be  found,  proceeding  from  equation  (4*4*6). 
Without  a  sig^l  from  the  target,  this  equation,  as  in  the  case  of  fast  fluotua- 


tions,  may  be  solved  by  a  Fourier  transform.  Obtained  as  the  result  of  the 
solution,  the  expression  for  the  characteristic  function  should,  obviously, 
coincide  with  (4.4.7),  if  h  in  this  formula  is  equal  to  zero.  Solution  of 
equation  (4.4.6)  in  the  presence  of  a  signal  from  the  target  can  be  found  in 
the  form  of  the  sum  of  the  solution  of  the  equation  without  a  signal  and  some 
function  of  parameter  k,  not  depending  on  t^,  ^2.  The  corresponding  expression 
for  characteristic  function  at  H(0)  -  1  has  the  form 


_ <  - 

i-oi(!  +  V.  :C,  (4 


In'  j"  ^  ^  (4o)|’)d()i 


(4.4.18) 


At  A/.j/r  ■■  1  ,  the  distribution  for  L  without  a  signal  from  the  target 
can  approximately  be  replaced  by  normal  distribution.  Then,  if  1  —  D  ,l  and 
4  '1,  .  then  the  equation  of  characte”istics  of  detection  has  the  form 


where 


^  \  I  Id, j  • 
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(4. 4. -IV) 
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With  not.  very  large  A/j-T  ,  &  convenient,  appro xiinati on  for  the  char.acteri sties 
of  detection  on  bo  obtained.,  H’  one  were  to  consider  the  omplitude'^freqr.oncy 
r.esponbo  uf  the  iMlter  to  be  right-angle.  Then 


■  (t)  -• 


(I  <n  u  1 C,  -  tlhH)  *"  ' '  ( a ,  I, ,  ) 

If  there  ia  no  target  (.rp,  -  ti),  thet!  the  charaotoriv^tt J c  function  (4.4.foi) 
oorreapoivle  to  chi-aquare  distribution  with  2\/i;7‘  degrees  of  freedom.  If 
there  ia  a  target,  then  the  diutributlve  law  is  obtained  in  the  fore'  of  convolution 
of  chi-aqUfire  distribution  with  degreeo  of  freedom  and  exTKinential 


distribution 


j  .  ,1.  .  ..  ...  ,,  .,M‘ 
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Substituting  this  convol\ition  in  the  expression  for  probability  of  correct 
detection  and  producing  partial  integi’ation,  we  obtain,  at  P  <  1  -  D,  an  approxl- 
mate  equation  of  characteristics  of  detection  in  the  form 

PJt:exp\  — 2(r+4.|C,(^-t.)l*)  r  (4*4.21) 


This  formula  also  preserves  its  meaning  at  '=.-1.  i.e.,  in  the  case, 

when  the  filter  band  is  coordinated  with  the  time  of  observation.  In  this  case 
(4.4.21)  changes  into  (4.4.17).  At  (4.4.21)  changes  into  (4.4.19), 

Obtained  in  paragraph  4.4,1  and  4.4,2,  the  formulae  allow  to  investigate  the 
dependence  of  threshold  signal-to-noise  ratio  on  the  form  of  reference  signal, 
the  transmission  band  of  the  filter  and  width  of  the  spectrum  of  fluctuations 
of  the  reflected  signal.  Here  we  will  be  limited  to  the  consideration  of  the 
latter  from  the  shown  dependencies,  assuming  that  the  signal  is  subjected  in 
the  receiver  to  optimum  processing  1Ci(t— and  by  approximating  the 
spectral  density  of  fluctuations  of  the  reflected  signal  by  a  P««hajied  curve. 

In  this  case,  at  from  (4.4.17)  we  have 

\  ) 

Ifl  id 

The  last  uailty  in  formula  (4.4.22)  is  correct  at  ^  “  (1*4))  1  and 

¥  ^  1  (these  conditions  with  practically  interesting  value  of  F  and  ^  usually 


are  executed).  At  |j  the  thj’eshold  magnitude  is  deiormined  from 

(4.4.15) 


isaf 


1  [A/,r. 


(4.4.23) 

Using  foroulae  (4*4.22)i  (4.4.23),  It  is  jpossible  to  construct  graplis  of 


the  dependence  of  the  threshold  meotiing  of  the  slgnalHo-noise  ratio  %  from 
the  product  of  at  various  P  and  !)* 


Fi;».  4.7.  Dependence  of  threshold  signal-to-noise  ratio 
on  width  of  spectrum  of  signal  fluctuations. 

Duch  a  dependence  is  shown  in  Fig.  4.7  at  F  =  10“^,  At  D>0.5,  the  function 
has  a  minimum  at  A/c7’sa4[(I)”' (D)p+ l  which  is  the  result  of  the  influ¬ 
ence  of  two  factors,  each  of  which  separately  leads  to  a  decrease  of  the  thres¬ 
hold  signal-to-noise  ratio,  simultaneously  weakening  the  influence  of  the  other 
factor.  These  factors  are  the  coherence  of  the  stored  signal  and  decrease  of 
relative  magnitude  of  fluctuation  of  the  stored  signal  with  the  increase  of  mirrii!'’ 
of  statistically  stored  independent  values  of  reflected  signal. 

In  the  construction  of  graphs  in  Fig.  4.7,  a  section  of  the  curves,  on 
which  the  conditions  of  the  derivation  of  formulas  (4.4.22)  and  (4.4.23)  are 
not  executed,  is  received  by  interpolation.  An  accurate  calculation  of  the 
characteristics  of  detection  in  this  section  is  connected  with  essential  mathe¬ 
matical  difficulties.  At  the  same  time,  the  width  of  this  section  is  small: 
starting  with  A/cT--;;,!.  for  the  solution  of  equations,  determining  the  form 

of  optimum  processing  and  characteristics  of  detection,  Fovirier  transform  Ccin 
be  used  (see  paragraph  4.3.4).  The  results,  received  for  right-angle  spectral 
density  5^'").  can  be  used  as  approximate  also  for  other  approximations  of  spectral 


density. 

4. 4. 3*  Dependence  of  Threshold  Signal-to-Noise  Ratio  on  the 
Law  of  Modulation  of  Reference  Signal  and 
Characteristics  of  a  Reducing  Filter 

The  magnitude  of  the  threshold  signal-to-noise  ratio,  corresponding  to 
given  probabilities  of  miss  and  false  alarm,  essentially  depends  on  how  much 
the  reference  signal  of  the  receiver  (pulse  reaction  of  reducing  filtsr)  differs 
from  optimum.  From  the  above-obtained  formulae,  it  is  clear  that  the  threshold 
signal-to-noise  ratio  changes  reciprocally  to  the  square  of  the  modulus  of  the 
function  of  mutual  correlation  of  modulations  of  the  reference  and  reflected 
signals  C|(r'~ri).  Thus,  from  the  viewpoint  of  increase  of  range  of  radar 
from  the  reference  signal  it  is  required  that  for  it  the  function  ;C|(t  ti);^ 
hardly  differs  from  one.  Hence,  for  every  given  form  of  modulation  one  can 
determine  the  specific  requirements  of  accuracy  of  coincidence  of  pai’amoters 
of  reference  and  main  signals,  and  with  the  use  of  filtration  —  the  accuracy 
of  coincidence  of  pulse  reaction  of  the  filter  with,  the  time-converted  ,Uw  of 
modulation  of  the  main  signal.  As  examples,  let  us  consider  the  usual  pulse  ' 
signal  and  continuous  signal  with  frequency  modulation  according  to  the  law  of.  .. 
syrmnetric  suwa,  ,  ' 

In  the  first  case,  we  shall  consider  that  the  pulse  deration  of  the  refer¬ 
ence  signal  differs  from  the  duratidri  of  taaine  pulses,  and  the  pulses  thenwelves 
will  be  considered  to  be  rect^jgular,  i.e., 


At  t  ssj,  from  (4.4.5)  we  obtain 

■*.%  <•» 

Urns,  in  the  eonaidored  case,  the  threshold  sigjiiai-to-noioe  ratio  la  increased 


in  proportional  to  the  greater  of  ratios  -r  and  — . 

In  the  case  of  frequency  modulation,  let  us  assume  that  the  deviation  of 
frequency  of  reference  signal  differs  from  the  deviation  of  frequency  of 
main  signal  2m, Here,  (see  Section  1.2) 


and 


fi'li 

«(0-e 

1C,  (0)1’:== 

T 

Y~  j*  cos  (<»„.-- 

1(1- -)()<« 

0 

/«•  I 
m 


1-  n, 3  (A/,,7’,), 


where  A/„  is  the  difference  of  naximum  deviations  of  frequencies  of  reference 
and  main  signals. 

The  last  equality  in  this  formula  is  correct  under  the  condition  that 
I  If  one  were  to  assume  that  a  decrease  of  by  3^'^  is 

permissible,  then  the  permissible  difference  of  deviations  is  determined  from 
the  condition  ^l,Jr  -s  i. 

We  considered  the  question  of  required  accuracy  of  coincidence  of  the  law 
of  moduliition  of  ref erence  aignal  and  pulse  reaction  of  reducing  filter  with  the 
law  of  modulation  of  the  main  signal*  In  the  case  of  a  signal  of  the  complex- 
modulated  single  sending  type,  the  received  result  is  exhausting,  and  all  poss! 
bio  tool  errors  are  described  by  the  fuiietion  lCi(J!)t*.  However,  for  cases 
of  periodic  signal  or  signal  with  stationary  noise  modulation,  an  essential 
role  la  played  also  by  the  time  stability  of  the  shown  characteristics*  An 
accurate  calculation  of  the  charaeteristioa  of  detection,  taking  into  account 
the  instability  of  the  reference  signal  is  a  rather  awkward  problem*  Therefore 
we  will  be  liiidted  here  to  on  approxlmto  estimate  of  the  influence  of  those 
instabilities  for  the  aoat  wide-spread  case  of  periodic  sigftal. 

In  the  case  of  periodic  modulation,  the  apectrum  of  useful  signal  on  the 
output  of  the  Bdxer  (Pig.  A. 3)  or  reducing  filter  is  lined.  Tlie  width  of  each 


spectral  line  is  determined  by  the  time  of  observation  and  the  width  of  the 
spectrum  of  fluctuations  of  the  reflected  signal.  In  subsequent  narrow-band 
filtration  the  lines  of  this  spectrum  will  be  separated,  located  near  the  carrier 
frequency. 

The  presence  of  instabilities  of  the  generator  of  reference  signal  or  reduc¬ 
ing  filter,  leads  to  additional  expansion  of  the  spectral  lines  and  to  a  decrease 
of  amplitudes  of  the  separated  frequency  components.  The  first  of  these  effects 
can  lead  to  the  fact  that  part  of  the  power  will  not  occur  in  the  narrow-band 
filter  and,  consequently,  the  signal-to-^oise  ratio  will  decrease  on  the  output 
of  the  filter  and  the  threshold  signal-to-noise  ratio  will  be  increased.  The 
second  effect  also  lea'^s  to  impairment  of  the  slgnal-to-noise  ratio  on  the  input 
of  the  relay.  Its  influence  may  be  characterized  by  introducing  some  equivalent 
average  level  of  function  |C'i(t—Ti)l*  in  the  formulas  of  paragraph  4.4.1  and 
4.4.2.  The  total  increase  of  the  threshold  signal-to-noise  ratio,  due  to  insta¬ 
bility  of  the  reference  signal,  and  noncoincidence  of  it  »d.th  the  main  signal, 
is  determined  approximately  by  the  following  formula; 

(4.4.24) 

where  is  expansion  of  spectral  lines  due  to  instability} 

A/e  Is  the  band-width  of  the  filter} 

Qo  is  the  threshold  si^l-to-noise  ratio  without  calculation  of 
instability. 

If  then  this  ratio  in  formula  (4.4.24)  is  replaced  by  one. 

In  those  cases,  when  processing  of  the  received  signal  is  produced  with  the 
help  of  reducing  filter,  for  singling  out  a  signal  from  a  target,  at  a  deter¬ 
mined  distance,  it  is  necessary  to  separate  the  instantaneous  value  of  output 
voltage  of  the  filter  in  the  appropriate  assent  of  time.  This  operation  ie 
produced  with  the  help  of  gating  of  the  output  of  the  filter  with  a  narrow  gate* 


We  shall  see  how  the  duration  of  the  gate  influences  the  magnitude  of  the  threshold 
signal.  For  this  purpose,  we  can  use  the  results  of  paragraph  4.4.1  and  4.4.2, 
where  reference  sigi.al  Z(t)  with  a  rectangular  gate  is  recorded  in  the  form 


where 
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Substituting  Z(t)  in  expression  (4.4.5)  for  C,(t  — t,),  we  obtain 


2 

{'  —  '«i)  =  -J-  J  C  (1  —  dx. 


(4.4.26) 


3 

If  the  duration  of  the  gate  significantly  exceeds  the  width  Ax  of  the  main 
maximum  of  function  C(x),  then 


1C.  (0)1* 


(4.4.27) 


The  relationship  obtained  here  can  be  used  in  the  working  out  of  require¬ 
ments  for  developed  generators  of  reference  signals,  reducing  filters  and  meclia- 
nisms,  carrying  out  gating  of  output  voltage  of  a  filter,  and  also  in  the  quantita¬ 
tive  estimate  of  the  iafluence  of  the  tool  errors  inherent  to  those  iiiechanisms. 

In  the  future,  for  simplification  of  calculation,  we  shall  consider  that  these 
errors  are  absent. 


4.4.4.  U-ipondence  of  Threshold  bignal-to-Noiso  Hatio  on  the  Width  of 
the  Transmission  Band  of  the  Filter 


As  already  was  noted,  usually  the  transmission  band  of  the  filter,  cajprying 
out  coherent  accumulation  of  the  received  signal,  cannot  be  made  narrow  enough 
for  matching  with  the  time  observation  or  (in  the  case  of  fast  fluctuations  of 
reflected  signal)  vdth  the  width  of  the  spectrum  of  fluctuations.  In  connection 
wild;  this,  an  essential  interest  is  presetJtod  by  the  question  of  how  the 


nagrntvide  of  the  threshold  signal-to-noise  ratio  is  influenced  by  expansion  of 
the  filter  band  and  deviation  of  form  of  its  frequency  response  from  optimum. 

It  is  possible  to  consider  this  question  also  with  the  help  of  results  of 
paragraph  4.4.1  and  4.4.2, 

We  shall  start  from  the  case  of  slow  fluctuations  of  reflected  signal.  With 
a  rectangular  frequency  response  of  the  filter,  the  threshold  signal-to-noise 
ratio  is  determined  from  (4.4.21) 


21n-^ 
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(4.4.28) 


For  practically  interesting  practice  values  of  D  and  F,  the  relation  Qo  is 
usually  great  as  compared  with  one,  which,  in  oonnection  with  this,  may  be 
disregarded.  Here,  for  the  relation  I'  of  threshold  values  of  q^  in  the  case 
of  a  filter  with  expanded  band  and  filter  with  A  /,(,=*-  »  we  obtain 


^  2  In  7“  (4.4.29) 

The  dependence  of  T  on  at  various  P  is  shown  in  Fig.  4,8.  As  can  be 
aeen  from  the  figure,  r  is  increased  with  a  gro%rth  slower,  the  amallor  F.  At 
>  1,  it  is  possible  to  use  an  approximate  fonsula  for  r 
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Whereby  this  formula  can  be  derived  without  my  assumptions  about  the  frequency 
reajxinse  form.  Prom  the  presented  relationships,  it  ia  claiii’  that  the  threshold 
value  of  qo  is  increased  upon  expansion  of  the  filter  bimd  slowly,  so  that 
selection  of  this  parameter  of  the  receiving  mechanism  la  slightly  critical. 

To  analogous  conclusions  leads  the  consideration  of  the  dependence  of  qj,  (A/,^r) 
dtiring  fast  fluctuation,  when  distribution  of  voltage  on  the  input  of  the  relay 


Fig.  4.8,  Dependence  of  relation  r  on  the  width  of  the 
transmission  band  of  the  filter  for  the  case  of  slow 
fluctuations, 

my  be  considered  normal.  Considering  A/*.  from  (4.4.8)  we  obtain 
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(4.4.30) 


whore  a  is  the  coefficient  of  proportionality,  depending  on  the  form  of  frequency 
response.  For  the  rectangxilar  characteristic  of  the  filter  a  **  1,  for  LRC-filter 
u  '•  0.5,  f'or  the  Gaussian  characteristic  of  the  filter  0,7. 

Substituting  (4.4.30)  in  (4.4.10)  and  considering  Xi-*  5<,u(4<l),  we 
obtain 


from  which  it  is  clear  that  during  fast  fluctuation  also  grows  approximately 

in  proportion  to  It  is  possible  to  show  by  means  of  completely 

analogous  calculations  that  at  the  relation  of  q©  changes  as 

With  intermediate  values  of  ,  the  dependence  of  is  obtained 

c/* 

more  complicated. 


As  an  exaittple,  let  us  consider  the  case  of  exponential  function  of  the 


correlation  p  (/)  =  I'l. 


Here, 


-j-x,  X, - +  -(1  +  A)*  -J’ 


where 


In  Fig.  4.9  is  shown  the  dependence  of  q^Cx),  calculated  by  the  formula 
(4.4.10)  with  the  use  of  expressions  found  for  x,  at  D  =  0,9,  F  10“4, 

In  the  same  figure,  for  comparison,  the  dotted  line  shows  the  same  dependence, 
calculated  by  approximate  formula  (4.4.31). 

From  comparison  of  curves  it  is  clear  that  the  law 

where  is  the  magnitude  of  threshold  signal-to-noise  ratio  with  coordinated 
filter,  is  observed  quite  well. 

From  the  received  relationships  it  is  clear  that  selection  of  the  filter 
band  comparatively  small  influences  the  quality  of  detection. 
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of  threshold  signal-to-noise  ratio  on  the  width 
of  transmission  band  of  filter  for  the  case  of  fast  fluctuations. 

It  follows  from  this  that  the  dependence  of  the  transmission  bond  of  the  optimum 


filter  on  the  signal-to-noiee  ratio  h  niay  not  add  a  large  value,  in  replacing 
h  by  its  minimum  value.  In  exactly  the  same  way,  the  form  of  frequency  response 
of  the  filter  is  essentially  small.  These  facts  show  that  the  reliability  of 
detection,  near  to  that  potentially  possible,  can  be  ensured  by  rather  simple 
technical  means. 

^•5.  Mxiltichannel  Systems  of  Detection 

In  accordance  with  the  order  of  the  account,  outlined  in  the  end  of  Chapter 
3,  we  recently  considered  the  problem  of  detection  of  a  target,  the  distance 
and  speed  of  which  are  known. 

If,  however,  the  distance  to  the  target  and  its  speed  are  unknown,  then 
during  the  time  of  existence  of  a  signal  from  targets,  located  in  a  given  direc¬ 
tion,  it  is  necessary  to  have  some  method  of  inspection  of  all  a  priori  possible 
dist.ances  and  frequencies.  This  is  possible  to  do,  either  by  using  a  multichanne 
syst.em,  covering  the  considered  range  of  delays  and  frequencies,  or  by  carrying 
out  search  in  distance  and  speed  with  the  help  of  one  channel,  or  by  using  a 
combination  of  these  methods.  The  multichannel  system,  in  which  is  produced 
a  comparison  with  the  threshold  of  relations  of  verisimilitude,  corresponding 
to  all  possible  distances  and  speeds,  is  equivalent,  as  is  shown  under  very 
general  conditions  in  Chapter  3 j  to  an  optimum  target  detection  system  with 
unknown  parameters.  A  system  with  search  gives,  as  shows  the  later  introduced 
discussions,  an  essential  loss  in  the  free-apaoo  range(}  as  compared  with  such 
a  multichannel  system. 

Inasmuch  as  the  total  time  Ty  of  examination  of  the  given  direction  during 
the  usually  utilised  uniform  sui'vey  by  atiglea  is  limited,  the  introduction  of 
search  is  inevitably  connected  with  reduction  of  time  T,  expended  in  examination 
of  every  diatonoo  and  frequency,  in  a  number  of  times,  equal  to  the  product  of 
relations  of  width  of  ranges,  examined  in  the  process  of  search  by  distance  and 
by  speed,  to  the  width  of  ranges,  exaiained  aimultaneousiy.  Reduction  of  time  T 


entails  a  fast  increase  of  the  threshold  signal-to-noise  ratio:  during  slow 
fluctuation  <  1)  ,  the  threshold  value  of  power  of  reflected  signal  grows 

with  the  decrease  of  T,  as  i  ,  and  during  fast  fluctuation  -  approximately  as 
In  actual  conditions,  the  number  of  examined  elements  of  solution  by 
distance  and  speed  can  reach  many  thousand.  Therefore,  the  use  of  multichannel 
processing  in  the  contemporary  radar  sets  is  inevitable.  Optimum  and  quasioptiraum 
methods  of  construction  of  one  channel  of  detection  were  considered  above.  Here 
we  will  be  occupied  with  questions  of  combination  of  separate  channels  ir:  a 
multichannel  system  and  the  possible  methods  of  simplification  of  these  systems. 

With  the  multichannel  processing  of  a  signal,  the  number  of  utilized  chan¬ 
nels  is  determined  by  the  wi.dth  of  examined  ranges  of  Doppler  frequencies  and 
delays,  and  also  the  permissible  detuning  of  channels  by  these  parameters.  This 
permj.ssible  detuning,  in  turn,  depends  on  the  interval  of  distance,  covered 
by  every  channel  separately,  i.e.,  on  the  resolving  power  of  the  radar  by  these 
parameters. 

Let  us  consider  this  dependence  for  the  case  of  channels,  detuned  by  speed 
(Doppler  frequency).  The  channels  in  this  case  are  narrow-band  filters  detuned 
in  frequency.  The  level,  on  which  frequency  responses  of  the  filters  are 


covered,  should  be  selected,  proceeding  from  the  perndssible  decrease  of  proba¬ 
bility  of  detection  of  the  signal,  the  frequency  of  which  is  found  on  the  Joint 
between  channels.  The  probability  D2  of  exceeding  the  level  of  operation  at 
least  in  one  of  the  channels  is  somewhat  larger,  than  the  probability  of  exceed¬ 
ing  the  threshold  in  one  channel  with  the  same  value  of  detunil^g  of  frequency 
of  the  signal  relative  to  average  frequency  of  the  filter.  Tl'iis  increase  ocoura 
due  to  the  incomplete  correlation  of  noises  in  neighboring  filters.  To  produce 
calculation  of  probability  D2  in  the  general  case,  taking  into  account  signal 
fluctuations  during  the  time  of  observation  and  possible  post-defector  accumula¬ 
tion  is  impossible.  Let  us  consider  a  more  particular  case,  when  the  output  of 


the  detect.or  is  directly  compared  with  the  threshold,  and  the  signal  during  the 
time  of  observation  is  not  fluctuating.  In  the  presence  of  post-detector 


accumulal ion  and  fluctuations,  the  character  of  the  dependencies,  apparently, 
will  not  change. 

Probability  in  the  considered  case  is  recorded  in  the  form 


r,)dr,dr„ 

0  0- 

where  p(rj_;  r2)  is  the  joint  distribution  of  envelope  squares  in  channels; 


c  is  the  threshold  of  operation. 

Joint  distribution  of  envelope  squares  has  the  form  (2.4.44) 


p(r,,  r,)  =  — 7~- — -e 


1 


(4.5.2) 


where 
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(4.5.4) 


is  the  sigr.al-to-noise  ratio  in  the  filter  band 
/7(/®)  is  the  frequency  response  of  the  filter; 

4®,  is  detuning, 

Formula  (4.5.4)  may  be  simplified,  if  one  were  to  consider  the  phase  resrxinse 
of  the  filter  within  limits  of  the  transmission  band  to  be  linear.  Then  /'/{'»)  is 
rep-Uced  by  17/(w)i.  For  calculation  (4.5.1)*  it  is  convenient  to  use  decom¬ 
position  (4.5.2)  by  Laguerre  polynomials  [17 J.  Aa  a  reaiLlt,  wo  receive 


D 

At  (ii\y  O^pCl  , 
be  used  for  practical 
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(4,5.5) 

the  aeries  in  (4.5.5)  converges  rather  quickly  and  ctui 
calculationa.  In  Pig.  4.10  is  the  dependence  of  I).,  on 


l»*“ 


A/,  =  — for  Dt  n„(0)  =  0.9  with  two  approximations  of  frequency  response 
of  the  filter:  Gaussian  (solid  curve)  and  in  the  form  of  two  series  connected 
RLC-filters  (dotted  curve).  The  considered  dependence,  as  is  simple  to  be 
convinced  of,  hardly  differs  from  that  calculated  upon  disregarding  the  weaken¬ 
ing  of  the  dependence  between  noises  in  channels  detuned  in  frequency.  This 
is  connected  with  the  fact  that  at  1  -  D2  ^  1,  the  relation  q^^  1  and  with 

the  change  of  correlation  of  noises  in  channels  [first  component  in  (4.5,4)] 

P  changes  little.  Due  to  this,  the  decrease  of  probability  of  detection  of  a 
target  on  the  joint  of  the  two  filters  practically  completely  is  determined  by 
the  level  of  intersection  of  frequency  responses.  The  threshold  signal  is  in¬ 


creased  by  approximately 


fi 
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^  times. 


Fig.  4.10.  Dependence  of  probability  of  correct  detection 
on  detuning  of  channela  by  frequency. 

F^y  designing  a  perniisaible  decrease  of  probability  of  correct  detection  of 
target  on  the  Joint  between  channele,  one  can  determine  the  permissible  magni- 
ttide  oi  detuning  and  the  nuruber  of  channels  necessoj’y  for  coveri/tg  the  given 
range. 

In  a  aindlar  wanner  is  solved  the  problem  of  selection  of  a  number  of - 
channels  in  distatwe.  Here,  HiM  in  the  received  above  formulas  is  replaced 


C", (t).  We  can  also  formulate  and  solve  an  inverse  problem:  on  the  selection 
of  the  range  covered  by  one  channel,  with  a  given  width  of  a  priori  interval 
and  given  number  of  channels.  Such  a  selection  can  be  made,  for  example,  proceed¬ 
ing  from  the  requirement  of  maximum  probability  of  detection,  averaged  by  a 
priori  interval.  However,  the  practical  value  of  such  a  problem  is  comparatively 
small. 

In  radar  sets,  possessing  resolving  power  in  distance  and  speed,  the  use 
of  multichannel  processing  in  a  clear  form,  when  each  pair  of  values  of  distance 
and  speed,  selected  in  accordaXice  with  permissible  detuning,  corresponds  to  a 
separate  channel  (Fig.  U.2~-U.U) s  connected  with  excessive  complijation  of  the 
receiving  mechanism.  Therefore,  a  great  practical  interest  has  the  search  for 
methods  of  simplification  of  a  system  of  detection  by  means  of  unification  of 
some  par^.  of  the  functional  elements  of  various  charnels,  the  change  of  t.he 
law  of  modulation  in  the  process  of  work  of  the  radar,  etc.  Of  course,  the 
queo* ion  of  the  use  of  that  nr  another  method  of  construction  should  bo  solved 
in  every  specific  case  separately,  talcing  into  account  the  specific  require¬ 
ments  of  the  riven  radar  sot  and  state  of  technology  at  the  time  of  its  develor- 
mont  ,  Here  will  be  considered  only  the  principal  possibilltlaa  of  roduction  of 
the  number  of  charmals  and  combination  of  thoir  oloments, 

Firs',  of  all,  simplification  la  poasiblo  due  to  replacement  of  the  corfolatfHi 
method  of  processing  by  filtration.  .Hare,  one  reducing  filter  can  b©  used  for 
r:'  disianeea  and  for  the  interval  of  frequortclec, .  in  which  function  'Cpi.  • 
hardly  differs  from  one.  In  the  nw>,}orlty  of  practicU.  oases  a  poriodio  slKnai 
.i:  used.  Here,  one  '.ntra-poricd  reducing  fiitej'  can  bo  ueed  for  ail  distances 
and  ail  frequencios,  for  which  !Ci»(0,  tHy  ia  cloae  to  one 

In  practice,  the  width  in  .freq''oncy  of  the  nuU.n  maximum  of  this  function' 
of  indof ini teneaa  usually  considerably  exceo'ia  the  width  of  the  a  priori  interval 
of  npppier  frequencies,-  In  this  case,  .one  reducing  filter -oan  be  used  for  process- 
i nr  All  «xpec‘ed  .1  corresponding  block-diagram  of. a  mult  IcJuumo 


system  of  detection  has  the  form,  shovm  in  Fig.  4.11.  The  signal  from  the  output 
of  the  reducing  filter  by  means  of  gating  is  distributed  between  channels  in 
distance,  in  each  of  which  is  a  block  of  filters,  carrying  out  selection  of  targets 
by  speed.  If  one  shortening  filter  does  net  cover  the  entire  range  of  Doppler 
frequencies,  it  is  possible  to  use  the  totality  of  several  systems  of  such  form. 

Another  possibility  of  combination  of  functional  elements  of  separate 
channels  with  a  periodic  signal  is  connected  with  the  use  of  storing  mechanisms 
of  the  fXDtentialo scope  or  delay  line  type  with  feedback. 


Fig,  4.11.  Punction/U.  diagram  of  multichannel  system  of  detection  with 
reducing  filter:  1)  reducing  filter;  2)  gating  amplifier;  3)  block  of  . 
filters,  detectors  md  integrators  (in  the  case  of  fast  fluctuation); 

4)  relay  block. 

Hem,  ’lie  aignal  fmm  the  output  of  the  reducing  fiitor  (ur  totality  of  re<iucing 
filters,  if  the  range  of  Doppler  fmquonoioe  Is  very  wide)  is  mijted  with 
signals  fmm  heterodynes,  fmqusiioy-.4etuned,  whereby  on  each  frequency  wll.} 
separated  two  quadrature  component s  (Fig»  4*12).  Tiw  received  aequencea  of 
lt}W“fmqu«ncy  pulses  are  coherently  storef  after  which,  t^uKs&aticm  of  the  iquares 
of  quadrature  oowps^nents  will  forte  an  envelope  square*  Then,  If  th'ie  is  neceae- 
Incoherent  \ooufftulatioA,  of  the  signal  be  pi'cducea.  Output  veil  age  of 
ev»?ry  ttSvaiiftel  is  fed  to  the  rulay*  The  aotecnt  of  actuation  of  the  relay  indicates 
tne  %.s@fiit'-ide  of  delay  of  the  aignai,  and  the  number  of  the  the  tsagji.i'- 

tude  of  Doppler  shift.  Xf  cobereht  accuaulation  of  the  si|?5ai  for  al:i  dlsiaaceo 
is  aiifiulianeiiualy  done  at  intentediate  frequency  (for  cjutepis,  with  the  help  of 
«l<raoonic  delay  liiw  vith  feedback),  then  the  ntuslier  of  dccroiieca  twice. 


-Thw-- square'  of  the . -envelbpe  in  this,  case  is  obtainea  by  defection  of  oscillations 
on  the  output  of  the  accuiiiulator . 

In  certain  cases,  as,  for  example,  in  phase-code  manipulation,  the  reducing 
filter  edit  be  Tnade.at  low  frequency. 


iig.  4.12.  Functional  diagraw  of  multichannel  system  of  detection 
with  reducing  filter  and  accumulators  of  the  nctentlaloscope  type: 

,  I)  reducing  filter;  2)  phase  invrerter  at  90";  l)  storing  mechanism; 

4)  square-law  generator;  5)  storing  mechanism;  bVrelay.  . 

Very  radical  meazis  of  reduction  of  the  number  of  frequency  qhaiwels  is  the 
change  of  the  law  of  modulation  in  the  process  of  work  of  the  i\adar.  This  method 
is  useful,  apparently,  only  for  radar  sets  of  special  asisignmont.  In  problems 
of  which  does  not  enter  continuous  observation  of  the  newly  appearing  targets, 
ouch  are,  in  particular,  radar  sets,  paS8.ing  In  conditions  of  detection  after 
target  lock-on. 

For  these  radar  sets  it  is  possible,  for  exiunple,  In  scanning  conditions 
to  vise  continuous  envission.  Here  there  is  resolving  power  only  by  3;)e«Kl, 
realie.0d  in  the  receiving  mechanism  with  the  help  of  block  of  filters  detunevi 


relative  to  one  another^  covering  the  a  priori  interval  of  Doppler  frequencies. 
After  Icck-on  of  the  aesumed  target  (or  targets)  by  speed  there  occurs  the  connec 
tion  of  additional  rriodulation,  ensuring  the  required  resolving  power  by  distance, 
and  to  the  i^requency  of  the  filter,  seizing  the  target,  is  tuned  the  correspond- 
ing  number  of  channels  by  distance.  Losing,  in  the  use  cf  such  a  system,  time 
approximately  by  two  times,  we  considerably  diminish  the  number  of  receiving 
channels. 

If  in  the  multichannel  system  without  use  of  filtration  the  number  of 
channels  is  equal,  to  mn(m--  -I-  is  the  number  of  channels  by  speed,  rt 

'  i/,  At, 

is  the  number  of  channels  by  distance),  then  in  the  considered  system  this 

number  is  equal  to  in  +  in  (i  is  the  number  of  channels,  in  which  there  occured 

operation  in  conditions  of  continuous  emission).  As  compai‘ed  with  the  system 

ni 

with  reducing  filters  and  accxxrauiators,  we  obtain  a  -  -  multiple  gain  in  the 

i 

nuinber  of  these  mechanisms. 

The  considered  method  of  change  of  the  law  of .inoduiatibn  can  be  subjected 
CO  various  modifications.  Its  main  idea  consists  of  the  fact  that  the  resolving 
power  by  distance  is  increased  after  lock-on  by  speed*,  due  to  which  is  attained 
economy  in  a  number  of  channels.  The  increase  of  resolving  fX)wer  can  be  aroooth. 
In  this  case,  separation  of  iocked-on  targets  by  diataiK©  occurs  in  the  process 
of  detection.  Losses  in  time,  occuring  with  the  change  of  the  law  of  raodulation, 
uautiil.y  are  iifiaaterial,  since  an  increase  of  resolving  power  occura  after  lock- 
on  b  angle,  when  scanning  by  angles  stops.  It  is  necesaary,  however,  to  con¬ 
sider  i-hat  at  a  sharp  increase  of  resolving  power,  tho  signal  of  the  target  at 
.a  cer  ain  time  is  lost  (until  there  occura  capture  by  distance),  Tiiiis  time 
should  be  quite  small,  so  that  the  Doppler  frequency  of  the  target  does  not 
>o' beyond  the  limlta  of  the  discriminator  bo^id  and  that  the  target  dos.5  not 
excecKi  the  XimUa  of  the  diagram  of  directivity. 

Let  us  .’iee  hc^  the  prohabUit.ie»  of  correct  detection  and  false  uJai-m  for 


t  he  considered  system  are  connected  during  intermittent,  change  of  inoduiation 
with  probabilities  F  and  D  at  each  stage  and  wit},  the  average  frequency  of  false 
alarm.  If  the  permissible  frequency  of  fal.se  alarm  is  equal  to  and  the 

lime  expended  for  detection  of  the  target,  is  equal  to  then  the  probabilities 
I- '  and  F’’  of  false  alarm  on  the  first  and  second  stages  must  satisfy  the  relation 
ship 

/ TI.F.  1 1  —  (1  F)m]  [  J  j  _  (4.5.6) 

The  probability  of  correct  detection  D  is  equal  to  the  product  of  proba¬ 
bilities  D'  and  D"  of  capture  by  speed  and  by  distance,  if  the  time  of  observ.a- 
1  ion  is  great  as  compared  to  the  time  of  correlation  of  fluctuations  of  the 
reflected  signal.  During  slow  fluctuat.ion,  for  the  determination  of  D  is 
required  a  speci.al  caicu3.ation.  If  1  -  D'-'  1  and  1  -  D''  '4  1>  the  pi’obabillty 

of  D  can  be  considered  approxi.mately  equal  to  the  smaller  o.f  probabilities  D' 
and  D". 

The  foliowing  aiar.a  of  simplific.ation  of  the  receiving  mechan-ism  is  abandon- 
men*  of  the  high  j'esolving  ^lower  by  speed,  ensured  in  the  use  of  a  periodic 
signal,  and  tanuis i t- ion  to  incoherent  urocoHalng.  This  form  of  processing  .gives, 
however,  an  erjcentlai  lost.  In  the  tt(re3hoicl  .slgnai  (see  Chapter  ‘j), 

J.n  conc.iusion  le*  us  conaidei'  "'ill  ^viother  ^queat.ion,  connected  with  .jii 
ea  i.'fiiite  of  the  uariunet.ers  of  the  detected  target  in  conditions  of  detection. 

A;t  w.’is  neied  in  Chapter  i,  with  uniform  a  prica'i  distribution,  the  opi.iimun 
metho.t  of  etP  J.m,ate  ronoi.')t3  in  the  compju'lsof}  of  uue  logarithms  of  relation:} 

C'f  v<?r1.simi.li.tude,  occur ing  on  the  output  of  the  channe';-.  of  detection.  An 
iUi  eatittvtted  value,  the  turamoter  i.8  selected  then,  for  which  thr  reUtion  of 
verisiirvUitude  is  malstunuffl  (principle  of  ns^ixlirntn  of  verisi;n;.litude). 

With  .low  probabil.lt lea  bf  falae  ainrm,  excee-ding  the  threahbld  of  opfsra- 
'  ion  w'.'.  '-h  great  probability  oceuru  un.ly  ,i:n  tK.:it  channel,,  where  ihr  --ml ' ih. 


Tt  13  natural  to  take  the  values  of  the  parameters  corresponding  to  this  chan¬ 
nel  as  estimated  ones.  For  comparison  of  this  method  of  estimation  with  the 
maximum  verisimilitude  method,  it  is  necessary  to  calculate  the  corresponding 
probabilities  of  errors.  We  will  conduct  the  calculation  of  probabilities  for 
the  case  of  slow  fluctuations  of  reflected  signal  and  optimum  processing  and 
use  of  the  narrow-band  filter,  coordinated  with  the  time  of  observation.  Here, 
the  voltage  on  the  output  of  the  channels  is  distributed  according  to  exponential 
law  (4.4.17)‘  If  these  voltages  are  independent,  then  the  probability  of  detec¬ 
tion  of  target  and  correct  estimate  of  its  parameter  with  the  use  of  the  maximum 
verisimilitude  method  is  recorded  in  the  form 


1  + 


_ f'  _ 

t+A'i +  </.)' 


(4.^.7) 


where  m  is  the  nujflber  of  channels* 

V.'hen  the  estimate  is  produced  siraultaneouaiy  with  the  detection  by  number 
oi'  the  processing  chiannel,  the  same  probability  is  equal  to 


Inaattiuch  as  mP  (the  probability  of  false  alam  for  the  entire  multichannel 
system)  ia  usually  small,  the  difference  between  probabilities  (1.5,7)  and 
(1.5. tnay  be  oompletoly  disregarded,  if  the  probability  of  rod  as  {1  which 
usually  takes  place.  Thus,  the  compared  methods  of  oattmation  practically  are 
equivalent ,  Aa  already  waa  noted  in  Chapter  3,  such  a  I'osult  of  oomfiarhior.  is, 
from  qualitative  eonsiderat tons,  quite  evident. 

A.  6.  Deieotion  of  Target  with  Multifreouenoy  Ijnlssion 


At  present  in  radar  very  wide  distribution  was  given  to  the  idea  of  the  use, 
for  various  targets,  of  a.  signal,  consisting  of  oscillations  of  several  (usually 


'wo)  carrier  Trequencies  with  identical  or  different  laws  of  modulation  [62,  63 i . 
Here  we  consider  quantitatively  the  effectiveness  of  use  of  a  multi  frequency 
signal  from  the  viewpoint  of  increase  of  the  range  of  the  radar.  The  fact  is 
that  with  a  sufficiently  large  separation  of  frequencies,  tho  corresponding 
maxima  of  diagrams  of  secondary  emission  of  the  tcirget  at  various  frequencies 
are  displaced  relative  to  one  another,  due  to  which  the  dissection  of  the  sujn 
diagram  of  secondary  einission  and  relative  magnitude  of  fluctuations  of  the 
reflected  sign  is  decreased.  The  biggest  weakening  of  fluctuations  occurs  wit,h 
t.he  slatistical  independence  of  reflected  signals,  corresponding  to  various 
carrier  frequencies.  As  it  was  show  in  Chapter  1,  the  condition  of  indeoend- 
ence  oT  tw  si/pials  is  the  smai'^iiess  of  wave  lengths,  corresjx)nding  to  the 
seoaration  frequency,  as  compared  with  the  dimensions  of  the  target  and  uncover¬ 
ing  of  the  spectra  of  modulation  of  these  signals.  We  shall  consider  these 
condit.ions  to  be  carried  out. 

For  statist  icalj.y  independent  signals,  the  logarithm  of  the  relation  ■/' 
verisimilitude  (Section  4.2)  is  equ,'.il  to  the  sum  of  logarithms  of  relations 
of  verisimi'Utu<le  for  separate  signia'is.  In  accordance  with  this,  a  ■■ 

of  optimum  processing  of  a  multi  frequency  siiTial  .  is  the  totality  of  ci,  'u;* 
for  fioparu!  a  5iigruils,  Voltages  on  the  cutput  of  these  circuits  are  summar  t  cod 
md  are  compared  with  the  threshold.  Tho  g.haractoristi c  fun-ctlon  ot  totai  vol- 
■ago  on  !  ho  Input  of  the  relay  in  equal  to  the  product  of  characteristic  (’''n?- 
tions  of  [-lie  comf'onent;’i.  Using  this  fact,  it  is  simple,  in  pr'iriciple,  to  find  Utc 
ch.ir  0:' ori  St  Ics  of  detectlt-n  for  such  a  tuultirrequoncy  eystom. 


bet  us  consi  Ipf  the  catio  ‘uf  alow  f luctu.vt.iuns,  T f 
in  optimum  foivK,  then  the  characteristic  function 


the  signal  is  pri>c.<';.;..c>d 
in  determined  by  the 


eijUality  (see  foction  4.4) 


r  I 


where  m  is  the  number  of  utilized  frequencies 


At  =  0,  this  characteristic  function  corresponds  to  the  chi-squre 
distribution  with  2m  degrees  of  freedom.  Producing  inverse  Fourier  transfor¬ 
mation  for  arbitraries  integrating  from  c  to  oo  ,  and  replacing  c  by 

(f*)*  we  obtain  an  equation  of  characteristics  of  detection  in  the  form 
2m 


m 


(I  +  V,J 
I  4-  ?>i  \ 

•  +  J 


(4.6.2) 


>rtiere  the  dash  at  the  sign  of  the  product  means  that  in  it  does  not  enter  a 
member  with  1  =  j. 

The  greatest  interest  is  presented  by  the  question  of  selection  of  the 
number  of  frequency  channels,  ensuring  maximum  freespace  range  at  a  given  total 
emissive  power.  Considering  that  the  power  is  distributed  between  channels 

from  (4*6.2)  we  obtain 


equally  { —  <?*,  - . . .  = 


(4.6.3) 


This  formula  coincides  in  form  with  (4.4.15)  with  the  only  difference  that  A///' 


is  replaced  by  m.  The  graph  of  dependence  of  q©  (®)  io  shown  in  Fig.  4,13. 


Pig,  4.13.  Defiendeor;*  of  threshold  slgnal-to-noiae  ratio  on 
the  number  of  utilized  catrier  frequencieo^<> 


In  its  character,  this  dependence  coincides  with  the  dependence  of  qo(.\f,  T) 
in  i^ig.  Zi.V,  vdiich  is  fully  intelligible,  since  in  both  cases  we  mean  the  depend 
ence  of  threshold  signal-to~noise  ratio  on  the  number  of  statistically  independ¬ 
ent  components  of  a  signal,  quadratically  summarized  in  the  process  of  treatmenv. 


Fie,  Dependence  of  probability  of  correct  detection  on 

di  tance. 

As  can  be  seen  ,'rom  the  fi  tnire,  the  curves  0.0  (m)  at  D  -0,5  have  their  :Tdn''’TJm 
it  w  the  depth  of  which  is  increased  with  the  increase  of  probabili,! 

of  correct  detection.  Accordingly,  the  gain  is  increased  in  the  threshold  nigtiu 
to-noise  ratio  (and  consequently,  in  the  free-sivice  ranged)  at  a  fixed  number  of 
Croquoncy  channels  na  compared  to  the  single-fre  inency  work.  Ihie  to  this 

dtirin-'  multifrequency  work  at  "f  ,  the  probability  of  detection  is  more 

quicFly  increased  with  the  decrease  of  distance  (Fig, 

It  in  intereating  to  note  that  the  curve  of  dependence  (m)  vetT’  quickly 
drops  at  anwiU  m.  Due  to  thia,  a  gain,  near  to  waitiwuflj,  can  be  obtained  at  a 
comparatively  small  number  of  working  fraquencies  (2*<--^*}, 

During  fast  fluctuations  of  a  aigntti  reflected  frtiw  the  tcirget,  the 


characteristics  of  detection  can  be  calculated  by  the  formulas  (4*1.10)  and 
(4.4.11),  where  the  semi-invariants  in  these  formulas  are  equal  to  the  suras  of  the 
serai -i variants  for  separate  signals.  With  equal  distribution  of  power  between 
frequency  channels  and  identical  spectra  of  fluctuations  at  various  frequencies, 
an  increase  of  the  number  of  channels  is  equivalent  to  an  increase  of  ra  times 
of  the  time  of  observation  upon  simultaneous  decrease  of  the  signal-to -noise 
ratio  h.  In  accordance  with  this,  for  the  calculation  of  the  characteristics 
of  detection  in  the  considered  case  can  be  used,  in  the  appropriate  way,  the 
transformed  results  of  Section  4.4.  In  particular,  for  rectangular  spectral 
density  of  fluctuations,  using  (4.4.15)#  we  obtain 


(4.6.4) 


The  last  equality  In  (4.6.4)  is  correct  atm^/cT^l.  Prom  (4.6.4)  it 

is  clear  that  during  fast  fluctuations  of  reflected  a iipnal,  the  threshold 
signal-to-^oise  ratio  is  increased  with  the  increase  of  the  number  of  frequency 
channels  approxinatsly  as  y  jit.  Qualitatively,  this  is  explained  by  the  fact 
that  in  this  case  already  there  ie  a  sufficient  niaaber  on  the  (arder  of 
of  statistically  independent  oonqponsnts  of  the  signal  and  fuHher  division  of 
po^er  between  these  components  lowers  the  effectiveness  of  coherent  accumulation 
of  the  signal.  Thus,  during  fast  fluctuations  of  reflected  signal  <  '/•  ^  •  • )  , 
the  use  of  multifrequenoy  operation  from  the  viewpoint  of  requirement  of  in¬ 
crease  of  range  of  radar  is  inexpedient. 

We  cannot  trace  the  aoottrate  dependence  of  the  ratio  of  threshold  values 
of  qo  during  multifrequenoy  and  single-frequency  work  on  ui^rtunately. 

The  assumed  character  of  this  dependence  le  shown  by  the  dotted  line  for  a  ^  2 
and  »  ®  3  at  0  «  0.9,  T  “  10*^  in  Pig*  4.15.  By  measure  of  increase  of 


the  ;^ain,  due  to  raultifrequency,  decreases,  changing,  at  some  A/cT'  ^  into  a 
loss,  tending  gradiaally  to  V m. 


Fig,  4.15.  Dependence  of  gain  in  range  (due  to  increase  in  number 
of  frequencies)  on  the  vddth  of  the  spectrum  of  signal  fluctuations. 


4,7.  Some  Problems  of  Optimization  of  Scanning  and  Searching 


In  Sections  3.7  and  3.9  we  considered  some  problems  of  optimization  of 
scanning  :md  searching,  whereby  their  solutions  were  reduced  to  the  stage,  on 
which  it  is  necessary  to  use  specific  characteristics  of  detection.  Now  we  wili 
conf.inue  t.he  solution  of  problems  for  the  case  of  a  coherent  signal.  Here,  we 
shtiiJ  consider  only  those  problems,  the  solution  of  which  is  not  connected  with 
large  mathematical  and  purely  computational  difficulties.  Therefore,  the  account 
of  t.hese  questions  in  this  paragraph  can  be  considered  as  the  totality  of  examples, 
illustrating  the  methods  of  solution  of  problems,  considered  in  Section  3.b  and  : 
confirming  the  perspectivity  of  various  methods  of  increase  of  reliability  of 
detection  of  a  target  by  means  of  optiaiization  of  scanning  and  searching.  How¬ 
ever,  the  presented  solutions  also  have  an  independent  practical  meaning. 

We  j.Kill  start  first  of  all  from  the  problem  of  the  best  distribution  of 
time  Tjj,  expended  for  detection,  between  cycles  during  uniform  scanning.  If  '' 
is  the  width  of  a  sector  of  scanning,  and  is  the  width  of  the  diagram  of 

directivity,  then  the  signal  from  each  target  ejdsta  fof  the  duration  of  time 


-  *  «  .  ^  •  Vi  •  •«  e'*  K*  V  ^  V  *  ^  4  *  '  1^.*  * 


which  should  be  distributed  between  cycles.  The  meaning  of  such  distribution 
consists  in  the  decrease  of  relative  level  of  signal  fluctuations  with  distri¬ 
bution  of  its  energy  between  several  statistically  independent  components  (sig¬ 
nals,  taken  in  various  cycles). 

It  is  obvious  that  at  ,  the  distribution  of  energy  between  cycles 

does  not  lead  to  an  increase  of  the  free-space  range  and,  from  this  point  of 
view,  subdivision  on  cycles  does  not  have  meaning.  Analogously,  if  in  the  proc¬ 
ess  of  subdivision,  the  time  between  two  subsequent  passages  of  the  beam  of  the 
antenna  through  the  target  (duration  of  cycle)  is  less  than  the  time  of  correla¬ 
tion  of  fluctuations,  then  further  subdivision  is  inexpedient  to  produce,  since 
smoothing  of  fluctuations  no  longer  occurs,  and  the  quality  of  detection  is 
lowered  due  to  the  decrease  of  time  intervals,  in  which  the  signal  is  processed 
coherently.  In  connection  with  this,  we  shall  consider  only  that  nase,  when 
signals  in  the  cycles  are  statistically  independent.  Here,  the  probability  of 
false  alarm  Fq  and  miss  of  target  |}j  during  the  time  of  Tj^  are  determined  by 
the  relationships 


,  (4,7,1) 

where  m  is  the  number  of  cycles; 

and  are  probabilities  of  false  alarm  and  miss  after  one  cycle. 

Let  us  consider  the  case,  when  the  duration  of  reflected  signal  in  each 
cycle  is  small  as  compared  with  the  time  of  correlation  of  fluctuations.  Here, 
substituting  and  pt.  determined  from  (4*7.1),  in  (4.L.22)  and  considering 
that  the  signal-lo-nois©  ratio  after  one  cycle  is  connected  with  the  signal- 
to-noise  ratio  q©  during  the  time  of  by  the  formula  q©  obtain 


(4.7.2) 


The  dependence  qQ(ft)  at  ^  10“^  and  various  po  is  shown  in  Fig,  4.16,  In  its 


character^  as  one  should  have  expected^  this  dependence  is  sunilar  to  the  dependence 
qo  (m)  in  Fig.  4.13  for  the  case  of  incoherent  summation  of  statistically  indepen¬ 
dent  components  (this  dependence  was  considered  in  connection  with  multifrequency 
•'■rk).  From  the  graph  it  is  easy  to  perceive  that  the  optimum  number  of  cycles  cor¬ 
responds  to  the  probability  of  omission  per  cycle,  near  0.5.  This  result  can  also 
be  obtained  by  proceeding  from  (4.7.2).  Tims,  the  optimum  number  of  cycles  may  be 
calculated  by  an  approximate  formula 

/n,=0,3/  In  —  . 

P« 

From  a  comparison  of  the  curves  in  Fig.  4.16  and  Fig.  4.13  it  is  clear  that  an 
independent  comparison  with  the  threshold  of  results  of  processing  the  signal  in 
every  cycle  gives  a  loss  in  distance  as  compared  with  incoherent  summation  of 
these  signals,  increased  with  the  increase  of  m  and  decrease  of  Po.  For  example, 
at  Po  -  0.1  and  m  =  8,  the  relative  increase  of  q^  constitutes  805fl. 

An  analogous  calculation  can  be  conducted  for  the  case,  when  the  trans¬ 
mission  band  of  the  filter  is  not  coordinated  with  the  time  of  observation. 

Here,  by  substituting  (4.7.1)  in  (4.4.28),  we  obtain 


The  approximate  equality  in  (4.7.3)  is  correct  at  A/^f,  '->1.  The  depend- 

ence  c^jCra)  at  ^  A/,;,/',  »  lu  and  various  p  is  shown  in  Fig.  4.17  and 

has  the  same  character  as  that  considered  above*  The  optimum  number  of  cycles 
in  this  case  is  somewhat  increased;  however,  due  to  the  weak  dependence  of 
qo  cm  m  in  the  vicinity  of  this  increase  in  practical  calculations  may  be 
disregarded, 

Puring  fast  fluctuations  of  reflected  signal,  when  the  distri- 

btiiion  of  energy  of  the  signal  Hetween  statistically  Independent  components 
oven  in  optimum  processing  does  not  lead  tsee  (4.6.4)]  to  an  increase  of  the 


ran/^e  of  the  radar.  The  magnitude  of  the  range  loss  connected  with  such  distri¬ 
bution  is  simple  in  each  specific  case  to  caiculate  by  the  formulas  in  paragraph 
4.4.1  with  the  use  of  (4.7.1). 

We  considered  the  problem  of  effectiveness  of  division  of  time  expended  for 
detection  into  statistically  independe.it  cycles  under  the  condition  that  the  solu¬ 
tion  concerning  the  presence  of  a  target  is  accepted  upon  increasing  the  thre.s- 
hold  of  operation  of  the  relay  even  if  in  one  cycle.  As  was  noted  in  Section 
3.8^  it  is  possible  to  imagine  a  system,  in  which  the  solution  on  the  presence 
of  a  target  is  taken,  if  xn  n  cycles  will  occxir  at  least  k  exceedings  of 
threshold,  and  to  find  the  optimum  number  k.  The  probabilities  of  correct 
detection  and  false  alarm  are  determined  in  this  case  by  formulas  (3.8.2).  Ry 
substituting  in  these  formulas  the  characteristics  of  detection,  it  is  possife 
to  trace  the  dependence  of  threshold  signal  on  k  and  n  for  any  practically 
interesting  case. 

In  Fig.  4.18  is  presented  the  dependence  of  %  on  k  at  n  ==  10,  K  10”^' 
and  various,!  constructed  for  the  case  of  slow  fluctuations  of  a  reflected 
signal,  wiien  subdivision  into  statistically  independent  cycles  is  the  mtii 
effective.  Dependence  qo(k)  has  its  ministum  at  wtiich  slowly 

shift®  in  the  direction  of  the  ssmiier  k  by  measure  of  of  !  Slmul-  . 

t;,neou8ly  the  depth  of  the  minimum  aoirtewhai  irtcreases.  Per  the  censlderfd 
values  of  ,  the  gain,  due  to  the  use  of  the  optimum  number  of  exceedings  i-.f.. 
as  comf Ktred  with  the  ca8«  of  k  I,  considered  above,  eonatiiutes  1.5-2  db, 
which  corresponds  to  a  gain  in  range  by  6-12^. 

In  Section  3.8  we  also  formulated  the  prcblem  of  multistage  scanning,  wlih  " 
which  on  the  .foliowing  stage  are  inspected  only  those  sectione,  in  which  on 
the  precedin.g  stages  the  target  was  detected,  in  order  to  haee  the  possibility 
to  iudge  the  gains,  obtained  with  such  a  method  of  scanning,  and  the  variations 
of  f'^arameters  of  of  detection  eonneoied  with  this  ittethoii,  let  us 


rig,  4.1?. 
ratio  on  tho 
filter  bind. 


Oepandeno#  of  ihrtahola  ai^i-^io-noiao 
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consider  the  case  of  tvfo-stage  scanning  with  slow  fluctuations  of  reflected 
signal. 


?* 


Fig.  4.18,  Dependence  of  threshold  signal-to~noise 
ratio  on  the  required  number  of  operations  k  in  10 
independent  cycles. 

In  accordance  with  (3.8.4)  and  (4.4.7),  considering  |C,(ti-;) T- !  in  (4.4,7), 
we  obtain  iin  expression  for  probability  of  miss 

5,  (f.,  71  (l f 

which,  taking  into  account  (3.8,5),  (3.8,6)  can  be  rewritten  in  the  form 

I 

+  F,  .. ,  J.  (4.7..4^ 

where  q  -  32.  -  is  the  ratio  of  power  of  signal  to  spectral  density  of  noise, 
T  2No 

Considering  the  probability  of  miss  on  the  first  and  second  stages  to  be 
stmill  (only  with  such  conditions  can  there  be  obtained  a  small  general  probability 
of  miss)  and  considering  (4,4.22),  instead  of  (4.7.4)  it  is  possible  to  write 


the  following  approximate  equality; 


B^{F, 


where  as  before,  is  equal  to 


qT== 


2/V,  * 


(4.7.4') 


Equating  to  zero  the  derivatives  and  we  obtain  the  following 

equations  for  values  of  and  T^,  with  which  the  probability  of  miss  is 
roinimum: 


(4.7.5) 


Excluding  -  from  these  equations,  we  have 

h 


/Ip 


I 


(4.7.6) 


The  magnitude  of  the  root  of  this  equation  interesting  to  us  at  various  F,  and 
also  the  corresponding  values  of  ;p  are  presented  in  Table  4.1. 


Table  4.1 


10  • 

10 

iU-* 

10-* 

lO-'* 

10  •" 

,  I0“" 

10“' 

1.0. U)-' 

l.J  10-' 

0.10'* 

j  H.IO-* 

o.«, 

0.8 

0.8 

0.8 

0.8 

0.8 

I 

j  0.8 

C.87 

0  5/ 

0.41 

O.U 

0.0 

o.-r. 

In  the  table  also  are  presented  the  values  of  relative  decrease  of  thres¬ 
hold  signal-to-noise  ratio,  due  to  the  use  of  two-staga  scajuting.  As  can  be 


seen,  tvfo-stage  scanning  allows  to  receive  an  essential  gain  in  the  free-space 
range  with  the  same  average  time  of  scanning,  whereby  the  magnitude  of  gain 
increases  by  measure  of  decrease  of  probability  of  false  alarm  F,  It  is  inter- 

'I’l 

esting  to  note  that  the  ratio  ^  ,  ensuring  minimum  of  probability  of  miss, 

^  T'  T 

almost  does  not  change  with  the  change  of  F  •  -i  =  0.76  at  F  =  10"^:  =  0.82 

'  T  T 

at  F  -  10“  ) . 

Comparison  of  two-stage  scanning  with  the  case  of  two  independent  cycles 
shows  that  for  f)~0.1  and  less,  two-stage  scanning  gives  an  essential  loss  in 
distance  at  the  same  average  time  of  scanning.  Apparently,  it  is  more  expedient 
to  use  this  method  of  scanning  with  statistically  dependent  signals,  taken  on 
separate  stages.  For  that,  it  is  sufficient  to  change  to  the  following  stage 
inanediately  after  termination  of  the  preceding.  Multistage  scanning  can, 
ob’dousjy,  be  produced  cyclically.  Ibe  calculation  of  characteristics  of  detec- 
t.ion,  taking  into  account  fluctuations,  for  that  case  is  connected  with  signi* 
ficant  difficulties.  For  a  regular  signal  with  known  phase  during  two-stage 
scanning,  calculation  of  characteristic.;}  of  detection,  was  conducted  in  [il3> 
whereupon  in  this  case  the  gain,  as  compared  with  single-stage  scanning,  was 
sij'nificimtiy  greater  th.an  in  the  case  of  a  fluctuating  signal  during  statisti- 
ca.lly  independent  atages,  which  indirectly  confi rats  the  expressed  above  assump¬ 
tion,  On  the  whole,  this  question,  undoubtedly,  needs  study  in  the  future. 

Tn  conclusion,  lot  us  consider  one  cjuesiion,  conneated  with  searching  and 
also  requiring  the  use  of  specific  chara.cteri3t.ics  of  detection.  In  Section  1.9, 
w.ir,  the  proposed  and  .m.:i,.ly?,ed  methodj>f  searching  with  expanded  cyc,les,  where 
M  w.,;i  shown  tlui  in  optimmn  distribution  of  sections  by  cycles,  this  method  is 
eloae  in  effectiveness  to  the  optimum  method  of  exantination  of  sections. 
Fx^uaination  was  conducted  at  given  values  of  pj'obabiiity  o.f  aiiee  of  targei  and 
averge  time  of  de.lay  in  every  section.  If  sing  the  specific  characteristics  of  : 
deicction,  it  is  posaib'lo  to  also  select  these  magnitudes  in  such  a  way  that 


the  average  time  of  searching  is  minimum.  We  solved  this  problem  for  the 
particular  case  of  exponential  a  priori  distribution  and  slow  fluctuations  of 
reflected  signal,  considering,  as  everywhere  in  the  chapter,  the  delay  time  in 
the  section  independent  of  the  accepted  realization.  Using  expression  (3.9.16) 
for  average  time  of  searching  at  x=:A'onT"^In  y  •  *e  obtain 

1 

V  +  (■-?)*;■  (4.7.7) 

The  probability  of  false  alarm  F  in  formula  (4.7.7)  also  depends  on  the 
time  of  delay  in  the  section,  if  the  average  frequency  f  of  false  alaimi  is  given. 
However,  this  dependence  is,  due  to  the  smallness  of  f,  weak  and  it  is  possible 
to  disregard  it. 


It  then  remains  to  find  min  t  by  p.  The  minimum  takes  place  at  =  0,27. 


Hera, 


Id  *p-  ,  In  -r- 


(4.7.8) 


The  degree  of  criticality  of  the  found  optimum  is  confirmed  by  the  dependence 

presented  in  Table  4*2  of  ”T  on  ,1  in  the  vicinity  of  the  optimum, 

♦‘iny 

It  is  interesting  to  emphasize  that  the  optimum  0  lies  in  the  region  of 
comparatively  large  probabilities  of  ndss,  at  the  time  when  usually  in  practice 
they  try  to  make  this  probability  possibly  small,  duo  to  the  fact  that,  aa  it  is  now 
explained,  the  average  time  of  searching  is  considerably  incroauod. 

Table  4.2  Conducted  in  this  paragraph,  the 

I  0,06  0.1  0,2  0..I  0.1  0.5  consideration, of  seoarate  fiTvblema, 

{  Id  15  jo.SjO,  jj  to.T  i;.8  relating  to  the  problem  optimization 

of  scanning  ajid  searching,  showed  that 
in  a  whole  number  of  oases,  rational 

selection  of  the  method  of  scamting  or  searching  and  ijarameters  of  the  system, 
carrying  out  scanning  or  seou'chlng,  allows  to  receive  an  essential  gain  in  the 


>  ^ 


free-space  range  of  the  target  and  in  the  time,  expended  for  detection.  On  the 
whole,  this  question,  as  already  was  repeatedly  noted,  at  present  is  hardly 
investigated,  which,  in  a  significant  degree  is  explained  by  the  oiathematical 
difficulties,  with  which  its  solution  is  connected.  The  small  results  received 
indicates  the  perspect ivity  of  further  investigations  in  this  area  and  at  the 
same  time,  they  themselves  have  a  sufficiently  large  applied  value, 

4,8,  Detection  of  One  Form  of  Signal  with  Non-Oaussian 
Law  of  Distribution 

In  connection  with  expansion  of  the  area  of  use  of  radar,  lately  consider- 
able  attention  has  been  attracted  by  problems  of  detection  and  measurement  of 
coordinates  of  space  objects  (for  example,  artificial  earth  satellites),  A 
sijmal  from  such  objects  fluctuates  basically  due  to  the  unstabilized  rotation 
of  the  object  during  flight.  The  distributive  law  of  fluctuations  can  consider¬ 
ably  differ  from  normal.  Usually  the  time  of  rotation  on  the  width  of  a  lobe 
of  a  pattern  of  secondary  radiation  can  be  considered  large  as  compared  with  the 
time,  utilized  for  detection  of  object  in  each  cycle  of  scanning.  Here,  for 
calculation  of  characteristics  of  detection  it.  io  sufficient  to  know  the  one- 
dimensional  distributive  law  of  a  reflecting  surface  (power  of  reflected  signal). 

As  waa  noted  in  chapter  1,  this  law  can  be  approximated  by  linear  combina¬ 
tion  of  exponential  distributions.  Such  an  approximation  corresponds  to  the 
assumption  t.ha*.  at.  equiprobyble  aspects,  the  distribution  of  {tower  within  the 
.limits  of  each  group  of  lobes  of  the  pattern  of  secondary  radiation  is  near  to 
exponential  (wtvich  ci>rre3t»<’t'“'i’'  to  normal  distribution  for  fluctuations  of  a 
signal).  The  coefficient  at  the  exponent  represents  the  probability  that  the 
object  will  be  turned  towards  the  radar  namely  by  this  group  of  lobes. 

Ir(  connection  with  this,  the  considered  reflected  signal  may  be  treated  as 
a  normal  random  process  with  random  power,  taking  one  of  the  values  of  Pa.  P^.  ...  P> 
with  probabilities  /•,.  g.. .  .  ;>■,  accordingly,  and  Ln  the  solution  of 


the  problem  of  detection  of  such  a  signal,  to  use  the  results,  received  for  a 
signal,  distributed  according  to  normal  law. 

Inasmuch  as  the  form  of  optimum  operations  on  the  signal  during  slow  fluc- 
txutions  does  not  depend  on  the  distributive  law  of  amplitude  of  signal,  an 
optimum  system  of  detection  of  the  considered  signal  coincides  with  that  synthe¬ 
sized  in  paragraph  4.3 *3.  The  characteristics  of  detection  for  that  case  can 
be  found  by  averaging  the  characteristics  of  detection  of  the  normal  signal  by 
all  possible  values  of  the  signal-to-noise  ratio.  As  a  result,  we  obtain 


=  y  AD(r.  9.,). 


Substituting  (4.4.12)  in  (4.8,1),  we  have 


(4.8.1) 


l\{F}^yp^L'Kp  I - 


Kni.rin 


2(A/*r 
^(1  4-  </».) 


(4.8.2) 


In  particular,  for  coordinated  filter 


For  an  illustration,  by  the  formula  (4.8,3)  in  Pig,  4,19  is  constructed  the 
dependence  of  the  probability  of  correct  detection  on  the  smlleat  ai(5nal-to- 
noise  ratio  for  n  3  and  pj  “  0.5}  p^  0.2}  p.^  «  u.3j 

In  the  same  figure,  for  comparisons,  curves  are  constructed  for  the  pro- 
babiUiies  of  correct  detection  of  normal  signal  uith  aignal-to-noiae  ratios 
and 


From  the  oomparlson  of  the  curves  it  is  olsar  t»u\t  a  aigtkil  of  the  considered 
fom  is  detected  better  than  the  normal iy  fluctuating  si^l  with  a  aignal-to- 


noise  ratio,  equal  to  the  lowest  value  of  q^2  »  significantly 

worse,  than  a  normally  fluct^xating  signal  with  the  same  average  signal-to-noise 
ratio. 


Fig.  Characteristics  of  detection  of  signal  with 

Non-CauSiian  distributive  law: 

signal  with  non*4)au33ian  distributive  law; 

-  normal ly  distributed  signal  with  ™  ^  j 

normally  distributed  signal  with  q^j^ 

The  profxjsed  method  of  caicuiatlon  of  characterietibs  of  detection  of  signals 
with  non-Cauasiati  distriouiive  law  is,  undoubtebly,  only  a  luiif  measure.  In 
order  to  consider  questions  of  detection  of  such  a  signal  in  intervals,  compara¬ 
ble  with  the  time  of  correlation,  atid  also  in  order  to  consider  the  influence 

0 

of  riuctiwitions  on  the  ..ccuracy  of  measurement  of  coordinates,  it  is  necessary 

f-o  have  a  more  thorough  calculation  of  properties  of  these  fluctuations. 

t.V.  Optimum  Detection  of  Ratlv  Sljgnals  '  the  Presence 
of  Faeslve  Interferences 


Tills  .'Old  the  several  following  p^iragraphs  we  alvaii  devote  to  the  very  urgent 
conteiaporary  radar  problem  of  detection  of  a  signal  from  a  target  on  a  background 
of  interfering  reflectlorjs.  Tiie  cause  of  such  reflections  can  be  a  cloud  of 


metallized  dipoles,  the  surface  of  the  land  or  sea,  individual  interfering^  targets 
and  30  forth.  Under  some  limiting  assumptions,  the  jjifluence  of  reflections  can 
be  investigated  in  general  form,  not  specifying  their  physical  nature.  First 
of  all  we  will  assume  (see  Section  1.3)  that  an  interfering  reflected  signal, 
as  a  signal  from  a  target,  is  a  normal  random  process  with  zero  mean  value.  The 
function  of  ocrrolations  of  this  signal  in  accordance  with  the  results  in  Chapter 
1  will  be  considered  in  the  form 


w 

Rnn  (^.  —  Re  j  3  (.C)  U  (/,  ~  a)  U*  (/,  --  A)  X 


(4.9.1) 


where  3(a)  is  the  density  of  intensity  of  interference,  corresponding  to  the 

•ivo'i  ;a,  o  m;'  -Ic  lay  x ; 

®;;(a)  is  the  Doppler  frequency; 

^(•v.  0  is  the  coefficient  of  correlation  of  Interference  fluctuations,  also 
U't'ar,  t  1  f.  •,  In  'oneral,  on  v. 

Presentation  (4«9»1)  of  the  function  of  correlation  of  interference  is  correct 
for  a  very  large  number  of  caaes.  The  conditiona  of  validity  of  this  presenta¬ 
tion  were  discussed  in  detail  in  Section  1.3*  As  in  the  exaH.ination  of  the  signal 
from  the  target,  we  shall  assume  that  fluctuations  of  interfering  reflections, 
described  by  the  coefficient  of  correlation  r(x,  t),  are  quite  slow  and  do  not 
distort  considerably  the  law  of  modulation  of  reflectexl  sigjial, 

Inaaaajch  aa  interference  is  distributed  according  to  the  law  of  Gauss,  in 
the  aytU.hesis  of  an  optimum  system  of  detection  aitd  investigation  of  the  charac¬ 
teristics  of  detection  it  is  possible  to  completely  use  the  g^jneral  relation¬ 
ships  in  Dectioti  4.2,  We  shall  begin  the  consideration  fn>m  the  case  of  alow 
fluctuations  Of  a  useful  sigjial.  Mere,  the  solution  of  equation  (4.2.4)  with 
substitution  i.n  it  instead  of  the  fonaula  (i.  i.v),  as  we  be  con¬ 

vinced  of,  has  the  fostn 


where 


(4.9.2) 

r 

Z(t,  x)^  f  W„it,  5)«(5  -•c)e'-Vs: 

(4.9.3) 

0 

g^=^lp/[Z*{S.x}u{S~x)o‘'‘''ds. 

(4.9.4) 

As  can  be  seen  from  (4.9.2),  optimum  processing  of  the  received  signal  in 
this  case  reduces  to  multiplication  by  the  reference  signal  Z(t,  t  ),  occuring 
as  the  result  of  definite  integral  conversion  of  the  law  of  modulation  of  the 
main  signal,  and  integration  of  the  received  product  during  the  time  of  obser¬ 
vation.  In  order  to  receive  the  reference  signal  in  clear  form,  it  is  necessary 

to  solve  the  equation  for  ll',.  (ti,  t  )  and  to  substitute  the  solution  in  (4.9,3), 

•^2 

The  case  of  fast  fluctuations  of  a  useful  signal  will  be  considered  on  the 
assumption  that  the  time  of  correlation  of  signal  fluctuations  signifi¬ 

cantly  exceeds  the  time  of  correlation  of  interference  »».«■  This  assumption 
in  pract ice  wsuaiiy  is  executed  and  at  the  same  time  allows  to  connect  the  solu¬ 
tion  of  the  problem  for  the  case  of  fast  fluctuations  with  the  solution,  found 
for  the  case  of  slow  fluctuations  of  a  reflected  signal.  With  this  assumption, 
the  3olut.ibn.of  equaiJOn  (4.2.4)  .naturally,  as  we  did  more  than  once,  be  found.  ■ 
.uv  quasideftenerate- form.'-:  ’ 


-  .  ■  :  ,  ■ (4.9.5) 

where  .Z(t, ,  )  ,is  det.emtned  by  equality  (4.9.3),  and  fwctionp(t)  is  assumed 
.•Just  as  slow,  as  the  coefficient  of  correlation  of  fluctuations  of  the  reflected 
sl^al  ^ 

lAt  y.3  aasume  that  there  exists  the  U«ait 

^  ..j.  , 


‘i,  Mm  j . / .  f  Ou [i  “■  dt, ' 


(4.9.6) 


where  the  effective  width  of  the  spectrum  of  signal  fluctuations. 

Physically,  in  a  sufficient  measure,  it  is  obvious  that,  inasmuch  as  both 
the  function  of  correlation  of  interference,  and  also  Z(t,  t  )  must  possess, 
in  a  known  meastire,  the  properties  of  the  law  of  modulation,  this  Umit  exist 
in  all  those  cases,  when  there  exists  a  limit  C(t,  0)  in  (1.2.2' )•  After  we 
explain  in  more  detail  the  properties  of  Z(t,  ').  this  will  become  clearer.  If 
limit  (a. 9. 6)  exists  and  then  the  equation  for  t’(t),  obtained  by 

substitution  of  (4.9.5)  in  (4.2.4),  has  the  form 

T 

s  (4.9.7) 

coinciding  with  (u.3.5).  At  A/^T  •>  1  ,  equation  (4.9.7),  as  equation  (4.3.5^, 

may  be  solved  by  Fourier  transform.  The  obtained  result,  with  an  accuracy  up 
to  immaterial  constant  factor  coincides  with  (4.3.6),  if  in  this  formula 

h  is  replaced  by  hj^.  Hence,  also  from  formulas  (4.9.2)  and  (a. 9. 5)  it  directly 
follows  that  optimum  processing  of  the  received  signal  in  the  case  of  the  presence 
of  passive  interferences  can  be  carried  out  with  the  help  of  diagrams  of  the  form, 
shown  in  Fig.  4.2-/».4,  in  which  only  the  form  of  the  reference  signal  changes, 
thus,  for  a  final  understanding  of  the  essence  of  optimum  operations  we  must  only 
deflnitizo  the  fern  of  this  signal* 

The  solution  of  equation  (1.4.2)  at  R(ti,  t2)  “  (t^,  t^) 

*  (il,  12)  on  the  strength  of  the  assumption  about  the  slow  change  of  r(x,t) 
has  meaning  to  find  in  the  form 

t'l,  (/,.  7,)  4  . 

'mm 

(4‘,9>B) 

where  w(x3^,  5£2{  *'i‘  ^2  ^  considered  to  be  a  slow  function  of  and  t..^  as 
compared  with  u(t).  substituting  (4.9.8)  in  the  equation  auvl  coeffi¬ 
cients  at  u{t;j— Xj)  u*  X  **•"*' *•**'•"•  dSjdX^  in  both  p»rla  of  the 


equality,  we  obtain  an  equation  for  wCx-i,  x,;  t-,,  t  )  in  the  form 

X  7 


W[x\',  X{, 


«(£i) 


T  «o 


m 


x;  OX 


X  e~'  '  r  {X,.  t  -  0) u*  (:  -  jc)  X 

X  tt  (/  —  X,)  ~  a  (X,)  r  (-C,.  /,  ~  /,)  5  {X,  -  jf,). 


(4.9.9) 


In  the  case  of  complexHonodulated  single  sending,  assuming  r(x,  -t2)  -  1, 
we  obtain 

00 

ti'  (-f. .  -f .  J  (.r,,  A-)  C[x-  x„  (A)  - 

0 

In  the  case  of  a  period!.:  sigmu,  considering  *^(A)n:»a—  const  and 
averaging  the  product  u#(t-~x)u(t— X2)  by  t  under  the  integral,  we  find 

p(A;.  A,:  0)4* 

r  « 

0C'(.v  — .v,)r(A„  /  — 


’  (<V,)  r  (A»,  0-0)5  (‘0  -Oh 

•l.| 


(4.9.11) 


These  simplified  equations  car:  be  solved  for  the  case  of  extensive  inter¬ 
ference,  when  chiinges  Utti©  in  the  interval  of  solution  distance,  and 
for  the  ease,  when  interference  is  created  by  a  finite  number  of  pointed  reflecting 

objecto. 

utill  not  resorting  to  the  solution  of  these  equations,  but  using  only  presen¬ 
tation  (4.9.8),  it  is  possible  to  perceive  mc»  essential  peculiarities  of  ©ptimusi 
processing  in  the  presence  of  paetive  interferences*  By  substituting  (4.9.8) 
in  (4.9*3),  we  obtain 

—J/i/.  V  a)m(/ ' “  .v)t  ^*****‘*^  ^t/xj .  (4*9.12) 


■j  / 


where 


r  ao 

t,  =  x^;  t,  /,)«(/,-- v) «'(/,  — A',)  X 

0  0 

Xe' '"'’‘'Va:.;  (4.9.13) 

=  —  ujj  ,  is  the  Doppler  shift  of  signal  from  target; 

^  is  the  delay  of  this  signal. 

From  (4.9.12)  and  (4.9.13),  the  moaning  optimum  operations  is  obvious.  The 
first  component  in  (4.9.12)  ensures  optimum  separation  of  useful  signal  on  a 
background  of  noises.  Multiplication  of  y(t)  by  *  in  the 

second  component  ensures  optimum  separation  of  interference,  corresponding  to 
the  value  of  delay  x.  Tlie  separated  signals  of  interference  are  summarized  by 
all  X  h  is:-ight  f(t,  t,  x)  and  are  subtracted  from  the  results  of  multiplica¬ 
tion  of  y(t)  by  the  expected  signal  from  the  target.  Thus  is  carried  out 
compensation  of  interference. 

The  weight  function  f(t,  t.  x)  diminishes  as  with  the  growth  of  '»  ’  and 
the  signal  from  the  target  and  interfering  reflections  become  all  the 
more  orthogonal.  Indeed,  as  one  may  see  from  (4.9,10)  and  (4.9.11),  function 
w(x|,  x^}  tp  t^)  diminishes  as  C(x2^— ecg)  tends  to  zero  with  the  increase  of 
:«)  »j  This  follows  from  the  unl<pt«nss8  of  the  aolution  of  these  inte¬ 
gral  equations  and  from  the  fact  that  the  functions,  possessing  the  shown  proper¬ 
ties,  can  satisfy  them.  Upon  subtraction  in  (i..9.X2)  the  components  of  the  law 
of  fflodtjlatlon  of  the  signal  from  the  target  are  suppressed,  the  most  characte¬ 
ristic  for  interferetice:  the  reference  signal,  as  it  were,  is  orthogonaliaed 
in  reference  to  the  interference,  Thie  peculiarity  of  optiaaim  processing  is 
developed  moat  clearly  in  the  case  of  "discrete*'  inlorfemtee  (interference 
of  the "interfering  target"  type). 


4.9.2»  Case  of  Discrete  Interference 


In  this  case 


j^.\ 


Substituting  in  (4,9.9) 


w  (X,.  Jr,:  /.)  V  Wik  (/,.  /,)  3  (j:,  -  Xj)  5  (.t,  - 1*), 

I.  * 


we  obtain  a  system  of  equations  for 


2?;  'i)X 

i  :1  6 

Xtf(# —  ’**)*>“ r*  (/,-/,) 5j A. 

where 


(4.9.14] 


(4.9.15) 


If  fluctuations  of  all  interfering  targets  are  elow,  then  1  and 

v/jjj  (t^,  t^)  does  not  depend  on  tp  t^.  Syet^en  (4.9.15)  is  then  converted 
to  the  fora 

(4.9.16) 

where 

With  a  Large  number  of  interfering  targets,  the  solution  of  this  syetea, 
although  not  coiuiec ted  with  prineifsal  difficoltiea,  is  rather  laborious.  The 
8Xpressioj\  for  2(t,tl  may  be  written  In  the  fora 


where  —  n.  uj-„  — 'j)  ,j  characterizes  the  deforce  of  non- 

or^  horonality  of  signals  from  detected  and  interfering  targets,  and  :  ii 


characterizes  the  degree  of  non- 


—  the  iiiatrix,  inverse  to  I  jCj* -■{- 5m  [  . 
another  method  in  [6a]. 


These  results  are  obtained  by 


The  case  of  fast  fluctuations  of  Interfering  targets  may  be  considered  with 
a  periodic  signal  and  ~  const.  Here,  producing  in  (4.9.15)  averaging  of 
modulation  by  period  and  converting  both  parts  of  the  t*quo.tion  by  Fourier,  we 
obtain  for  spectra  of  functions  Wj^^  (t^^,  t^),,  a  system  of  equations. 


fn 


(4.9. IS) 


where  C, ,  C  ('i*  —  i:*,  0)  (see  Section  1,2); 
IK  o 


iin)  is  the  spectral  density  of  fluctuations  from  k.-”'  ijiterferrinr  target, 
K 

Equation  (4.9, W)  for  spectra  w  in  fom  is  fully  ii/ialogcius  to  eq\Juition 

((;,y.l6).  Considering  that  (t^,  ...fast  fluctuations  dofiends  only 

on  the  difference  ij— t.,  and.  that  i^scording  tH<v9.4ijSUW.ioas,  tide  Ainction 
cJvsfvei?  little  in  the  period  of  repetitiw)  T^.  W  h&yW  6y  feplastng  the  ll'aits 
tf  inu>pratiof>  in  (4, 9, .1'))  with  infinite^  ones;  ,>  ^  y 

#  I  ^  ^  ^  'k  .  .V- 


/  th  t.  .V,;  ^  ''j  t  ) 

K  « 


i  m,:. 

in- 


where  ia  the  dif fere.nce  of  Ooppler  frt)N:juencie»  of  ^  the  target  and  lnteirfer«hc« 


In  the  derivation  of  this  fomuia,  the  iniearal  fey  t,  in  (4.9*11/  was 


represented  in  the  form  of  the  sum  of  integrals  by  periods  and  Wjj^  (t)  in  each 
period  was  considered  constant.  Furthermore,  we  used  the  connection  between  the 
spet-tmm  of  sequence  and  spectrum  of  function  w^j^  (t)  (see  [67j)* 

Substituting  /(/,  T,  x)  in  (4.9.12),  we  obtain 


Z  v.r)  =  A  !■„  J,  c.>  (/  -  ,,)]  e'-'  ^ 


(4.9.19) 


where 


j  :  .  is  the  matrix,  inverse  to 

r'j-  5 

In  order  to  make  a  more  graphic  meaning  of  optimum  conversions  of  received 
signal,  determined  by  for  ^n; las  (4.9.18),  (4.9.19),  it  is  convenient  to  somewhat 
convert  these  formulas, 

1 1  ^  2V  2V 

We  shall  add  to  matrix  i  -f- a  zero  column  +  S.^  ar 


line  + 

->>11 


Here,  the  order  of  the  matrix  becomes  equal  to  ra+l.  Using 


the  known  presentati  a  of  inverse  matrix  by  cofactors  of  its  elements  and  con¬ 
sidering  that  the  considered  matrices  are  Herroitian,  it  is  possible  to  show  that 
the  elements  of  inverse  matrices  m  and  (m+l)^^  oixier  are  connected  by  the 
relationship 


(4.9.20) 


Using  (4.9.40);  reference  signal  Z(t,  -v).  determined  by  formula  (4.9.18),  may 


be  written  in  the  form 


(4.9,21) 


By  ^0  and  in  this  formula,  we  mean  delay  and  Doppler  frequency  of  sifTtai 
fromtaiy<et. 


In  a  simiiai'  rrarw'.er  will  be  converted  formula  (1.9.19) i  Thus,  in  th^ 
ease  of  slow  and  fast  fluctuations,  the  optimum  reference  sis;:?ial  is  a  linear 
combination  of  expected  signals  from  all  targets.  If  the  signal-to-noise  ratio 


is  great  for  all  targets 


•2.V.  ^  ‘ 


it  all  k),  then  niatrix 


be  considered  equal  to  the  matrix,  inverse  to  ■ 


Here,  multi olication 


by  the  reference  signal  and  integration  obtain  the  most  simple  meaning:  this 
operation  ensures  full  suppressionof  signals  from  interfering  targets.  Indeed, 
{.he  reference  signal  in  this  case  is  completely  orthogonal  to  signals  from 
interfering  targets: 


[Z{t, 


J/..:  Vo':X,-  (h 


In  those  cases,  when  we  cannot  disregard  noise,  processing  of  the  considered 
form  ensures  incomplete  suppression  of  interfering  signals,  decreasing  them 
approximately  to  the  level  of  noise  (see  Section  4.10),  Simultaneously  is  suppres 
sed  the  useful  signal  and  the  signal-to-noise  ratio  decreases. 

4.9.3.  Case  of  Extensive  Interference 


Let  us  now  turn  to  the  case  of  extensive  interference,  when  the  density  of 
int.erferenoe  and  its  properties  hardly  change  in  the  interval  of  delays,  corres- 
pcudinr  to  the  interval  of  solution  by  distance.  In  the  synthesis  of  an  ontimun! 
system  of  processing  of  received  signal  for  that  case  it  is  possible  to  use 
expressions  for  function  of  correlation  (1,3. .12)  and  (1,3.13),  corresponding  to 
the  case  of  stationary  interference.  This  follows  from  the  fact  that  optimum 
processing  in  the  general  case  isee  (4.9,12)]  includes  multiplication  by  the 
expected  signal  from  the  target  and  the  totality  of  expected  signals  from  inter- 
feronce  and  integration,  vrtiereby  the  weight  f\mction  /(4  t.  x)  diminishes  by 

measui'e  of  increase  of  to  zero,  approxiitgitely  as  4(.v . t).  Tlius, 

reflectors,  fonning  interference  4Uid  distant  from  the  target  in  the  interval  of 


delays,  significantly  greater  than  the  interval  of  solution,  do  not  affect  the 
character  of  optimum  processing.  If  the  properties  of  interference  slightly 
change  in  the  interval  of  solution,  then,  allowing,  for  convenience  of  solution, 
the  smallness  of  these  changes  in  the  interval,  ensuring  stability  of  inter¬ 
ference,  we  almost  will  not  change  the  result.  This  method,  receiving  name 
"stationary  continuation  of  interference",  was  proposed  in  [54]  without  a  suffi¬ 
ciently  clear  logical  foundation,  which  is  possible  only  after  clearing  up  the 
general  properties  of  optimum  operations.  Tlie  same  results  are  obtained  from 
approximate  solution  of  equations  (4.9*10)  and  {4«9»11)>  however,  this  way 
requires  rather  laborious  calculations  with  that  same,  in  general,  degree  of 
conclusiveness , 

In  accordance  with  the  above,  in  stationary  continuation  of  interference  we 
should  consider  a{x)  r  (x,  tq  -  t2)  to  be  equal  to  the  value  of  this  function 
at  X  -  X.  In  the  case  of  single  sending,  from  (1.3*12)  we  obtain 

Rna  (^.  (t)  -  Ro  ^  (t)  r  /,  -  /,)  r„,pC  [i  (/,  -  /,)]  X 

(4.9.22) 

where  u>au  is  the  Doppler  shift  of  frequency  of  interference,  which  we  will 
consider  not  depending  on  de.lay  (for  extensive  interference  this  is  usually 
completed). 

Analogously,  in  the  case  of  a  periodic  signal,  from  (1.3*13)  we  have 


where 


RuuU,.  /.-MX 


(4.9.23) 


XU 


Sunimatior\  in  the  last  expression  considers  the  circumstance  that  with  a 
periodic  signal,  on  the  strength  of  the  ambiguity  inherent  to  this  signal,  there 
occurs  impKisition  of  signals  from  objects,  distant  from  each  other  at  a  magnitude, 


(/,(«)) —  is  the  spectnau  of  one  period  of  »od\il&tion. 

Coefficient  -  in  these  fonnulAe  is  considered  the  Doppler  effect  at  the 
frequency  of  repetition. 

It  is  necessary  to  note  that  foramlae  (4»9«25)  and  (4,9,26)  are  not  mutually 
exclusive,  A  single  sending,  idth  which  we  were  concerned  In  the  derivaticn  of 
formula  (4»9,25)#  can,  in  particular,  represent  a  group  of  periods  of  modula¬ 
tion.  However,  so  that  the  conditions  of  derivation  of  this  formula  are  satis¬ 
fied,  it  is  necessary  to  demand,  coneidering  the  imposition  of  signals  wi.th 
value  of  delay,  multiple  Tj.,  so  that 

3{'')  hardly  changes  in  the  vicinity  of  theeo  points.  Thus,  the  distinction  of 
the  considered  formulas  consists  in  the  fact  that  formula  (k»9»26)  ie  taken 
specially  for  a  periodic  signal  under  limitations,  leas  rigid,  than  those,  which 
are  required  in  the  application  of  formula  (4,9,25)  to  this  case. 

Let  us  now  turn  to  the  investigation  of  properties  of  the  reference  signal 
for  the  considered  case.  Substituting  (4.9.25)  in  (4.9.24)  and  (4.9.3)*  we 


obtain 


Z{t, 


t/r  ^ 


(4.9.27) 


Idlers  is  the  spectrum  of  expected  signal,  calculated  in  interval  (0,T), 

6he  difference  of  Doppler  shifts  of  useful  signal  and 


interference. 


As  can  be  seen  from  thie  formula,  the  reference  signal  is  obtained  by 


transmission  of  the  expected  signal  from  the  target  through  a  rejector  filter, 
suppressing,  in  this  signal,  the  spectral  conq>onent,  most  clearly  represented  in 


the  spectrum  of  interference.  The  frequency  response  of  this  filter  in  the  majori¬ 
ty  of  cases  is  physically  not  realiaable.  Therefore,  it  is  neceesary  to  find 
reaeonable  physically  realisable  approximations  for  this  response. 

Let  us  exsmine  the  ease  of  eomplexHoodulated  single  sending,  for  which 


■  multiple  (Tj.  — period  of  repetition). 

In  the  case  of  signals,  ensiiring  high  resolving  power  in  distance  with  the 
usual  correlation  processing  (Section  4,3),  the  limitations,  placed  on  interfer¬ 
ence  during  stationaiTr  continuation,  usually  are  carried  out.  For  systems  with 
continuous  emission  without  modulation  the  oondi.tions  of  stability,  as  one  may 
see  from  (1,3.7),  are  always  fulfilled. 

Solution  of  equation  (1,4.2)  during  stationary  interference  and  time  of 
observation  T,  large  as  compared  with  time  of  correlation  of  interference,  can 
be  received  by  Fourier  transform 


(.‘•II,- It) 
A^r+s  PO  (co) 


dm. 


(4.9.24) 


where  5„n((:>)  is  spectral  density  of  passive  interference. 

In  connection  with  the  presence  of  high-frequency  factor  in  (4,9,22)  and 
(4.9.23)  is  represented  in  the  form 

(-Si®  —  «>*—  S  (—  »’  -to,  , 


In  the  case  of  single  sending,  from  (4.9.22)  we  find 

where  (m)'  is  the  spectrum  of  function  C(';).  ,  which  in  the  future  we  shall 

call  spectral  the  density  of  modulation; 

('.  «)  is  the  spectral  density,  corresponding  to  the  coefficient  of 
correlation  r  (t,  ,  t^  —t^). 

In  the  case  of  a  periodic  signal 

S  (m)  :==  C.  (X)  £  5„.  (kO, )  (.  -  ifeao,) 

(4.9.26) 

where  is  the  spectrum  of  one  period  of  function  C,(t): 


(4.9.25) 


'V'/ 


ths  function  C'(r)  has  ona  sufficiently  short  maximum.  The  spectrum  in  this 

case  appears  to  be  very  broad,  since  its  shift  by  may  be  disregarded  and  one 

rejector  filter  used  for  obtainment  of  reference  signals  corresponding  to  various 
values  of  Doppler  frequencies.  Since  the  duration  of  the  signal  is  finite,  multi¬ 
plication  by  the  reference  signal  can  be  replaced  hj  filti-ation  (see  Section  4.3)* 
In  the  case  of  a  periodic  signal,  the  frequency  response  of  the  filter  has  the 

form 


Hp  (/<o)  —  — 

1  + 

—  00 

Usually,  the  width  of  the  spectrum  of  modulation  is  great  in  comparison  with 


c  -.n  X  c  , 


■■  J,fc2.) 


(4.9,2S) 


the  frequency  of  repetition  and  with  the  wl.dth  of  the  spect.nim  of  fluctuations 
6'4,o(t,  (u).  Here, 


Hp  (iu)) 


. . .  . . 1 

OD 

1  +  (“)  ^  ti*  •  * iSq 


(4.9.29) 


The  approximate  form  of  the  frequency  response  is  shown  in  Fig.  4.20,  If 
the  duration  of  the  expected  signal  essentially  exceeds  the  correlation  time  of 
interference,  the  spectrum  of  such  a  signal,  which  is  lined,  has  spectral  lines 
3ignific<intiy  more  narrow  than  S^,(x,  (.>)■  Here,  an  essential  role  is  p'Layed 
only  by  the  values  of  In  points  ^  (<•  'xi,  ,  (xq  filter 

can  be  replaced  by  any  other,  for  which  the  values  of  the  frequency  I'ssponse  in 
the  indicated  points  coincide  with  the  values  of  In  Fig.  4.20  ai^e 

presented  possible  approximations  of  for  several  values  of  From 

the  figure  it  is  clear  that  the  dissection  of  the  frequency  restKinse  of  the 
filter  becomes  immaterial  and  the  filter  may  be  replaced  by  a  very  wide-bond  one. 
Here,  the  time  of  establishment  of  voltage  in  the  filter  becomes  small  as 
cf,mnared  with  the  period,  the  reference  signal  becomes  periodic  and  processing 
of  the  signal  is  divided  into  intra-period  processing  and  subsequent  storage. 


Fig.  4.20.  Frequency  response  of  rejector  filter. 

In  the  general  case,  due  to  the  presence  of  noises,  the  reference  signal  Z(t,  o>) 
cannot  be  represented  in  the  form  of  the  product  of  a  slowly  changing  fxinction 
into  a  periodic  function  and  optimum  processing  is  not  divided  into  intra-period, 
carried  out  as  if  the  given  period  was  unique,  and  inter-period.  This  circum¬ 
stance  considerably  hampers  practical  realization  of  optimum  processing. 

In  connection  with  this,  an  essential  interest  is  presented  by  the  question 
of  synthesis  of  optimum  inter-period  processing  in  the  case,  when  separate  pro¬ 
cessing  of  periods  is  assumed  beforehand,  and  of  a  comparison  of  such  kind  of 
separate  processing  with  completely  optimum  (see  Section  4,11). 

4.10.  Gharacteristice  o'^'  Target  Detection  on  a  Background 
of  Paeaive  Interferences 

4.10,1  liquation  of  Detection  Characteristics 
As  in  the  case  of  detection  on  a  background  of  noise,  during  the  investigation 
of  target  detection  characteristics  on  a  background  of  passive  interferences,  let 
us  consider  along  with  optimum  systems  a  certain  qfmsioptimum,  differing  from  the 
optimum  in  its  comparative  technical  simplicity.  Calculation  of  the  characteristics 
of  interest  to  us,  as  in  the  case  of  noise,  will  be  conducted  on  the  basis  of  the 
general  results  of  Section  4.2,  With  this,  it  will  be  necessary  to  consider 


separately  the  case  of  single  transmission  of  signoLl  —  no  assumptions  are  being 
made  relative  to  the  law  of  modulation  of  this  transmission  —  and  the  case  of  a 
periodic  main  signal  with  arbitrary  intraperiodic  modulation. 

When  examining  the  first  case,  we  will  assume  that  fluctuations  of  the  signal 
are  slow,  and  the  filter  band  ensuring  the  coherent  accumulation  of  signal  conforms 
to  the  length  of  transmission.  The  support  signal  utilized  in  the  receiver  we  will 
consider  arbitrary  and  designate  by  Z,!/.  r)  .  With  this  the  voltage  on  input  of 
relay  is  in  the  form 

r 

1  f  2.(/. 


and,  inasmuch  as  y(t)  is  a  normal  random  process,  it  is  subject  to  exponential  dis¬ 
tributive  law.  The  equation  of  detection  characteristics  cori*e spending  to  this  dis¬ 
tribution  has  the  form 

I 

D ----- F 


where  represents  the  ratio  of  signal  power  to  total  power  of  noise  and  Inter¬ 
ference  at  output  of  a  system  carrying  out  multiplication  by  the  support  sigiml 
and  integration.  Using  (4.9.1)  and  expressing  r(x,  ti^ — t^)  by  vS'.,,(.r,  oU,  it  is  easy 
to  show  that 


■' IV, 
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(4.10.1) 


where 

art 

C,  (X.  X,  tt.)  ;  j  /.,{/ 

C,(x,  x)r>.r;,(.r.  X.  0),  and  Z,  (/.  x)  is  considered  for  simplicity  to  be  standardized  Just 
as  u(t). 

It  is  not  difficult  to  see  that  if  the  system  of  detection  is  optimum  and 
Z,(/.  t)  e"*''  T),  determined  by  formula  (4,9.3),  then  (4.10,1)  agrees  with  (4.9.4). 


In  the  case  of  the  periodic  laws  of  modulation  of  the  main  and  support  sig¬ 
nals,  as  for  detection  on  a  background  of  noises,  we  consider  the  dependence  of 
detection  characteristics  on  the  filter  transmission  band  and  on  the  width  of  the 


i'l  actuation  spectmrai  of  the  reflected  signal.  With  certain  additional  conditions, 

;  rt'e-.e  dep  'ndences,  as  we  now  believe,  carry  the  same  character  as  in  the  cases  of  de¬ 
tection  on  a  background  of  noises. 

With  an  arbitraiT’  support  signal  and  filter  characteristic,  the  output  voltage 
f'l  the  detection  system,  as  was  shown  in  Sectioi  4,4, can  be  presented  in  the  form  of 
(4.4,1').  Characteristics  of  detection  are  determined  by  relationships  (4,2,6*)  — 
(t,?,8*),  where  in  these  relationships  the  correlation  function  r(tx,  t2)  in  the 
considered  case  is  equal  to 

r(t„  2^7  (4,10.2) 

where  r^(t2^,  t2)  designated  the  coefficient  when  exp(<(<'>«+i»ait)  in  (4,9.1), 

II  ^.1'.  t)  designates  the  law  of  modulation  of  the  support  signal  which  we  consider 
• :  lie  and  standarized  Just  as  u(t), 

'ising  the  assumed  slowness  of  interference  fluctuation  and  the  narrow-band  nature 
of  the  filter,  we  average  r(ti,  t2)  with  respect  to  and  t2  in  an  interval  suffi- 
■nt  for  averaging  the  modulation  of  the  support  and  main  signals*  As  a  result, 
(>’*.'>,! ),  we  obtain 
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where 


CkU.  t)  — C.,(a-,  “e.  0);  C,^ix.  ‘i, 
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Considering  T  >  T,,  we  will  break  down  integri|J.8  v^tu  respect  to  and  t2  into 
integrals  according  to  periods  and  we  will  disregard  the  boimda-cy  effects.  As  a 
result  of  simple  conversions  we  have 
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(4.10.3) 
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where  k  and  1  are  integral  parts  of  I'atios  and  ^  accordiiigij,  Function  j-i 

*  f 


has  ffiajdmums  equal  to  one  when  m-  10,  (1  is  an  integer,  O,  -  the  width  of 
wh5  Jh,  by  assumption,  is  significantly  more  tJian  th<  width  of  apact5*um  «•). 
but  'significantly  leas  than  the  frequency  oi*  r«potit.;.on,  .  Considering  that  ,.*•'*  "'i* 
does  not  change  during  addition  to  m  of  an  integer  of  repetition  frequencies,  it  is 
poasiblo  to  replace  the  integral  with  respect  to  Ln  (4,10,3)  by 

"  m  « 

^  J  57  ix.  » •>  dm , if), ■) I  c,, (A',  t.  ■  10/1  ;•;< 

|i»»  ga  >  ao 

xx**'"' 'X/«. 

Uuo  to  the  slowness  of  interference  fluctuation  In  this  sum,  an  Bssential  role  is 
played  by  only  the  two  memboro  with  values  of  k  nearest  the  magnitude  of  ratio  ■ 
Considering  the  slowness  of  change  t,  «.)  as  function  >» ,  it  is  rjosgibic  to  re-' 
place  u>  in  the  ai’gument  of  this  function  by  Au  ,, 

As  a  result,  the  final  expression  for  rji',.  i.)  is  written  in  tho  foim 

oO 
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The  process  to  which  the  function  of  correlation  r\iu  h),  corresponds  is,  as 
one  should  have  expected,  stationary  .*nd  can  be  characterized  by  spectral  density. 
With  this,  we  conveniently  introduce  into  consideration  the  equivalent  spectral 


density  of  the  interference 


00 


(4.10.5) 


X  V  5^,  (x,  a>  —  A(i);j  ~  kCi,)dx. 


The  aiagnituae  of  the  equivalent  spectral  density  of  the  interference  in  the 
.'j)put  of  the  filter  considerably  depends  on  the  Doppler  shift  of  the  interference 
relative  to  the  useful  signal  and  on  the  degree  of  correlation  between  its  law  of 
modulation  and  the  support  signal. 

The  next  step  in  finding  the  cfiaracteristics  of  detection  is  the  solution  of 


equation  (4.2.7*)  with  nucleus 


{.  (4.10.6) 

,  r 

where  v(t^,  t)  is  determined  by  formula  (4.4.2)^ 

During  fast  fluotu>fltion  of  si^tol  from  target  and  interference,  the  solution 
of  tills  equation  can  bo  obtained  by  Fourier  transform.  As  a  result,  for  the  charac¬ 
teristic  voltage  function  at  input  of  the  relay,  wo  tiave 

'*■">  j.  f ('  (4.10.7) 

This  formula  is  fully  analogous  to  forrauliii  (4,4.7),  Semi-invariants,  corresponding 


to  the  cbtained  characteristic  function,  are  dotemdned  by  expression 


(4.10,8) 


With  sufficiently  large  A/,,/'  and  \f,T  diatribut  ion  p(L)  can  be  considered 
normal  [see  {k*U,9)  and  (4.4.10) or  with  more  accurate  calculations  we  can  use 
Edgeworth  series  (4.4.11). 

If  the  epectimm  of  the  interference  fliichuat  ion  is  wide  as  compared  with 
the  bandwidth  of  the  transmission  of  the  fUter  A;.,  t'u?  3(»-ctral  density  oi'  inter¬ 
ference  in  the  filter  band  can  be  considered  constajit  and  equal  to  A.,,.  Cii  This 
corresponds  to  the  x^eplacement  of  interference  by  eq'iivaxent  wtiite  noise.  Condi¬ 
tion  A/j.  -A/,>  quite  often  is  fuixilled  for  radar  sets,  fixed  on  fast-wnoving  objects, 


when  due  to  the  movement,  there  occurs  a  strong  expansion  oi 
trum.  Having  produced  in  (4.10.7)  a  change  ot  varjabics  A 


Lne  fluctuation  spec- 

V  ' 


fleeted  in  the  form  of  detection  characteristics .  Vti;  obtain 


ixp 


<30 


i  ',  !  /  /  I  J-o  ;  .  M  t  ^  A’  ,.  >.  (  ■'  !  i  J  ,)! 

i  ) 


(c.IO.V) 


where 


Xt.afOl 

*  ^  -V. 


if  (  . I , t 

>1  . 


,10.10) 


This  formula  completely  agrees  in  fom  with  (4,j..7)  mKi  rrc.>m  It,  it  follows  that 
the  d«»f>endenoe  of  the  threshold  ratio  of  sign**!  to  Interrcrwe'?  vn  the  riltoh  trans¬ 
mission  th«  width  of  the  fluctuation  epoctr-iim,.  un't  taq,'  <,ti?idrvut:ioh  tinio.  in  th?, 

presence  of  passive  interference  and  when  V.*.  -  A/,t  car r, on  th->  rva-mo  charoct  ^r  during 
fast  fluctuation  of  useful  signa.1  as  in  the  prenenc«  onr  ficis"  i'ae'i,  -hction  <..4), 


'f  (n)  this  case  we  have 


i«n  conoide*-;  n>: 

.  '»  •..■■■VA'!  (jf  s'fow 

fluctuation 

1  Mr  r  ■ 

>  For 

tro  'harHct-irtBt 

,ic  function 

/ 

-  i  ”,  ^  i  ! 

i’... 

ft.'  / 

(4.10,11) 
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Considering  distribution,  without  a  useful  signal,  nonnal  when  I-  .0  ,1  arid  /  I 


we  obtain  similar  to  (4,4.19) 

D  i  ixp 


(4.10.1;') 


where  '''■■.n  is  determined  by  the  formula  (4.10,8)  when  P^-  0. 

.  If  X/.).  \hu  then  by  replacing  interference  by  equivalent  white  noise,  we  can 
obtain  for  this  case  all  the  results  received  for  slow  fluctuation  in  paragraphs 
U.k.2  and  4.4.4,  With  this  the  signal -to-noise  ratio  is  replaced  in  the  formulas 
by  the  signai-to-interference  ratio 


V. 


,  i...  (tt>  ■ 
+  '  N  ' 


(4,10.13) 


From  the  received  ratios  it, is  clear  that  ih  the  presdnc©  of  passive  inter¬ 


ference,  wide-ikiand  as  compared  with  frequency  response  of  the  filter,  carrying  out 
coherent  accumulation  in  the  system  of  detection,  the  dependence  of  threshold  power 
vtt  the  signal  on  the  filter  band  and  the  relationship  between  observation  time  and 
the  width  of  the  fluctuation  spectrum  of  the  useful  signal  have  the  same  form  as  in 
t,h»‘  problem  of  detection  on  a  backgromid  of  noise. 

Tip?  dependence  of  the  threshold  power  of  the  useful  signal  <m  the  laws  of  modU” 
!.itl*;'ii  of  the  main  and  supftort  signals  is  <ieter«iin«»d  by  formulas  (4,10,10)  and 
(b.lu.lJ).  These  laws  should  be  seieeted  so  Uiat  the  signal •^to-interference  ratio 
lor  proportioml  to  the  signal-to-lnterference  ratio  ^ the  iar» 

rrpr  jjosfilble, 


When  V,,.  is  comparable  with  the  bandwidth  of  the  filter,  the  results  obtainetl 
<»b'?n  N.?>.  can  be  used  at  approximate  or  definitized  with  the  help  of  formulas 
(t.iu.y)  and  (4.10.1,;)  if  condition  A/„/  '  J  is  fulfilled*  To  analyae  the  case 
MuT  ]  as  yet  has  not  been  managed  because  of  essential  calculating  difficulties 
which  are  possible  to  susTtount,  apparently  only  with  the  use  of  electronic  calou- 
fating  technology.  If,  however,  interference  fluctuates  slowly  (A/ttr*:  M.  then 
solution  (4.2.?*)  can  be  obtained  under  th@  of  little  noise  as  coiti|.)ared 


Th»  law  of  modulation  of  tho  aupport  aignol,  corz‘es>y.nHUn^r  to  offtimum  proeoaain^:, 
roj^osonte^  as  i««  shovm  in  the  preeodini?  {jara^trafrfu  the  r««nXt  of  vmy  complicated  . 
tfaiisrorrtsaticttja  of  the  main  signal  i  the  charaetej*  of  thege  ij*anerofmai.ion.e  depends 
Off  tf^e  Uoppier  shift  of  signal  frequeney  relative  to  i«t»iT*foronc«,  distributiw  of 
interference  by  diet.ance,  etc*  lAirlng  a  peritxiie  synal. ,  the  law  of  'nodul.ation  of 
optluaim  Support  signal  />it.  t)  does  not  possess,,  in  general,  thtr  prope.Hy  of  periodi¬ 
city  <ind  optifitttfB  pitHXJesslng  is  not  divided 'into  Intra-  aiuJ  int«;.rperiat.i*  All  those 
cireumstatces  hamper  the  technical  roaiitation  of  opti.®.u;B  processlmi:  and  aes*ve  as 
a  cause  of  the  tendency  to  replace  the  processing  by  flmplor  trmtwsnt.  from  this 
po^.nt  of  vievf  it  is  most  desirable  as  a  supi>ort  oignal  to  use  the  expected  sig?)ai 
from  the  target,  Bucii  a  support  signal  is  optlmuffl  dm*ing  detsctlon  on  a  background 
of  tdtlts  noise  and  this  replaoeosnt  uould  permit  us  not  to  be  concet'nod  about  the 
change  of  operating  coiiditiona  of  the  radar  station  in  the  presence  of  p>aosive 


interferences.  Therefore,  it  is  assumed  expedient  to  compare  magnitudes  of  the 
signal -to-interference  ratio  during  optimum  support  signal  and  when  using,  as  the 
law  of  modulation  of  the  support  signal,  the  expected  law  of  modulation  of  the  use¬ 
ful  signal.  For  the  first  of  these  cases,  can  be  calculated  by  the  formulas 
(4,9.4)  and  (4,10,1)  with  the  use  of  the  results  in  Section  4,9>  concerning  determi¬ 
nation  of  optimum  support  signal.  Expression  for  q]^  during  application  of  the  ex¬ 
pected  signal  as  support,  can  be  obtained  from  (4.10,1),  (4,10.13),  (4,10,14),  and 
(4.10,15),  replacing  Cio(.t.  t,  oj)  and  to))  by  Co(.t— t,  o>)  and  C(.v— t,  o»)  respectively. 
We  conduct  comparison  of  magnitudes  separately  for  "discrete"  and  extensive 
interference. 

In  the  case  of  discrete  interference,  substituting  (4,9.21)  into  (4.9,4),  we 
obtain  for  a  single  transmission 

(4.10,16) 

The  formula  for  during  a  periodic  signal  has  the  same  form,  T^e  difference  con¬ 
sists  of  the  fact  that  is  replaced  by  (see  paragraph  4.9.2), 

In  order  to  avoid  excessive  complications,  we  will  compare  optimum  processing 
with  the  usual  correlated  processing  for  a  particular  case  of  (me  interfering  target. 

With  this,  as  is  fnparont  fr«»  (4.9,17)i  (4.9.19),  optimum  processing  Is  re¬ 
duced  to  subtracting  si^^s  (distinguished  on  a  background  of  noise)  from  the  target, 

and  interference  with  corresponding  coefficients.  For  brevity,  such  a  method  of 
processing  is  designated  below  as  coherent  oompen8ati(m. 

Considering  in  (4,10.16)  ra  *  1,  we  obtain 

(4.10.160 

wtiore  ^  is  the  interference-to-noise  ratio* 

The  corresponding  formula  for  periodic  signal  and  fast  fluctuations  of  intsrfsrenoe 


has  the  form 


« 

*  2>/~  —  ^r)  1 


(4.10.17) 


As  was  possible  to  expect  on  the  basis  of  the  results  of  paragraph  4.9.2  and  simply 
on  the  basis  of  purely  qualitative  reasonings,  the  signal-to-interference  ratio  in 
the  output  of  the  system  of  optimum  processing  is  increased  by  the  reduction  in  the 
correlation  of  the  laws  of  modulation  of  the  useful  and  interfering  signals. 


Fig.  4«21»  Loss  due  to  abandoning 
optiflRin  prooessing  during  sharpened 
interferenoe* 

For  the  oase  of  Zi(/,  by  substituting  c(jt)  la  (4,10.1) 

and  (4*10.13)«  we  oMaint 

in  the  ease  of  single  tranaodsslon 

(4,10.18) 

in  the  ease  of  periodio  signal  and  fast  fluotuatioi 


Conparison  of  foimLas  (4*10,18)  and  (4.10,1^*)  shows  that  the  use  of  optiaun 
prooessing  gives  in  the  oonsidered  ease,  great  practioal  laoraasing  infinitely 


with  the  increase  of  intensity  of  interference;  vdth  the  tendency  of  q,i  to  infinity, 
for  optimum  processing,  tends  to 

for  Z{i,  <)-=•- u(t  —  x)  tends  to  zero. 

Fig.  4.21  presents  the  dependence  of  relation  (F)  of  magnitudes  determined 
by  formulas  (4.10.16')  and  (4.10.18),  characterizing  the  gain  due  to  the  use  of 
optimum  signal  processing  with  various  Vn.  on  lCioi^=|C(Ti— t,  A(.);t)|2.  Gain  is  absent 
only  during  C(ti— t.  =0;  1  and  maximum  during  |Ciol’=OA 

During  fast  fluctuation  of  interference  and  periodic  signal,  the  dependence 
of  r  on  Co(ti  — t,  has  the  same  form  as  that  just  considered.  With  this,  the 
role  of  parameter  <?□  is  played  by  relation 

OD 

In  order  to  be  certain  of  this,  it  is  enough  to  remember  that  formula  (4*10,17)  is 
obtained  on  the  assun^Jtion  that  so  that 


•iSi,  (i«,  "  its.) 


•i  ^  —  W*) 


2iV,  4’ «,  ^  (^4  “ 


Heaults  obtained  show  that  in  a  case  of  "disorete"  interference ,  abandoning 
optimum  processing  is  Inexpedient,  since  such  treatment  allows  us  to  ensure  a  suf¬ 
ficiently  largo  signal-to-interference  ratio  svsn,  when  the  usual  msthod  of  pro- 
citseing  with  multiplication  by  the  expected  signal  is  completsly  wes*tefiod.  The 
principle  of  coherent  compimsation  of  the  signal  from  the  interfering  target »  which 
is  the  main  el«aent  of  optimum  processing^  may  be,  apparently,  sueoeatfully  applied 
for  a  whole  series  of  practical  problema  of  dlatiAguiBhing  the  signal  from  low- 
flying  aircraft  on  s  baokgr<»md  of  any  local  object,  etc. 

The  main  difficulty  in  the  way  of  using  this  method,  is  the  fact  that  in  a  num¬ 
ber  of  oases  the  int^sity  and  coordinates  of  the  interference  target  are  not  known 


accurately  and  are  determined  only  on  the  basis  of  the  radar  signal.  In  this  case, 
due  to  inaccurate  knowledge  of  coordinates,  the  effectiveness  of  compensation  de¬ 
creases.  Ch  the  intensity  of  the  interfering  target,  the  effectiveness  of  compensa¬ 
tion  during  <7,,  i;- 1  depends  only  slightly,  and  this  dependence  can  be  disregarded. 

In  order  to  have  the  possibility  of  judging  the  degree  of  decrease  in  effective¬ 
ness,  let  us  consider  an  example.  Let  the  speed  of  the  interfering  target  be  known, 
and  the  distance  be  determined  by  the  received  signal  with  the  help  of  the  maximum 
likelihood  method  without  calculation  of  the  possible  presence  of  a  true  target 
in  the  environments  of  the  interfering  target.  With  this,  using  expansion 

C (X,  +  Ax) C  (x.)  4-  ia  (Xj  Ax  +  (Ax)’ 

and  considering  that  b(0)  is  real,  and  a  (O)  with  a  symmetric  spectrum  of  modulation 

is  equal  to  aero;  as  a  result  of  substitution  of 

2,  (/.  t)  ^  (m  (I  - 1)  — 

-  C {%;  - .  t.  A»a) « (/  -  < )  i'*''’  '*** 1 

(t,'  is  the  measursd  value  of  delay  of  signal  from  changing  target)  in  (4,10,1) 
we  obtain 


I  T' 


'  t.  * 


(4.10.20) 


where  ti  is  enror  in  distance  msasur^Bsnt. 

In  this  error  it  is  sxpadiMit  to  distinguish  two  codtponents,  one  of  which  is 
caused  by  the  influence  of  noises  <»i  the  acoure^y  of  measuring  the  distance  of  the 
interfering  target,  and  the  second  is  o(»meote(l  with  the  presence  of  the  revealed 
target.  As  is  show  in  Chapter  7,  Vol,  II,  the  dispersion  of  fluctuating  error 
during  it 


Systeoatlo  error  can  be  detenained  by  equating  to  aero  the  mean  value  of  the  logarithm 

of  the  relation  of  veriaimllitude  (4*3.9).  Assuming  this  error  to  be  saaU,  we 

-  n,)j 

•P  t  1 1  i*  (’» *  b  ;*  f  kt'  -  »*)  c'  (*  “  f,n 


V 


obtain 


By  substituting  in  (4.10.20),  it  is  simple  to  obtain  a  final  expression 
for  the  signal-to~interference  ratio  It  is  interesting  to  note  that  vdth  a 
decrease  in  intensity  ratio  of  the  true  and  interfering  targets.  This  is  connected 


P. 


with  a  decrease  in  systematic  error  with  a  decrease  in  ,  due  to  vdiich  the  accuracy 


of  compensation  of  interference  is  increased. 


Fig.  4.22  presents  [calculated  by  formula  (4.10.20)]  dependence  onlC(t,  — 1)[’ 


for  a  case  of  sequence  of  Gaussian  pulses  with  linear  frequency  modulation  when 
A''>,i  -  0,  various  and  =  200  (this  tbrresponds  to  D  =  0,9  and  F  =  10“^®),  For 
the  considered  law  of  modulation 


C(^)-c 


—  - - 

22.i  . 


«(■«) 


{<»•)* 


11,2 


where  is  pulse  duration  based  on  a  level  of  half  power; 


a  is  the  speed  of  frequency  change* 


hle(rrrf 


Fig,  4*22.  Depend viiioe  of  lignal-to- 
Inteirferenoe  ratio  In  the  outfit  of 
the  procuosing  system  on  the  dlstanoe 
between  tatgets* 

KSYt  (a)  OptiauDi  systeai* 

For  comparison  the  same  figure  there  is  shown,  by  a  dotted  line,  the  de* 
pandenco  of  on  ;C(t  -- 1,).*  for  the  case  of  —  as  support,  the  expected 


signal  is  used.  As  can  be  seen  from  the  graphs  In  the  case  of  different  intensities 
of  detectable  and  interfering  targets,  the  shoMn  processing  method  leads  to  aLaost 
the  sane  results  (rery  unsatisfactory)  as  coherent  compensation  of  a  signal  from  the 
interfering  target,  carried  out  in  accordance  with  optimum  processing.  However, 
maastare  of  the  decrease  of  ~  the  effectiveness  of  compensation,  both  relatively 
and  absolutely  grows.  For  exan^ale,  when  ^  =  and  IC(t,  -•t)|*s=0,2  detection  on 
a  background  of  an  interfering  target  requires  only  a  double  increase  of  the  thres¬ 
hold  signal  as  compared  with  detection  on  a  background  of  noise  if  we  use  coherent 
compmsation,  while  in  the  usual  correlated  processing  with  multiplication  by  ex¬ 
pected  signal,  detection  in  these  conditions  is  practically  impossible. 

The  considered  example  oonflms  the  expendienoy  of  the  practical  use  of  the  co¬ 
herent  cQSQMnsation  method  for  distinguishing  useful  signals  mm  a  background  of 
powerful  interference  reflections  from  false  targets.  Vfhen  using  the  method,  one 
should,  however,  consider  that  good  results  can  be  received  only  with  accurate  tech¬ 
nical  achievement  of  ooe^sation.  With  this,  the  most  substantial  role  is  played 
by  equipment  error  in  the  measureswit  of  distance  and  speed  and  error  in  setting  up 
the  anplifioation  factor  of  the  compensation  channel  (see  (4.9*19)1.  Due  to  inevita¬ 
ble  imperfection  in  fulfilling  aU  these  operations,  growth  of  during  decrease 
of  in  practice  win  take  place  only  up  to  a  definite  value  of  the  smaller, 

•i  *i 

the  bigger  the  indicated  errors. 

us  consider  a  case  of  extensive  interference.  The  signal-to-interference 
ratio  corresponding  to  optisui  processing  of  received  signal,  is  cslettlated  for 
this  case  by  the  foraula  (4.9*4}  with  use  of  resulte  of  paragraph  4*9.3* 

Substituting  (4.9*27)  in  (4*9*4)»  we  obtain 

P*  t  ?  (4*10*21) 

li  I  iTOSj  * 

-*•  * 

Spectral  density  is  deteminsd  in  the  case  of  single  transaissloii  by 
la  (4.9*25)«  and  in  the  case  of  periodic  signal  by  formula  (4.9*26). 


If  the  main  signal  is  a  complexly  modulated  single  transmission  vdth  a  nonperio 
die  autocorrelation  function  C(T).then  the  spectral  density  of  modulation  Sm{o)),  in 
(4.9.25),  is  a  slowly  changing  function  in  canparison  with 5* (t,  o)). Therefore,  disre¬ 
garding,  as  before,  the  distortiem  of  the  modxilation  due  to  the  Doppler  shift  of 
the  spectral  components  and  assuming  in  (4.9.25)  a=!,  and  also  considering  that 
(see  Section  1,2) 


it  is  possible  to  write  the  expression  for  in  the  form 


Sh 


(4,10.22) 


,  .  *  c  / 


Let  us  consider  for  comparison  the  signal-to-lnterference  ratio  for  this  case 
when  using  the  expected  signal  as  support.  Considering  in  (4,10.X)  o(,v)«S4, (a:.  «»)=:. 
s:  3(t)S4,(^.  «*)  *ind  (^/m  i*  the  width  of  the  spectrum  of  modulation),  and 

also  considering  the  property  (1.2,7)  of  the  functiem  of  uncertainty  »)[',  vre 
obtain 


I 


(4.10.23) 


where 

0». 

At4i>(0)e=i  JS«{«i4‘Q)S*(«)  Ja.  (4,10,24) 


tf,  as  this  usually  occurs,  the  Doppler  shift  aaoU  as  compared  with  the 

effective  width  of  the  modulation  spectrum,  then  it  is  possible  to  repLsee 

in  (4.10,23)  by 


q,  Si  tf. 


•  “f  ‘  I !  *'• 


(4.10.23 •) 


With  these  same  conditions,  it  is  possible  to  asdee  a  similar  re{d.acement  in  (4,10.22) 
Comparison  of  (4.10,23  *)  and  (4.10.22)  shows  tivat  these  exj^ssions  eoLneide  with 


rectangxilar  apectral  danaity 


S.(.)=|i77  I’K*''/- 

I  0 

when,  as  one  may  see  fron  (4»9*27)>  the  optimum  support  signal  coincides  with  the 
expected* 


With  this. 


(4.10.25) 


Signal-to-interferenoe  ratio  increases  by  measure  of  the  increase  in  effeo» 
tlve  width  of  the  aodulatlon  apeotrtHB  Vm- 

During  less  steeply  drooping  spectra  of  modulation  the  advantage  of  opt-ioum 
processing  becomes  notieeahls.  For  exsa^e,  tdien 


(wl.j 


the  relation  of  magnitudes  qx»  <>ctandAed  by  formulas  (4.10.23  0  and  (4.10.22}, 


'  +  5W.  /TO 

+&  i  +  'J-r 


Relation  T  isl  when  t<I.  r*-^^  when  if>l.  for  example,  when  y*^.  109.  For 

a  more  rapidly  drooping  opsetnai 


r  with  increase  of  Um  inttrfsrsiMO-to-noise  ratio  v  diminishes  more  slmlyt 

When  ftaslOO  ssMpiltade  rmiiO.7,  i«o««  it  it  3.5  ti^s  more  than  in  the  preceding 
exaaple.  When  ^>*1!  rdatlen 

FT 

H«»0e  we  can  ooneludo  that  hgr  asasure  of  the  increase  in  steepness  of  the  droop 
of  ths  spsotruB,  ths  lost  duo  to  the  use  of  correlated  processing  with  stnltiplica* 

tion  by  ths  expsotsd  signal  daaraaaos* 


The  physical  value  of  the  regularity  obtained  consists  of  the  following.  As 
w-us  shown,  optimum  processing  of  signal  during  extensive  interference  includes  sup¬ 
pression  in  the  expected  signal  from  the  target  of  the  spectral  components  having  the 
biggest  intensity  in  the  spectral  density  of  the  interference,  which  in  broad  terms 
coincides  in  form  with  the  spectrum  of  modulation.  With  this,  the  spectrum  of  the 
support  signal  is  compressed  and  expanded  due  to  the  relative  increase  in  components 
outside  the  main  naximum  of  the  spectrum  of  modulation.  The  result  of  this  is  an 
increase  in  the  quality  of  selection  with  respect  to  distance  (resolving  power  with 
respect  to  distance)  and  simultaneously  an  increase  of  intensity  of  noise  passing 
to  the  output  of  the  receiver.  The  steeper  the  spectrum  of  modulation,  droops,  the 
greater  increase  of  lateral  components  of  the  spectrum  is  required  for  a  substantial 
increase  in  resolving  power  and  the  more  noise  increases.  Consequently,  with  a 
given  interference-to-noise  ratio,  the  gain  due  to  optimum  processing  of  the  signal 
will  be  less.  A  signal  with  rectangular  spectral  density  of  modulation  does  not 
nave  lateral  components  of  the  spectrum;  therefore,  the  gain  of  optiJiium  processing 
;d.th  such  a  signal  is  absent. 

We  will  examine  similarly  a  case  of  periodic  modulation  of  the  main  signal. 

In  this  case,  during  high  speeds  of  motion  of  a  target  and  radar  set,  an  essential 
rol(j  can  be  played  by  the  difference  in  the  Doppler  shifts  of  certain  spectral 
components  of  modulation;  therefore,  in  the  derivation  of  the  corresponding  formulas 
we  will  consider  this  effect.  Assuming  that  Afn7’>l  and  and  substituting  in 
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and  in  (4.9.26),  we  obtain 

oo  f  - 

<7.  =^<7.  Yj - ® - ^ - 


(4.10.26) 


/:»  — OB 


Whore  a  1  -|  , 

1  •  c  ’ 


u  -  .•  . 


V.  '*. 


<7.  =5:  <I» 


(4.10.27) 


is  the  speed  of  target  motion  relative  to  the  radar  eet. 

The  magnitude  of  the  signal-to^interferance  ratio  essentially  depends  on  Dop¬ 
pler  shift  All;,  and  is  greatest  during  maximum  noncoincidence  of  the  harmonics  of 
the  usef \il  signal  with  the  harmonics  of  the  interference  •  During  a  ::::  a, I  maiH  rmitn 
occurs  vdien  Auj;,=  ^ (1  ie  an  integer),  and  minimum  —  vihen  A<o;,  =  /0,. 
Speeds  of  targets,  corresponding  to  minimum  usually  are  called  blind.  When 
A/n  ^  the  gap  between  maximum  and  minimum  is  very  large .  With  blind  speeds  of 
a  target,  its  detection  on  a  background  of  passive  interferences  in  actual  conditions 
is  frequently  impossible. 

Dependence  of  q^^  on  Awa  becomes  less  sharp  and  the  effectiveness  of  frequency 
selection  decreases,  if  the  speeds  of  the  target  and  the  passive  interference  rela¬ 
tive  to  the  radar  set  differ  so  strongly  that  the  difforcncc  in  Dcppxer  shxxi^e  ox 
the  spectral  coDQ)onents  becomes  essential.  Physically,  this  weakening  of  dependence 
is  explained  by  the  fact  that  during  the  fast  motion  of  the  target  relative  to  the 
reflectors  forming  the  interference,  together  with  the  signal  from  the  target  in 
various  periods,  signals  are  selected  from  various  reflecting  elements  of  passive 
interference,  which  are  not  correlated  with  each  other.  Due  to  this,  the  equivalent 
spectral  density  of  interference  on  input  of  the  narrow-band  filter  expands.  When 
the  shift  of  target  relative  to  the  reflectors  of  interference  for  the  period  of 
repetition  exceeds  the  magnitude  of  the  resolution  range  with  respect  to  distance, 
interference  in  input  of  the  filter  by  its  properties  approaches  white  noise  and 
dependence  on  is  practically  absent. 

These  phenomena  can  be  described,  using  an  exclusively  spectral  concept  and 


formula  (4,10,27), 

When  ^  donosiinator  (4.10,27),  an  essential  role  is  played 

by  one  or  two  msmbers  with  /»  -i-  k 

"  Mr 

If  then  during  all  k  maxi  mum  m;,  -f  «(*  —  /)  0,].  as  function  1,  has 

the  same  magnitude.  When  a,^a  the  magnitude  of  the  maximum  depends  on  k  and  with 


a  change  of  k  from  zero  to  '---g— ^  it  can  change  very  significantly.  If 
I  '  '  I "  fl ' '  then  with  a  change  of  k  from  zero  to  ki  the  indicated  maximum 
succeeds  many  times  in  acquiring  all  possible  values  and  as  a  result,  weakly 
depends  on  io.j.  Thus,  the  degree  of  influence  of  the  difference  in  the  Doppler 
shifts  of  separate  spectral  components  is  characterized  by  magnitude 

,  o,  ,|nA/.  ..  ,2nAf.,  _|  t>a  — tf,  I  r,  (4.10.28) 
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where  Ai/  -  ,  f—  is  the  extent  of  the  resolution  range  with  respect  to  distance. 

From  (4,10.28)  it  is  clear  that  the  degree  of  influence  of  the  considered 
effect  is  determined  by  the  magnitude  of  the  ratio  of  target  displacement,  relative 
to  passive  interference  for  a  period,  to  the  length  of  the  resolution  range  Ad.  With 
the  values  of  parameters  typical  for  contemporary  radar,  6  is  quite  small.  Magnitude 
\d  is  limited  from  below  by  dimensions  of  the  target  and  nliuA^/-^  10  m.  With  this  value 


of  and  r„]  ~  10--:- ID'  m/sec,  it  is  sufficient  to  take  a  repetition  frequency  on 
the  order  of  1  —  10  kilocycles,  so  that  f>  is  less  than  one.  In  accordance  with  this, 
it  is  possible  to  put  in  (4.10.2?)  u,  =  a=-!  and,  disregarding  shift  of  spectrum  Smo((.)) 
to  magnitude  Ai-m.  copy  this  formula  in  the  form 
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F.i-nilarly  to  (4.10.13)  for  the  case  when  we  used  the  expected  signal  as  a  support 


signal,  we  obtain 
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(4.10.30) 


Formulas  (4.10.29)  and  (4.10.30)  in  form  coincide  with  (4.10.22)  and  (4.10.23'), 
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respectively.  Instead  cf  magnitude  a(T)7o*  in  (4.10.29)  and  (4.10.30)  there  is 
contained 

Oft 
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In  accordance  with  this^  the  results  (receivou  above  for  a  case  of  single  transmis¬ 
sion)  of  comparing  optimum  processing  with  correlated  processing,  including  multi¬ 
plication  hy  the  expected  signal,  can  be  extended  to  a  case  of  periodic  modulatlm* 
Thus,  in  cases  of  single  transndsaion  and  a  periodic  main  signal  vdien  A/„T>  I 
the  iresult  of  centring  the  considered  methods  of  signal  processing  depends  on  the 
form  of  spectral  density  of  modulation.  Difference  in  effectiveness  increases  by 
measure  of  decrease  in  the  steepness  of  droop  S„(o>)[.Svo(o))]  and  is  absent  with  rec¬ 
tangular  spectral  density  of  modualtlon,  when  the  optimum  support  signal  coincides 
with  that  eoq^ected,  and  optimum  processing  is  discrete.  Near  such  spectral  density 
is,  for  example,  function  Sj,(o))  for  a  signal  with  linear  frequency  modulation. 

4.10.3.  Selection  of  a  Law  of  Modulation  of  the  Main  SignsLl  from  the 
Viewpoint  of  Noise-Resistance  in  Reference  to 
Passive  Interferences 

Inasmuch  as  the  properties  of  a  signal  reflected  from  a  passive  interference 
to  a  significant  degree,  are  determined  by  the  form  and  parameters  of  the  law  of 
modulation  used,  it  is  natural  to  expect  that  noise-resistance  in  reference  to  this 
form  of  interference  can  be  increased  by  means  of  a  rational  selection  of  a  law  of 
modulation.  In  this  division  on  the  basis  of  analysis  of  the  expressions  obtained 
above  for  the  signal-to-interference  ratio  q^^,  determining  the  character  of  the  de¬ 
pendence  of  detection  reliability  on  the  form  of  modulation,  requirements  will  be 
formulated,  which  the  law  of  modulation  should  satisfy  guaremteeing  relatively 
high  noise-resistance  in  reference  to  passive  iaterfei'ence*.  These  requirements 


^♦Selection  of  a  concrete  law  of  modulation  is  u8ua]J.y  made  from  a  class  of  laws, 
possessing  approximatsly  identical  properties,  ar»cl  le  datonnined  basically  by  tech¬ 
nical  considerations. 


are  different  for  cases  of  discrete  and  extensive  interference,  for  which  reason 
it  is  expedient,  as  before,  to  consider  these  cases  separately. 

In  the  case  of  discrete  interference,  noise-resistance  is  determined  by  the 
value  of  the  function  of  uncertainty  with  values  of  At  and  Ao);,,  characterizing 
the  detuning  of  the  target  and  interference  with  respect  to  delay  and  frequency. 

The  lower  this  value,  the  better  the  target  is  selected  on  a  backgroxmd  of  inter¬ 
ference,  Inasmuch  as  target  and  interference  position  data  usually  are  unknown 
beforehand,  it  is  desirable  that  |C(At,  Ao);i)|^  be  sufficiently  aman  during  all 
prior  possible  values  of  At  and  The  best  from  this  point  of  view  would  be 
a  signal,  for  which  the  function  of  uncertainty  is  near  zero  with  all  values  of  t,  Q 
outside  the  main  maximum  (t-0,  £>~0).  However,  the  possibilities  of  creating  such 
signals  are  limited  by  the  integral  properties  of  the  function  of  uncertainty 
(1,2,10),  (1,2,7),  and  (1.2,9)  considered  in  Section  1,2, 

In  accordance  with  property  (1,2,10),  the  total  volume,  included  between  plane 
(t,  Q)  and  relief  of  function  ]C{x.  is  constant.  Thus,  if  coordinates  t  and  l> 
of  interfei'ence  targets  fill  plane  (t.  fi)  sufficiently  densely  and  evenly,  then  it 
is  impossible  to  increase  noise-resistance,  due  to  rational  selection  of  a  form  of 
main  signal  (in  any  case,  during  the  use  of  a  correlated  method  of  processing  by 
multiplication  by  the  expected  signal), 

.  From  (1,2,7)  it  follows  that  the  sectional  area  of  relief  of  function  |C(t,  Ojp  . 
along  axis  t  with  an  increase  of  |U!  diminishes  slowly  if  has  one  maximum  on 

axis  T  and  quickly  diminishes  outside  ttiis  maximum.  This  area,  which  it  is  possible 
to  consider  also  as  effective  width  Ai...[i(ll)  of  the  function  of  uncertainty  with  re¬ 
spect  to  T,  diminishes  rapidly  oidy  when  the  spectrum  of  modulatlcm  has  a  lined 
structui'e.  With  this,  function  C(t)  necessarily  has  secondary  caused  by 

the  presence  of  ambiguity  with  respect  to  distaiice. 

Finally,  property  (1.2,9)  determines  the  speed  of  decrease  in  the  sectional  area 
of  relief  |C(t,  U)p  with  respect  to  SJ  with  growth  \x\,  vdiioh  it  is  possible  to 


consider  as  effective  width  An„;,(T)  of  the  function  of  uncertainty  with  respect  to 
variable  Si.  Function  quickly  diminishes  only  in  the  case  of  pulse  radiation, 

since  phase  modulation  does  not  affect  the  character  of  change  A„[,0(t). 

From  the  shovfn  properties  it  follows  that  if  we  want  to  ensure  equally  good 
resolving  power  on  all  the  plane  (t,  fl),  then  the  best  achievement  on  this  path 
would  be  the  obtaining  of  a  function  of  mcertainty  available  outside  the  limits 
of  the  main  rnaximura  ^^ihon  |^1<4-  (T  is  the  duration  of  signal)  and  | O ] < rA/\, 
is  the  effective  width  of  the  spectrum  of  modulation)  constant  level,  approximately 
equal  to  A/lf  decrease  the  level  of  function  lC(t. 0)1*  outside  the  limits  of  the 
main  maximum  is  possible  only  on  a  limited  section  of  plane  (t.  O)  by  means  of  a 
redistribution  of  values  of  Such  redistribution  occurs,  for  example, 

dTiring  the  use  of  a  pejriodic  signal  possessing  ambiguity  with  respect  to  distance 
and  speed,  but  then  ensuring  a  very  low  level  of  |C(x,0)l*  in  the  intervals  between 
the  secondary  maximums  (see  Section  1.2), 

The  influence  of  relatively  small,  secondary  maximums  of  the  function  of  un¬ 
certainty  can  be  removed  with  the  use  of  methods  of  signal  processing  close  to  those 
considered  in  paragraph  4,9.2,  Analysis  of  possibilities  appearing  in  connection 
with  this  will  be  conducted  in  Chapter  13  vrtiich  is  devoted  to  the  problem  of  re¬ 
solving  power. 

In  a  case  of  extensive  interference,  the  signal-to-interference  ratio  does  not 
depend,  as  one  may  see  from  corresponding  formulas  of  paragraph  4.10.3,  on  the  form 
of  the  function  of  uncertainty,  but  is  determined  by  spectrum  S,,  («,).)  of  function  C(x). 
The  disappearance  of  dependence  on  C{x,  Q)  is  caused,  as  the  transition  from  (4.10,1) 
to  (4,10.23)  has  shown,  by  the  integral  property  (1.2.7)  of  the  function  of  uncer¬ 
tainty,  in  accordance  with  which  magnitude  AT>t,(Q).  representing,  as  it  were,  the 
equivalent  extent  of  pulse  volume  [see  (4,10.23)]  is  determined  only  by  the  spectral 
density  of  modulation  S„  ((■>), 

If  function  C(x)  has  the  form  of  a  short  pulse,  then  the  spectna#  is  wide 


.•imi  its  displacement,  due  to  the  Dopple--  nfiift  of  the  target  frequency  relative  to 
the  interference,  can  be  disregarded.  With  this,  selection  of  a  target  on  a  back- 
^^round  of  passive  interferences  with  respect  to  speed  is  absent  and  only  selection 
with  respect  to  distance  can  be  used.  Selection  of  a  signal  should  be  made  in  this 
case  based  on  conditions  of  maximum 
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It  is  possible  to  show  that  with  a  limited  frequency  band  reserved  for  a  given 
radar  set,  the  maxiimim  of  occurs  in  rectangular  spectral  density  of  modulation. 
However,  the  optimum  nature  of  such  a  signal  is  very  relative.  If  we  do  not  re¬ 
quire  equality  of  to  zero  outside  a  given  frequency  band,  and  consider  the  ef- 

rective  band  of  modulation  fixed,  then  a  signal  vdth  rectangular  spectral  density 
■'i'\Lds  to  many  others,  including  a  signal  with  Gaussian  spectral  density,  although,  in 


general, the  difference  between  signals  of  various  forms  with  the  same  effective 
band  A/,,  is  not  substantial.  We  can  make  certain  of  this  by  comparing  values 
corresponding  to  various  S;, (<•.),  with  the  same  effective  band. 

For  all  signals  of  such  form, the  signal-to-interference  ratio  is  determined  ap¬ 
proximately  by  formula  (4,10,25),  With  large  values  of  the  interference-to-noise 
ratio,  the  unit  in  the  denominator  of  this  formula  can  be  disregarded.  With  this. 
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where  is  the  effective  reflecting  surface  of  the  target; 

is  the  effective  reflecting  sxirface  of  the  interference,  occurring  in  the 
effective  resolution  range  with  respect  to  disteince  located  near 

the  targut. 

This  signal-to-interference  ratio  even  with  a  resolving  power  of  the  order  of 
the  dimensions  of  the  target  can  constitute  10"^  —  10"^.  Detection  of  the  target 
with  noticeable  probability  ith  such  a  signal-to-interference  ratio  is  practically 
impossible.  Hence  we  can  conclude  that  to  ensure  high  noise-resistance  without  the 


use  of  selection  by  speed  is  impossible. 

Certain  assumptions  used  in  obtaining  this  result  may  cause  one  essential 
objection.  We  assume  that  properties  of  the  interference  in  the  environment  of  the 
target  do  not  change  in  a  range  outside  ^diich  function  O)!^  is  practically 
equal  to  zero.  However,  as  was  noted  above,  it  can  appear  that  function  |C(t,  Q)!* 
outside  the  limits  of  the  main  maximum  has  an  approximately  constant  level  in  the 
delay  interval,  an  approximately  equal  duration  of  signal,  even  significantly  ex¬ 
ceeding  the  extent  of  interference.  In  this  case,  this  assumption  is  not  fidfilled 
and  for  an  estimate  of  noise-resistance  additional  calculation  is  necessary.  For 
a  case  of  correlated  processing  with  multiplication  by  the  e^qpected  signal  from 
(4.10,1),  considering  1 C  (x  —  t.  Am;,)  1 » .-5;  -  —  and  disregarding  noise  as  ccmpared  with 
interference,  we  obtain 

^  At,  "  ^  4,  * 

where  is  the  extent  of  interference  with  respect  to  distance} 

as  before,  is  the  reflecting  surface  of  reflectors  forming  the  passive 
interference  and  ooeurring  in  the  volume  of  resolution. 

The  signal-to-interferenoe  ratio  obtained  differs  from  the  above  considered  by 
tlaes.  If  iAssfO"*--  lO’*,  then  to  obtain  q^^  “  100,  corresponding  (see  Section 
4.4)»  during  slow  fluctuation  of  target,  to  probabilities  oi*  correct  detection 
D  “  0*9  awl  false  alarm  F  *  10^,  it  is  neoeesory  that  ratio  la  equal  to 
10^  —  10^.  The  observation  time  of  the  signal  from  any  fixed  direction  for  a  radar 
set  in  the  oonditions  of  the  .survey  does  not  exceed  0.03  —  0,1  sec.  Hence  it  fol¬ 
lows  that  the  required  signal-to^terferenoo  ratio  can  be  obtained  only  at 
0.3  —  to  microseconds  (50  —  1«500  m  In  distance).  At  the  same  time  in  real  con¬ 
ditions*  the  etxtent  of  interfe^ee  with  respect  to  distance  oan  be  signifioantly 
more  (u|>  to  several  tens  of  kilQnet«rs), 

Thus,  the  oaloulatitti  oondueted  also  oonfinas  the  oonolusion  made  that  without 
the  use  of  frequency  selection  we  cannot  ensure  sufficient  noise-rosletanoe  in 


I'c'i'orence  to  passive  interference,  in  certeiin  important  cases,  with  any  law  oi. 
modulation  of  the  main  signal.  Such  a  selection  in  combination  with  resolving  power 
v-rith  respect  to  distance  is  possible,  as  examination  has  shown,  only  with  a  line 
spectrum  of  the  law  of  modulation  of  the  main  signal.  Only  lined  structure  of  spec¬ 
trum  allows  us  to  obtain  a  fast  decrease  of  function  At, 4, (fl)  with  an  increase  of  iQ|. 

The  most  widespread  signals  of  such  form  are  periodic  signals  with  arbitrarily 
intraperiodic  modulation.  However,  a  high  ambiguity  with  respect  to  distance  is 
peculiar  to  these  signals.  The  majority  of  radar  stations,  by  selection  of  repeti¬ 
tion  frequency,  do  not  manage  to  ensure  simple  selection  with  respect  to  speed  and 
;li stance  simultaneously  in  all  the  prior  interval  of  change  of  these  parameters. 

In  connection  with  this,  it  is  tempting  to  form  a  nonperiodic  signal  with  a 
line  spectrum,  ensuring  simple  measurement  of  large  distances  with  sufficiently 
large  distances  between  spectral  lines.  For  measurement  of  distance  with  such  a 
signal,  as  has  been  repeatedly  suggested  we  can  use  the  differences  in  phases 

of  certain  spectral  components  of  the  reflected  signal,  and  for  sin^sle  measurement 
of  great  distances  it  Is  possible  to  use  differences  of  the  highest  orders  (the 
differences  of  phase  differences). 

We  vdil  calculate  the  functions  of  uncertainty  tC(r,  and  magnitude' 
for  such  a  signal,  De8i®[iating  by  /I,  and  Wj  aii9>litude  and  frequemoy  of  the  j-^h 
spectral  component,  we  obtain 
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Thus,  to  decrease  the  resolution  range  vdth  respect  to  distance  and  to 
increase  the  resolving  power,  it  is  necessary  to  increase  the  number  oi*  frequencies 
used.  The  same  conclusion  is  confirmed  and  presented  in  Fig.  4.23  by  dependence 
;C(t);^  for  case  n  =  3  and  y  (/=1,  2.  3).  As  can  bo  seen  from  the  figure,  with 

a  small  number  of  spectral  components  the  function  of  uncertainty  has  large  secondary 
maxlmums. 


Fig*  4.23.  Functicm  of  uncertainty 
ICW^»  for  a  signal  with  lino  staeo-' 
tru»  when  n  »  3.  J 

u.  «  SB  1,8. 


Of  significant  interest  is  the  questioti  whether  an  increase  In  spectral  compo¬ 
nents  aaist  bs  aocompanied  by  approximaticin  of  a  foimied  signal  in  its  properties 
to  the  usually  utilised  pexdsOdlo  signals,  or  whether  a  signal  with  si^fiifioantly 


hightr  •«leotir«  propertiei  oan  bt  obUlnad*  Bfttad  on  phTiioid.  oonsidentlons,  and 
also  oonsidaring  the  andlable  reeults  of  the  theory  of  alaoat  perlodle  ftmetlons, 
it  la  poealble  to  doubt  the  eodetenoe  of  euoh  a  poeelbiUty;  howerer^  oertain  pro- 
greae  along  this  path  any  be,  apparently,  attained,  and  the  aolution  of  this  prob¬ 
lem  deaervee  attention.  At  preaent  the  only  aignala  aeoeaalble  for  i»«otieal  uae, 
with  line  apeotrun  and  high  reaoltlng  poaer  with  reapeot  to  diatanoe  are  periodie 
aignala  poaaeaaing  the  advantage  that  their  obtaining  will  be  oonaiderably  leaa 
difficult  teohnloally,  than  obtaining  aignala  formed  from  aeparate  ainuaoida.  There¬ 
fore,  during  the  foUoning  preaentation  we  will  orient  ouraelvea  in  thla  form  of 
main  aignala. 

If  we  aaaume  that  the  aignal  ahould  be  periodie,  then  for  a  final  determination 
of  ita  propertiea  it  remaina  to  aeleot  the  form  of  Intxapexiodlo  modulation,  repeti¬ 
tion  frequency  and  readring  power  with  reapeot  to  diatanoe,  detendnod  by  the 
eff eotlre  width  of  the  apeotrun  of  nodnlatlon.  Prom  intraperlodio  modulation  there 
ia  required  only  a  auffieiently  faat  deereaae  of  funotion  iC«(t)|*  and  the  abaanoe 
of  aeeondary  naxlmmm  for  thla  funotion.  Aa  waa  ahowa  ia  Seetlon  1.2,  auffieiently 
good  propertiea  from  thia  point  of  view  are  poaaeaaed,  for  eiaaple,  by  aignala  with 
phaae-code  manipulation  and  oertain  pulae  aignala  with  linear  frequent  modulatien} 
regarding  the  advantagea  of  one  of  theae  forma  of  modulation,  if  there  are  auoh, 
they  are  purely  teehnioal  and  are  eonnaeted  with  the  reallaation  of  a  modulator  and 
reeeiver. 

The  greateat  diff ieultiea  ariae  during  aeleotien  of  the  repetition  frequency. 

» 

With  thia,  in  moat  oaaea  it  ia  naoeaaary  to  ohooae  between  ambiguity  in  diatanoe  and 
apeed  ainoe  we  oannot  enaure  aiaple  noiaurmamt  of  both  paraaetera  aimultaneoualy. 
Vvrr  frequently,  a  problma  of  aiaple  meaturoment  of  apeed  ia  not  act  ep  and  ambiguity 
li  diatanoe  ia  introdueed  only  beoauae  with  low  repetition  frequenoy  detemiaed  by 
aaadaum  diatanoe,  the  oorrelation  of  interferenoe  in  aai^boiriag  perioda  tuma  out 
to  be  woak  and  the  quality  of  freqaaiMy  aoieetioa  ia  lowered.  Thia  queotion  will 


be  ''.onsidered  more  specifically  in  the  following  paragraph.  Sometimes  ambiguity 
can  be  removed  by  using  certain  additional  measures,  part  of  which  we  shall  now 
consider  briefly. 

The  simplest  method  of  removing  ambiguity  in  distance  is  to  consider  the  tar¬ 
get  at  the  moment  of  detection  to  be  in  the  remote  zone  of  ambiguity  of  the  number 
of  zones  in  the  range  of  the  radar.  This  method  will  apply,  obviously,  if  the 
number  shown  is  small. 

For  removal  of  ambiguity  both  in  distance  and  in  speed,  we  can  use  wobbling  of 
the  repetition  frequency  [68],  vddch  must  be  carried  out  fairly  slowly  in  order 
not  to  affect  the  quality  of  selection  with  respect  to  speed.  Let  us  assume,  for 
example  that  to  remove  ambiguity  in  distance  two  changeable  periods  of  repetition 
and  T2.2  are  used.  True  delay  t  is  connected  with  delays  and  relative  to 
the  beginning  of  the  period,  by  relatlMiships 


If 


—  4,rr,4‘  \  • 


fill 


(4.10,34) 


then  when  Tn>Tn  one  of  the  fd.lowing  equalities  is  neoessarily  fulfilled: 

if  »:><. 

*i*“*i4***  if 

Using  these  relationships,  it  is  simple  to  exclude  kj,  and  k2  from  (4.10.34)  and 
to  find  t.  The  essential  deficiency  of  this  method  consists  of  the  fact  that  in  the 
presence  of  two  and  mere  targets  insolvable  with  respect  to  speed,  we  cannot  eliminate 
ambiguity  because  of  the  impossibility  of  identifying  the  pair  of  vidues  \  and  . 
Significantly  more  proodsing  from  this  point  of  view  is  the  method  of  smooth  change 
of  period  with  the  simultaneous  tracking  of  detected  target  with  respect  to  distanoe. 
For  example,  if  the  period  ohanses  linearly,  then  the  Identifloatlon  marks  of  the 
targets,  being  in  the  first  interval  of  ambiguity  from  the  radar,  are  motionless} 
in  the  second  interval  they  move  with  the  same  speed,  with  whloh  T,  changes,  and 
in  the  k-th  interval  with  a  speed  (k  —  1)  times  greater.  Maasuiing  the  speed 


of  motion  of  the  identification  mark  of  the  revealed  target |  it  is  possible,  thus, 
to  remove  ambiguity  with  respect  to  distance* 

The  same  method,  obviously,  will  apply  for  removal  of  ambiguity  in  speed*  If 
the  signal  from  the  target  occurs  in  the  narrow-band  filter  of  the  system  of  de¬ 
tection^  by  the  k-th  luuiaonlc,  then  during  a  change  of  repetition  frequency,  the 
frequency  of  this  harmonic  changes  with  a  speed  k  times  greater  than  the  speed  of 
change  of  the  frequency  of  movement*  The  law  of  change  of  period  Tj.  should,  cer¬ 
tainly,  be  chosen  to  exclude  the  effect  of  target  motion* 

In  certain  single-purpose  radars,  taking  into  account  the  possitdllty  of  the 
presence  of  passive  Interference,  it  is  expedient  to  use  a  hi.gh  repetition  fre¬ 
quency  ensuring  a  simple  lock-on  with  respect  to  speed*  With  this,  there  frequently 
appears  one  more  difficulty,  connected  with  the  impossibility  of  using  spaced  trans¬ 
mitting  and  receiving  antennas,  and  consequently,  with  the  Impossibility  of  ensuring 
the  required  by-passing  of  receiver  from  the  transmitter  without  cutoff  of  receiver 
for  the  time  of  radiation*  This  leads  to  the  necessity  of  using  a  pulse  signal  and 
to  the  appearance  of  blind  zones  with  respect  to  distance*  A  signal  from  targets  in 
blind  zones  arrives  when  the  receiver  is  closed* 

To  remove  the  effect  of  blind  zones  and  simultaneously  to  eliminate  ambiguity, 
the  search  for  target  and  its  subsequent  range  tracking  can  be  accomplished  by 
means  of  change  of  repetition  frequency*  Ih  tracking  conditions,  this  change  must 
be  made  in  such  a  manner  that  the  signal  from  the  target  is  always  in  a  fixed  point 
of  the  period*  With  this>  as  it  is  easy  to  check,  distance  can  be  calculated  by 
formula 


where  T,(h  and  t,(t)  are  the  current  values  of  the  period  and  its  derivative; 


*In  the  presence  of  ambiguity,  the  block  of  filters  should,  obviously,  cover 
only  a  range  of  frequencies,  equal  to  the  frequency  of  repetition,  and  the  ohaanels 
with  respect  to  distance  in  this  case  should  cover  only  one  period* 


»(/)is  the  current  value  of  speed  measured  by  a  system  of  tracking  with  respect 
to  speed. 

In  radar  systems,  before  which  a  problem  of  simple  measurement  of  speed  is 
not  placed,  but  only  the  reliable  selection  of  a  target  on  a  background  of  passive 
interference  is  required,  a  change  of  the  frequency  of  repetition  in  the  process 
of  work,  and  also  simultaneous  work  on  several  carrier  frequencies  can  be  used 
to  remove  the  effect  of  blind  speeds  in  the  working  speed  range.  These  methods  of 
combatting  blind  speeds  will  be  examined  in  the  next  paragraph  during  the  investiga¬ 
tion  of  methods  of  separate  processing  of  discrete  periods  of  the  signal. 

4.10,4  Concerning  the  Question  of  Selecting  Resolving  Power 
with  Respect  to  Distance 

Till  now  in  this  chapter,  the  target  always  has  been  assumed  to  be  a  point  (small^ 
as  compared  to  the  extent  of  the  resolution  range  with  respect  to  distance).  With 
this,  for  extensive  interference,  noise-resistance  always  increases  during  expansion 
of  the  spectrum  of  modulation,  i.e«,  with  an  increase  of  resolving  power  with  respect 
to  distance.  During  decrease  of  resolution  range  .'Ad  it  sooner  or  later  becomes  com¬ 
parable  with  the  dimensions  of  target  1  and  the  idealisations  taken  cease  to  be  ful¬ 
filled.  The  question,  arises,  whether  to  increase  further  the  resolving  power. 

m  order  to  answer  this  question  accurately.  It  is  necessary  to  solve  accurately 
the  problem  about  optimum  processing  of  a  signal  from  an  extensive  target.  With 
this,  one  oati  hardly  be  limited  to  Investigation  of  a  model  of  a  target  in  the  form 
of  a  cofflbinaticm  of  brilliant  points,  since  in  the  theory  of  radiovision,  transition 
to  which  occurs  when  an  essential  role  should  be  played  by  the  detailed 

study  and  comparison  of  "thin"  structures  of  reflected  signals  from  various  targets 
for  manifestation  of  their  similarity  atul  differences.  With  this,  there  appears  the 

eHere,  in  essence,  is  considered  resolving  power,  ensured  during  correlated 
processing  with  multiplloation  by  expected  signal*  Hore  specif ioally,  the  problem 
of  resolution  of  targets  will  be  considered  in  Chapter  13* 


problem  about  the  scattering  of  modulated  electromagnetic  waves  on  objects  with 
dimensions  of  heterogeneities,  comparable  with  wave  length,  corresponding  to  the 
difference  of  extreme  frequencies  of  modulation.  Solution  of  these  problems  is 
so  far  a  matter  of  the  future.  Therefore,  here  we  will  be  limited  to  discussion  of 
the  question  about  selection  of  resolving  power  from  the  viewpoint  of  the  contenqporary 
level  of  development  of  radar  technology  and  contemporary  ideas  in  this  region. 

Let  us  consider  first  of  all  the  question  about  the  consequences  of  decrease  in 
resolution  range  to  1  and  below,  from  the  viewpoint  of  fulfillment  by  the  radar  set 
of  its  basic  functions  in  the  absence  of  interference.  To  these  functions  belong: 
the  detection  of  a  target  or  a  group  of  targets  and  the  determination  of  the  parame¬ 
ters  of  the  trajectories  of  the  target.  For  idealization  of  target  in  the  form  of 
a  combination  of  brilliant  points,  the  quality  of  fulfillment  of  these  functions  can 
be  investigated  quite  strictly. 

Analysis  of  detection  conditions  can  be  conducted  with  the  help  of  the  results 
of  paragraph  4,9,1,  The  function  of  correlation  of  the  signal  from  the  target  is 
determined  for  an  extensive  target  by  formula  (4,9,1) >  and  function  VCt^*  ^2)1  in 
(4,2,2),  can  be  written  in  the  form 


where  /;)  is  determined  by  equality  (4,9,d).  We  will  assume  now  that  or(jr)  and 
r(x,  t)  change  slowly  as  compared  with  C(x),  then  it  is  possible  to  convert  both 
parts  of  equation  (4,9,11)  according  to  Fourier  witn  respect  to  —  X2»  considering 


constant.  As  a  result  we  obtain 


f 

(4.10,35) 


where  w]i  is  the  result  of  Fourier  transform  from  vixi^  xzt  t^*  t2)  with  respeot  to 


H  - 

^uation  (4,10,35)  o^n  be  solved  if^lative  to  w^  as  funotlons  of  time  for  extresM 


cases  of  slow  and  fast  fluctuation  by  methods  repeatedly  used  earlier.  For  brevity, 
here  we  will  limit  ourselves  to  a  case  of  slow  fluctuation.  With  this,  w-j^(X]^,  S]^, 
does  not  depend  on  time  and 


(i  +-2.v/S«(s)j 


(4.10.36) 


Substituting  this  solution  in  (4.9.8)  and  then  in  the  expression  for  V(t2^,  t2)i 
relationships  can  be  obtained,  determining  the  character  of  optimum  operations, 
which  in  general  form  are  very  complicated.  It  is  possible  to  sxmplify  these  opera¬ 
tions  by  apprcadmating  3^(8)  in  (4.10,36)  a  U-shaped  curve.  Then 

W..  (4.10.37) 

i  '+i^sf7 


From  (4.10.37)  it  follows  that  optimum  processing  of  a  si^ial  frwn  an  extensive 
target  during  the  assumptions  made  Includes  optimum  processing  of  signals  from 
separate  points  of  the  target  and  the  integration  of  results  of  processing  with  re¬ 
spect  to  delay,  with  weight  depending  on  the  distribution  of  the  reflecting  surface 
with  respect  to  the  extent  of  target.  ^  approximation,  it  is  possible  to  carry 
out  this  processing  with  the  help  of  a  finite  number  of  ohanne.>.s>  detuned  by  dis¬ 
tance  approximately  by  magnitude  ikd.  The  output  of  the  channels  should  be  stored  in¬ 
coherently.  Signals  reeeivabls  on  each  of  the  o^iannels,  for  the  considered  model, 
oan  be  considered  statistically  independent.  In  this  case,  the  oharacteidstios  of 
detection  are  precisely  the  sane  as  in  the  case  of  the  simultaneous  use  of  the 
frequency  channels  considered  in  Section  4.6.  From  attalysis  of  the  charaoterlstlcs, 

It  follows  that  during  slow  fluctuation,  optimum  magnitude  of  resolution  range  exists t 

and  during  fast  fluctuation,  the  quality  of  detection  Is  lowered  with  a  decrease  of 
Ad  (threshold  signal  is  calculated  approximately  as  m 

Thus,  if  conditions  of  statistical  independence  of  signale  refleet<Ki  from  sepa¬ 
rate  sections  of  a  target  are  executed,  axid  the  target  fluctuates  slowly,  an  increase 


of  resolving  power  up  to  a  definite  limit  is  meaningful  even  after  corns  up  to  1. 
The  fact  that  this  gain  coincides  with  the  gain  due  to  the  use  of  several  frequency 
channels,  allows  us  to  choose  between  these  two  methods  of  increasing  free-space 

range.  At  present,  from  technical  considerations,  preference  should,  apparently, 
be  given  to  raultifrequency  radiation. 

During  measurement  of  coordinates  of  an  extensive  target,  the  ques¬ 
tion  arises  as  to  what  is  implied  by  measured  coordinates.  Appajwtly, 
it  is  expedient  to  speak  cf  the  coordiantes  of  the  "radar  center  of  gravity'-  of 
the  target.  If  signals  from  separate  secti(»i8  of  the  target  fluctuate  independently, 
then  the  center  strays  in  a  random  manner  along  the  surface  of  the  target  and  at  any 
resolving  power  errors  of  determination  of  true  target  position  cannot  be  signi¬ 
ficantly  less  than  the  dimensions  of  the  target.  This  conclusion  is  completely 
confirmed  by  analysis  of  the  accuracy  of  distance  measurement  conducted  in  Chapter  7$ 
Vol.  II.  Thus,  from  the  viewpoint  of  increase  in  accuracy  of  measurement  of  coordi¬ 
nates,  the  discussed  increase  of  resolving  power  is  not  meaningful. 

We  will  observe  how  the  increase  of  resolving  power  affects  noise-resistanos  In 
reference  to  passive  interferences.  Ati  increase  in  the  signal-to-intsrfsrenot  i«tio 
during  expansion  of  the  modulation  band  «dtiob  takes  place  because  of  deorsass  In 
reflecting  surface  of  the  interference  occurring  in  the  resolution  range  in  respect 
to  distance,  will,  obviously,  continue  only  until  Sd>L  aiul  then  ttds  growth  will 
stop  or,  in  any  case,  will  be  delayed  (the  sf)eciflc  form  of  depend^ce  is  determined 
by  the  pi’Opertlee  of  the  target  and  the  iittorference).  At  the  same  tlca,  during 
further  increase  of  resolving  power  (see  paragraph  i.10,2)  conditions  worsen  for 
soieation  of  a  moving  target  with  i*espsct  to  speed. 

All  the  above  mentioned  arguments  against  increasing  the  resolving  power  i^cr 
the  resolution  range  becomes  comparable  with  the  dirieomit^s  of  the  target  are 
based  on  contei^r&ry  Ideas  about  the  problems  and  possibilities  of  radar*  Miyln 
in  the  future  we  win  manage  to  apply  incimsod  resolving  pcsier  (radiovisicit)  for 
identification  of  targets  and  for  singling  out  targets  cm  a  background  of  passive 


ir.terferen.ces.  During  resolution  of  these  probienis,  correlation  of  signals  reflected 
from  separate  sections  of  the  target  should,  apparently  be  used.  The  study  of  the 
problems  connected  with  radiovision  is  only  now  starting,  arid  it  is  impossible  to 
predict  all  the  difficulties  which  will  arise  and  all  the  advantages  which  we  will 


manage. to  put  into  use.  However,  it  as  possible  to  affirm  that  transition  to  a  ful¬ 


ler  use  of  a  fine  structure  of  signal  will  require  Hitdtiple  increase  in  the  signauL- 
to-noise  ratio,  since  the  quantity  of  information  transraitted  along  the  radar  chan¬ 
nel  will  increase,  In  connection  with  this,  in. -  syst.ems:  of  .  .remote  detection,  it 
is  possible  that  in' the  future  resolaang  joower  on  the  order  of  the  dimensions  of  the 
target,  will  be  used,  ,,,, 


*  Separate  Proceaaing  of  I’erioda  of  "-Hedg^lved. 
:  IVesehee  of  Fasslve  ~ 


.  Analysis  of  the  depwdwce  oii  detection  qmliiy  law  of;  modulation 

of,.the'|aain  shewn  tjtULt'''eff €ri:tiv#.; -^'a  background  of. 

powfui.,  pisi^yd  Is  imsibl®  vdH'uaily  .aily'  dv.fiiMj;  Itne,:-' 

sp<s^jrsm-  ;Of  ^  signals  are  .available  for '  use 

Mub :  si^aals-;ofi  tAiis  .ensbi%  .the .  pewsr  with-  respec.t  1 .. 

diii^as- Wasuj^ly with  tids,  tt  U  natu;?^  :to  ' 
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plicated,  ppemtiohs  .oy  nsiaoly,  .for  tisat  fom  .of  '  aigftais, 

■-  -  As  Jus-  already  been  noU^d*.  optlssusi.  of  the  received  siptal  -1ft  the  '  ■ 

pres?«ftce  of  eat.^ive-  pdssivo  laterfar?imc«.iu'd  noises  is  act  bi^3km  dewi,  gofteraIly4 
into- 'itatra- SiKi  intorp;Tiodic  signalOv'  .  'lav  cotajesUOii  with,  this,  for  this  proeossing 
wi  can  not  use  .reducing  filters  desifned  for  the-  proceseln^.  o-f.  separate -|»e.rlods  of - 
.Signal t  jprooossifig  becomes  cotisiderably  diffoi'cnt  u^an  ihs%%  'utilised. in  tha  absenoe 
of  ■  itttorf prenco  ai^  aii  ths  syntm  o-f  detection  built  on  optlmta  principles  bicoews  -. 
vc-ry 'eosaplicated,  ‘^eroforo,  of  acs*3»tiai  interest  . Is  t.he  invostifatiesfi  of  possi- .  ■ 
bilitles  of  using  eeparat#  procossiiog  of  perio'  >  in  the  presence  of  .passive 


interferences,  to  which  this  paragraph  is  devoted.  With  this,  in  accordance  with 
the  general  aim  of  this  book,  we  will  find  the  optimum  methods  of  intra-  and  inter- 
periodic  processing,  assuming  a  separate  character  of  processing  from  those  given 
beforehand.  Along  with  optimum  methods,  we  will  consider  practical  methods  of  inter- 
periodic  processing,  which  is  reduced  to  period-bj -period  subtraction  of  any  mul¬ 
tiplicity  of  ^iresults  -of  intraperiodic  processing  and  subsequent  incohereixt  accumula- 
.;ticn;.[65,  66,  1,  59].  ^ 

1  4,11,1,  Optimum  Intra- and  Interperiodic  Processing 

■jDuriiig  separate  processing,  the  received  signal  is  divided  into  sections  vdth 
a  duration  equal  to  the  repetition  period  of  modulation  (for  brevity  we  will  call 
these  sections  periods  of  reflected  signal),  and  each  of  these  sections  are  processed 
as  if  it  were  unique,  i,e,,  it  is  multiplied  by  the  support  signal  amd  is  integrated 
or  is  passed  through  a  corresponding  reducing  filter.  The  character  of  the  optimum 
processing  of  separate  periods  is  determined  by  the  results  of  Section  4*9»  relating 
to  a  case  of  single  transmission,  since  each  separate  period  cf  modulation  dan  be 
considered  as  a  single  transmission, 

The  effectiveness  of  a  circuit  of  intraperiodic  processing  is'  determined  by  the 
output  value  of  the  signal-to-interference  ratio,  v^ich  wo  will  designate  by  q  and 
which  is  determined  by  formula  (4,10.22).  In  jaragraph  4.10,2  it  wau  shown  that, 
with  steep-drooping  spectral  densities  of  modulation,  near  bo  rootangtilar,  the  re¬ 
placement  of  the  optimum  support  signal  by  the  expected  signal  does  not  load  to  an 
essential  decrease  of  the  signal-to-interference  ratio  q.  In  connection  with  this, 
for  modulation  spectra  satisfyii^  the  shown  condition,  in  the  presence  of  passive, 
interferences  the  same  processing. can  be  used  as  in  the  presence  of  noises  only, 

.  As  a  result  of  intraperiodic  processing  with  the  use  of  support  signal  t) 

we  obtain  a  sequence  of  nagnitudes  4  .... /i) 

ih 

ir-U  I, 


(4.11.1) 


which  must  then  be  subjected  to  interperiodic  processing.  Magnitudes  I,  are  com¬ 
plex,  The  real  <fj  and  imaginary  ifj  parts  of  these  magnitudes  due  to  the  assumed 
normality  of  the  received  signal  are  distributed  by  normal  law.  Joint  distribution 
of  magnitudes  4^1,  T"*  ti-  ■•••  'f'*  can  be  represented  in  the  form  of  [9] 

(4.11,2) 

I  J.M-I  f 

where  is  the  element  of  matrix  inverse  to  correlated  matrix 

elements  of  which  are  determined  by  equality 


(4.11.3) 


If  Pc>  Pm  Pa  3-re  powers  of  signal,  noise,  and  interference  in  the  output 
of  a  system  of  intraperiodic  processing,  then 


Rih  -  ^cp(/.  +  Pur  (/.  . 


(4,11,4) 


where  p{l.k)rjssp(jT,  —  kT,)  is  the  coefficient  of  interneriodic  correlation  of  the 

fluctuation  of  the  signal  from  the  target; 
r(i,  k)  is  the  coefficient  of  Interperiodic  correlation  of  reflec¬ 
tions  from  passive  interference; 
is  the  Doppler  shift  of  signal  phase  for  a  period. 

Further,  it  is  convenient  to  unite  noise  and  reflection  from  passive  intei’ferences 
under  the  general  desigiiation  of  interferenoe  and  to  introduce  the  eoeffioient  of 
correlation 

in  (4.11.4)  to  reject  immaterial  factor  4-/*iand,  wiiile  preseinring  deaigriation 
for  the  l*unction  being  obtained,  ve  present  it  in  the  fom 

dP(/. 4) ^  ^  (4.U.4') 

It  is  necessary  to  note  tJiat,  inasmuch  as  the  relations  received  depend  oil 
the  results  of  a  synthesis  of  an  optimum  method  of  procasstng  for  u  single 


transmission,  the  assumption  concenaing  the  fact  that  fluctuation  does  not  distort 
the  law  of  modulation  of  the  reflected  signal,  as  before  remains  in  force.  There¬ 
fore,  during  continuous  emission,  we  consider  that  p  (/,  /+1)  and  r{l.  j+i)  differs 
little  from  one.  In  the  case  of  a  pulse  signal,  it  is  sufficient  to  require  small¬ 
ness  of  random  changes  in  amplitude  and  phase  for  the  pulse  duration.  With  this. 


the  degree  of  correlation  between  neighboring  pulses  can  be  completely  arbitraiy. 
Considering  pulse  signals  widely  used  in  practice,  we  will  not  in  the  future  restrict 
the  limits  of  change  of  /•(/,  k)  and  p  (/,  k). 

The  synthesis  of  optimum  inteiTJ^riodic  px'ocessing  of  signal  and  the  calculation 
of  detection  characteristics  is  conducted  in  full  conformity  with  the  method  described 
in  Section  4,1,  with  the  only  difference  being  that  integrals  with  respect  to  time, 
in  the  firial  formulas,  are  replaced  by  sums.  The  relation  of  verisimilitude  in  the 
considered  case  (4.U.2)  can  be  written  in  the  form 

A(/„..../n)«=A:,cxp|</ P  (4.11.5) 

where  is  not  dependent  on  h  coefficient j 

n  is  the  number  of  jointly  processed  periods  j 

it)  is  determined  by  equation 

- 

+  -o  (4.11,6)  ■  ■■ 

^  ^  p  (/. 

.  ■  •  -  imt 

betiig  a  discrete  axmlog  of  equation  (4,2,4). 


In  (4,11,6)  jju?(/,4*)  1  designates  the  nmtrix  ’c  the  correlated  matrix  ^ 

As  can  be  seen  from  (4.11,5),  for  acceptance  of- a- solution  concerning,.  ' 
presence  of  target,  it  is  sufficient  to,con^are  with  the.threchold  th.b,(i)aip\itude 

(4.11.?)^ 

tjt&\ 

'  The  cl^cteristic  -function  of  magnitude  I  is  obtained  by  direct  Integration,-- 


(4.11.8) 


with  the  use  of  distribution  (4. 11. 2)  and  is  determined  by  formula 

I 


Applying  to  determinant  (4.11.8)  the  method  used  in  an  analogous  case  in  Section 
4.1,  we  obtain 

(Ir,  It  ^ 

(4.11.8>) 


'P(^)  =  exp|j|;^G(y./;  Y)  4y  | . 


where  G(/,  ^;Y)  is  determined  by  equation 

IB 

—  (4.11.9) 

and 

4 

(/,/)/?;* .  (4.11.10) 

/=! 

Inasmuch  as  vdien  concluding  (4.11.8 ‘)  that  no  limitations  were  imposed  on  the 
form  of  function  o(/,  k)  this  formula  can  be  used  for  calculating  the  characteristics 
of  detection  of  nonoptimal  systems,  the  signal  value  in  the  output  of  which  can  be 
represented  in  the  form  of  (4.11. 7)« 

Lot  us  turn  now  to  detecting  optimum  methods  of  Intorperiodio  processing  for 
various  specific  eases.  The  solution  of  this  problem,  as  one  may  see  from  (4.11.7) 
and  (4.11,5),  leads  to  the  inversion  of  the  correlated  matrix  of  interference llro^/,  4)11 
and  the  soluticm  of  equation  (4.11*6).  This  solutitm  is  fully  analogous  to  the  so-  : 
luti<m  of  the  corresponding  problems  of  section  4.9  and  leads  to  fully  analogous 
results.'  -  .  .  ■ 

Wo  will  start  from  a  case  of  slow  fluctuaticm  of  reflected  signal,  wtien 
.  1  As  is  check,  the  solution  of  equation  (4.11.5)  in 

this  c^e  is  written  in  the  form  [sec  (4.9,2)]  , 

—  ,  (441.il) 

where  -  ' 


(4.11.13) 


Substituting  (4.11,11)  in  (4.11.7),  we  obtain 


(4.11.U) 


whence  it  is  clear  that  optiinua  processing  is  reduced  to  formation  of  real  and  imag- 
irary  parts  of  the  sum,  in  (4.11.14),  and  the  summation  of  their  squares.  For  a 
final  explanation  of  the  character  of  these  operations  it  is  necessary  to  reverse 
the  correlated  matrix  of  interference  and  to  calculate  the  weight  factors {/=1 . /i). 


Elements  of  matrix  |ltiy(/,^)|l  satisfy  equation 

n 


(4.11.15) 


If  rQ(l,  k)  depends  only  on  difference  1  —  k  (the  fluctuation  of  interference, 
as  was  already  noted  in  Chapter  1,  during  solution  of  detection  problems  can  be 
considered  stationary),  then,  as  is  easy  to  s©0^..w(j>-  k)  possesses  the  following 


properties  of  this  equation: 


O  ;' (4,u;i6) 


Not  .  imposing  any  limitations  on  the  relationship  between  .ob8ervaticn.  iime.r  -..V 

eorralatiw  time  of  interference  can  solve  ^uatioh  'C4.11,15'):l%^^  for'a;  p^lr, 

'cular  .case  of  fractional  ->x«Uonal-  spectral;  density  .eorrcspb^iding  to  the: 
function  of  correlaticm  roCjV  k).  '  Mt  Us 

Foui'ier  transform.of  functi^  r(l)  £67)  is  called  the  spectral  density.;o^^  statlcnar^ 


random  sequence  vdth  correlAtidn  functioi 


to  which  corresponds  the  following  Inverse  transf omati(wi : 


■-  w  ■ 


(4.u.ia) 


This  inverse  transformation  frequently  is  conveniently  recorded  in  the  form  of 


an  integral  with  respect  to  single  circle  on  complex  plane 


(4.11.18*) 


vdiere 


Thus,  we  will  assume  that  spectral  density  59(i)  has  the  fonii 


5,(1)  =  - 


I  P(e'‘)  I*  \a,  +  «,e‘^  +  •  •  •  +  On,6""^‘ 


(4,11.19) 


and  that  the  number  of  jointly  processed  periods  n'>2m.  SubstitutiJig  (4,11,19) 
in  (4,11.18),  and  then  in  (4.11.15)i  vfe  obtain 


(4.11.20) 


We  will  apply  to  both  parts  the  operator 


Mkat 

wtiere  r(v.)lr)  is  the  translation  operator  on  vof  periods  with  respect  to  argument 
H  (sindlar  to  the  method  used  in  paragraph  4.3,4).  Inasmuch  as,  for  the  left  part, 
such  a  tr^sformation  is  reduced  to  multiplication  of  the  integrand  by  we 


obtain 


(4.11,21) 


'^is  result  is  true  only  when  »<  (>)  <  since  during  other  k,  the  appli- 

cati<m  to  the  right  side  (4.11*26)  of  operator  T(m,  k)  conducts  this  ri^t  side 
beyond  the  limits  of  interval  (I,  n),  in  which  it  is  determined.  1lHts>'left  unoal- 
oulated  are  the  left  upper  and  right  lower  angles  of  the  submatrix  of  the  matirix 
of  the  order  of  m.  To  calculate  these  suboatrioes  we  will  use  the  fol- 
lovd}^  ffiothod.  The  aasuR^tion  made  that  n >2n,  allows  us  during  k  •  m  4* )  to  at^dy 
to  (4.11,20)  operator  V  With  this,  in  (4.11.^)  under  the  integral  in 


the  denominator  remains  the  function 


not  having,  if  we  accomplish  the  process  physically,  zeroes  inside  a  single  circle. 
The  integrand  in  this  case  can  have  only  a  pole  in  zero  of  the  order  of  v  =  ^— /— m— I. 
Attributing  various  values  to  k  starting  with  m  +  1,  we  obtain  for  w(j,  k)  a  system 


of  equation  of  the  form 


/-.1.2 . 


(4.11.22) 


where  C,  is  the  deduction  of  the  integrand  at  point  z  =  0, 

System  of  equations  (4.11.22)  al3.ows  us  consecutively,  by  columns,  to  calculate 
elements  of  matrix  |l6y(/.  *)1|. 

The  transformations  used  above  are  useful  also  in  the  case  where  in  the  numera¬ 
tor  in  (4.11*19)  there  is  also  a  polynomial.  However,  in  this  case  they  do  not  lead 
to  final  solution,  but  only  somevdiat  simplify  the  system  of  equations. 

Application  of  the  method  used  of  transfoimation  of  correlated  matrices  is 
limited  also  by  condition  n>2m.  In  a  case  of  spectral  densities  of  a  low  order 
this  condition  is  usually  fulfilled,  Wh«m  «<2w  apparently  the  only  method  of 
solving  the  problem  is  the  well-known  method  based  on  Cramer's  rule.  Solution  for 
n  ®  2,  4  is  found  by  this  method  in  [9). 


Using  the  described  method  oi’  transformation  of  matrloos,  m  will  find  optimum 


operations  for  U  case  when  /Sud)  is  approximated  in  the  following  manner: 


wdwe  is  a  cooffioient,  standardizing  /.(/./)  to  unity. 


(4.11.23) 


Spectral  density  (4.11.23)  is  a  discrete  analog  of  spectral  density 

oonvergent  at  m-^oo  and  fixed  band  to  Gaussian.  With  various  values  of  m  and  * 
function  (4*11.23)  can  be  used  for  apprcodmation  of  a  bi'oad  class  of  spectral  densl- 


•ties  of  interference.  The  corresponding  function  of  correlation  has  the  form 


«  =  l, 

-f- 1 /  —  ^ I f j  *»>«»  m  =  2. 

If  m  is  infinitely  increased,  preserving  band  Ai  with  respect  to  level  0,5 
of  spectral  density  5,(1)  of  the  constant,  then 

(4.U.24) 

(") 


,a  coiX 


where 


In2 


(a) 


I— coi  ■ 

For  the  considered  approximation,  with  the  help  of  (4.11.21)  and  (4,11,22)  we 
obtain 


(4.11.25) 


In  order  to  simplify  recording,  in  (4.11.25)  it  is  assumed  that  when  //i<v. 

Substituting  (4,11.25)  into  (4.11.12),  vdien  /<m  we  have 

z,  r.  (^•11*26) 

So'  ' 

IVhen  — w  the  sum  in  (4.11.26)  is  replaced  by  (I  —  ac*'*)"',  and  the  values  of 

2j  when  /  >»•  m  can  be  determined  from  (4.11.26)  with  the  help  of  the  property  of 
symmetry 

«  _ 

Zj, 


ensuing  from  (4.11.16). 

Operations  on  the  received  signal,  determined  by  relationships  (4.11.14)  and 
(4.11,26),  in  the  general  case  can  be  carried  out  only  with  the  help  of  complex 
computers  directly  carrying  out  all  necessary  mathematical  transformations  of  ma^>- 
tudes  fj.  At  the  same  tine  it  is  very  desirable  to  consider  the  possibility  of 
realising  these  operations  vdth  the  help  of  radiotechnical  means,  which  contemporary 
radar  has  available.  Such  possibilities  exist  for  oex*taln  specific  cases. 

We  will  assume  that  neighboring  periods  of  interference  are  strongly  correlated, 


so  that  (i^I,  With  this,  the  output  value  of  signal  L  for  an  optimum  system  can  be 
represented  in  the  form 


.Ji* 


i-m+l 


SO- 


(4.11.27) 


The  internal  sum  in  this  formula  represents  the  difference  of  the  m-th  order  of 
magnitudes  /j-,,..  fi-  It  follows  from  this  that  optimum  operations  (14.11.27) 

can  be  carried  out  with  the  help  of  mnnultiple  period-by-period  subtraction  with 
subsequent  coherent  summation  of  remainders  and  formation  of  the  sqtiare  of  the 
modulus. 

For  signals  from  all  distances  ra-multiple  subti*action  can  be  simultaneously 
realized,  using  m  of  the  subtracting  potentioscope  of  systems  of  period-by-period 
compensation  (PPC)  on  ultrasonic  delay  lines  [66]. 

A  deficiency  of  the  first  variant  is  the  presence  of  "background"  of  potentio- 
scopes  connected  with  the  irregularity  of  the  sensitive  layer  covering  the  target 
and  leading  to  an  additional  increase  in  the  remainders  of  subtraction,  camouflaging 
the  target. 

In  systems  with  delay  linos,  an  additional  increase  of  remainders  occurs  due 
to  the  instability  of  the  delay.  A  deficiency  of  this  kind  of  system  is  also  the 
difficulty  of  changing  the  period  applied  in  certain  radar  stations  to  combat  blind 
speeds,  A  nositive  characteristic  of  systems  with  delay  lines  is  the  fact  that  in 
tho!!\  subtraction  can  be  carried  out  on  an  intermediate  frequency  and,  even  if 
subsequent  accumulation  is  produced  on  an  intermediate  frequency,  it  is  possible  for 
the  Tonimtion  of  the  square  of  the  modulus  in  (4.11,27)  to  use  the  square-law  de¬ 
tector.  With  tills,  all  the  processing  system  is  single-channel,  while  in  the  sys¬ 
tem  with  potentiosoopes  the  presence  of  two  channels  for  the  formation  of  the 
square  of  the  modulus  is  necessary. 

In  general,  none  of  the  ooaparod  PPC  systems  possesses  decisive  advantages; 
therefore,  each  of  them  is  used  depending  upon  tho  specific  conditions  of  the  work 
of  a  given  mdar.  For  the  coherent  accumulation  of  nsmaindera  of  subti'actioa  wo 

1 

■f 


j/J 


can  also  use  a  potentioscope  vdth  accumulation  of  charge  (or  delay  line  with  feed¬ 
back). 

The  general  form  of  functional  diagram  of  a  receiving  mechanism  with  low- 
frequency  accumulators  is  shown  in  Fig,  4,2if,a,  The  received  signal  proceeds  to 
a  filter  of  optimum  intraperiodic  processing  (reducing  filter)  and  then,  with  the 
help  of  mixers  with  sine  and  cosine  reference  voltage,  is  distributed  between  two 
quadrature  channels.  In  each  channel  there  occurs  a  suppression  of  interference 
with  the  help  of  a  PPG  system,  after  vdiich  there  is  carried  out  a  compensation  of 
Doppler  shifts  of  phase  of  signal  from  the  target  and  the  formation  of  real  and 
imaginary  parts  of  certain  ccmponents  in  (4.11.27),  then  accumulation  and  formation 
of  the  square  of  modulus.  During  the  use  of  systems  of  interference  suppression 
and  accumulators  working  on  an  intermediate  frequency,  the  diagram  is  considerably 
simplified  and  is  reduced  to  the  form  shown  in  Fig,  4,24, b. 


b) 


Fig.  4«24*  Functional  diagram  of  an  optimum  system  of 
detection  with  interference  suppression. 

a)  on  low  frequency i  1)  diagriun  of  intraperiodic  pro¬ 
cessing  (reducing  filter);  2)  phase  Inverter  on  90°; 

3}  interference  suppression  device;  4)  accumulator;  S) 
square-law  generator;  6)  relay* 

b)  on  intermediate  frequency:  1)  system  of  intraperi- 
odio  processing;  2)  Interference  suppression  device;  3) 
aoouBulator;  4)  squore-CLaw  detector;  S)  relay* 


It  is  possible  to  carry  out  all  operations  vrlthout  the  use  of  a  potentioscope 
and  delay  lines  vdth  the  help  of  filters,  pulse  circuits  of  comparison,  and  similar 
elements;  however,  such  a  circuit  will  be  able  to  process  the  signal  only  from  one 
definite  distance,  as  a  result  of  vrtiich  the  advantages,  on  which  we  calculated, 
changing  to  the  consideration  of  separate  processing  of  periods,  are  completely 
lost. 

It  is  necessary  to  note  that  the  diagrams  of  Fig,  4., 24  are  calculated  on  fully 
defined  values  of  phase  shift,  i.e,,  at  a  fully  defined  target  speed.  If  the  speed 
is  unknown,  the  system  of  detection  should  consist  of  a  combination  of  channels  of 
the  form  of  Fig.  4.24.  Branching  to  channels  can  occur  after  suppression  of  inter¬ 
ference.  During  the  examination  we  did  not  also  consider  the  Doppler  shift  of  the 
interference,  i.e.,  we  consider  passive  interference  of  something  motionless  or 
moving  with  known  speed,  the  knowledge  of  which  allows  us  to  compensate  for  the 
Doppler  shift  of  the  interference  ("stop"  of  interference)  before  beginning  inter- 
periodic  processing. 

We  considered  in  detail  the  case,  most  interesting  for  practice,  of  strongly 
correlated  interference.  In  the  other  limiting  case  when  a«0  optimum  operations 
are  turned  into  the  usual  coherent  accumulation.  During  intermediate  a,  as  was  al¬ 
ready  noted,  optimum  operatiais  for  the  considered  case  cannot  lead  to  a  fom  useful 
for  technical  realization  with  the  help  of  known  electronic  circuits. 

In  the  considered  case  of  slow  fluctuation  of  target,  one  can  obtain  a  very 
gi’aphic  solution,  if  one  were  to  assume  that  the  angular  dimensions  of  the  inter¬ 
ference  exceed  the  width  of  the  beam  so  that  interference  begins  to  bo  observed  long 
in  advance  (at  least,  for  several  times  the  correlations  of  the  interference)  before 
the  beginning  of  the  reception  of  signal  from  target  and  continues  to  be  observed 
after  the  reception  of  signal  from  target  is  coopleted,  '^/ith  this,  it  manages  to 
be  free  from  the  influence  of  boundary  conditions  at  the  ends  of  the  interval  (0,T), 


considerably  complicating  solution  in  a  case  vdien  it  was  assumed  that  outside  this 
interval,  signals  from  interference  and  fron  the  target  are  not  observed.  Consider¬ 
ing  7'>  T,;„,  a  solution  of  equation  (4»11«15)  can  be  obtained  by  Fourier  transform: 


(4.11.28) 


Designating  the  value  of  the  bunch  envelope  g(t)  at  mom'-tnts  t^=ckTrhy  (- 
is  the  moment  of  passage  of  the  front  edge  of  the  diagram  through  target),  taking 
into  account  (4.11.28)  we  have 


z,  {4.U.29) 


where  0(2)  is  the  spectrum  of  sequence  g^. 

Substituting  (4.11.29)  in  (4.11.14),  we  obtain 


(4.11.30) 


where  f  (2)  is  the  spectrum  of  sequence  /;. 

Optimum  operations,  corresponding  to  (4.11.30),  can  be  carried  out  in  the  func¬ 
tional  diagram  represented  in  Pig,  4.24, a.  The  system  of  interference  suppression 
in  the  given  case  is  a  rejector  filter  with  frequency  response  ^4-.,  and  the  aocumu- 
lator  is  replaced  by  pulse  filter  0*(1).  coordinated  with  the  form  of  the  bunch. 
Comparison  of  signal  at  input  of  relay  with  the  threshold  occurs  in  this  case  con¬ 
tinuously.  Exceeding  threshold  at  any  mcaent  indicates  the  presence  of  a  target 
in  a  corresponding  direction. 

Frequency  response  is  not  realisable  since  the  corresponding  phase  response 
is  equal  identically  to  zero.'  However,  accurate  realisation  of  this  characteristic 
in  practice  is  not  required*  Calculation  of  detection  characteristics  (4.11.2)  shows 
that  a  main  role  is  played  by  the  behavior  of  frequency  response  in  small  environment 
6.  Regarding  phase  response,  it  can  always  be  constructed,  by  a  sin^e  delay 
corresponding  to  environment  6  which  can  be  considered  when  determining  direction  to 
the  revealed  target. 


If  the  spectral  density  of  the  interference  is  approximated  by  function 

(4*11,23),  then 


_j _ 

S.(X)  — 


11 


—  ae  *1*™ 


coincides  with  the  modulus  of  frequency  response  of  a  system  of  2m-multiple  period- 
by-period  subtraction,  in  which  there  is  introduced  an  additional  weakening,  0  times, 
of  the  delayed -in-period  signal.  Such  weakening  can  be  very  simply  carried  out  in 
a  system  with  an  ultrasonic  delay  line.  In  a  system  of  subtraction  with  potenti- 
oscope,  some  kind  of  method  to  accelerate  runoff  of  charge  from'  target  is  required 
for  this.  Phase  response  of  such  a  system  of  subtraction  is  expressed  by  formula 

f  (X)  ™  arc  tan-— 

and  has  the  form  shown  in  Fig,  4«25, 

As  can  be  seen  from  the  figure,  in  regions  near  n.  phase  response  during  all 
11  is  near  linear,  idiere  by  the  measure  of  ijicrease  in  u  the  region  of  linearity  ex¬ 
pands,  Most  interesting  in  practice  is  the  case  vdien  0  is  near  n( optimum  speed  of 
target),  where  the  greatest  suppression  of  interference  ie  ensured.  Precisely  in 
these  oases,  as  a  system  of  interference  suppression,  can  a  systom  of  period-by- 
poriod  compensation  of  corresponding  multiplicity  with  weakening  of  the  delayed 
signal  be  used,  ^ 


Fig,  4,25.  Wmse-frequency  re8t>cns0  of  the 
subtracting  raechani am  with  a  feedback  fac¬ 
tor  different  than  one. 


It  is  to  be  noted  that  for  the  same  spectral  density  (4.11.23)  mxiltiplicity  of 
period-by-period  subtraction  is  obtained  in  the  given  case  tvdce  as  much  as  with  lim¬ 
ited  observation  time  of  the  interference.  This  result  is  due  to  the  influence  of 
boundaries  of  the  observation  range.  Conditions  of  the  application  of  these  two 
solutions  were  discussed  above. 

In  connection  with  the  use,  for  approxLaiation,  of  spectral  density  S„0-)  of 
function  (4.11.23)  the  following  should  be  noted. 

During  a,  near  unity,  when  S,  (i?)  —  - ,  is  much  less  than  the  equivalent  spectral 

p 

density  of  noise  >  the  use  of  such  an  apprcodraation  implies  a  disregard 

of  noise  as  compared  with  interference.  If  f  >  t^n.  then  the  quality  of  detection  is 
affected  mainly  by  the  behavior  of  functiwn  SjU)  in  small  envir<»unent  f(  and,  if 
is  not  too  near  the  edges  of  the  interval,  the  indicated  disregard  is  fully  permis¬ 
sible.  In  the  case  of  narrow-band  interference  and  a  small  observation  time,  dis¬ 
regard  of  noise  can  le^ad  to  incorrect  conclusions  about  the  character  of  optinmm 
processing. 

Let  us  ooisider  now  the  case  of  fast  fluctuations  reflected  from  the  target  and 
from  the  interference  of  the  signal.  With  this,  both  ^uaticm  (4.11.6)  and  (44.11.15} 
can  be  solved  with  the  help  of  Fourier  transfom.  As  a  result  of  eubstitution  of 
the  solution  into  (4.11.?),  we  obtain 

(4.U.31) 


v^ere  F(l)  is  the  spectnaii  of  sequence  fj  {( **  1  * 


<4..U.32) 


-- is  the  spectrum  of  function  v(4,k)  I 

S(l|  -<*  ie  spectral  denidty  corresponding  to  the  functitui  of  ctnrelatioii  of  fluetua- 
■  tion  of’ signal- 

Hy  Fj  in  (4.11.31)  is  deslsAsted  ths  result  of  the  trensolssioa  of  sequ«»toe  fj 
throu^  the  pulse  filter  tdth  f requimcy  response  tn  accordance  with  (4.11.32) 


filtration  can  be  broken  down  into  two  stages:  suppression  of  interference  in  the 
filter 


t 

6’,  (X)  ’ 


turning  interference  into  noise  with  uniform  spectral  density,  and  singling  out  sig¬ 
nal  with  the  help  of  filter 


S  (>.  -  9) 

S,  (X) 

|//a(/l)i  —  ■  S(X  —  9) 

‘+^~^7(Xr 


Optimum  processing  determined  by  formula  (4.11.31)  can  be  carried  out  with  the 
help  of  a  somewhat  augmented  functional  diagram  of  Fig.  4j21,b,  in  which  elements 
are  used  of  rjiterference  suppression  and  signal  accumulation,  which  work  on  an  inter¬ 
mediate  frequency.  Changes  in  the  diagram  lead  to  the  iutroduction  between  the  de¬ 
tector  and  the  relay  of  an  incoherent  accumulator  in  n  periods,  as  which  can  be 
used,  for  example,  a  storing  potentioscope. 

If  one  were  to  attempt  to  use,  during  interperiodic  processing,  only  mechanisms 
working  on  low  frequency  (type  of  potentioscope),  then  it  is  necessary  to  represent 
optimum  operations  (4,11.31)  in  the  form  of  transfer-nations  above  Rofj  and  Iin/V  To 
these  transformations  can  be  added  a  comparatively  convenient  form  for  technical 
e;abodiment  only  by  means  of  using  cert-ain  additional  approximations. 

If  the  signal -to-interference  ratio  is  so  that  ^S(i  — 6)  during 


all  1,  then 


In  this  case,  optimum  processing  can  bo  carried  out  with  the  help  of  the  . 
diagram  in  Fig.  4. 24, a,  augment.:  jy  an  incoherent  accumulator  In  s-diich  tho,meoharU.am 
of  interference  suppression  must  possess  frequency  response  l/So(f.)  ( of »  (4.11.30)) 
and  the  storing  filter  must  have  square  of  modulus  of  the  frequency  resportsa 
Tf  1.  so  that  go' (1  —  0)  >  S,  (i)  dui'ing  ail  1.  than 


U..U*34} 
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and  optimum  processing  leads  to  a  summation  of  squares  of  the  output  of  quadrature 
channels,  in  each  of  which  is  a  rejector  filter  (4.11.34).  This  diagram  is  nearest 
to  that  used  in  practice,  in  vdiich  usually  after  period-by-period  subtraction  of  the 
corresponding  multiplicity  incoherent  accumulation  immediately  occurs.  In  connection 
with  this  one  should  note  that  condition  ^>1.  with  which  existing  systems  are  near 
optimum,  usually  is  not  fulfilled. 

Optimum  processing  leads  to  filtration  in  the  two  quadrature  channels  also  and 
in  a  case  if  o  is  a  multiple  of  (blind  or  optimum  speed),  and  also  (during  the 

A 

introduction  of  shift  with  respect  to  frequency  on  =r-  during  separation  to  quadra- 

i  f 

ture  channels)  if  the  interference  is  sufficiently  broad-band,  so  that  it  is  possible 
to  consider  in  regions  where  S{1  — 'i)  is  noticeably  different  than  zero. 

Taking  into  account  shift  to  ft  in  this  case 

- .  (4.U.35) 

The  filter  of  interference  suppression,  as  one  may  see  from  (4»11.35)>  in  this 
case  disappears,  and  the  characteristic  of  the  storing  filter  is  turned  into  a  dis¬ 
crete  analog  of  characteristic  (4.3.8),  which  is  completely  understandable  since 
the  approximaticai  used  signifies,  actually,  the  replacement  of  interference  by 
equivalent  white  noise. 

Wo  have  considered  optimum  methods  of  interperiodio  proooysing  of  the  signal  in 
the  presence  of  passive  interferences,  various  simplified  approaches  to  these 
m&tho<is  of  processing,  and  touched  upon  the  questiwi  of  jjossible  means  of  tecJuilcal 
realisation  of  these  mothode.  Tlie  next  stage  in  the  Investigation  is  the  obtaining 
of  equations  of  detection  characteristics,  corresponding  to  optiimmt  processing,  so 
that  It  is  possible,  by  means  of  a  oompaHLson  of  optimim  and  existing  systems,  to 
reach  conclusions  concerning  the  expedienoy  of  a  transition  to  optimum  met^hods  of  pro¬ 
cessing. 


4.11.2,  Characteristics  of  Detection  During  Optimum 
Interperiodic  Processing 


The  calculation  of  the  characteristics  interesting  us  is  conducted  with  the 
help  of  relationships  (4.11.8')  —  (4.11.10),  where  the  approaches  used,  a  group  of 
considered  specific  cases  and  methods  of  solution,  are  completely  analogous  with 
those  used  when  examining  analogous  problems  in  paragraphs  4.4.1  and  4.10.1.  In 
connection  with  this,  we  will  reduce,  partially,  the  explanations  pertaining  to 
methods  of  solution  of  equation  (4.11.9)  and,  in  detail,  will  stop  only  on  inter¬ 
pretation  of  residts. 

During  the  slow  fluctuation  of  the  reflected  signal,  the  probabilities  of  cor¬ 
rect  detection  and  false  alarm  are  connected  with  the  relationship 

_ j_ 

'+«• , 


where  qi  is  determined  by  formula  (4.11.13)  or  during  calculation  of  the  form  of 
the  bunch  in  accordance  with  (4..  i.30)  by  the  following  expression 

(4.U.36) 

If  the  character  of  processing  differs  from  optimum,  so  that  Z.  in  (4.11.14)  no 
longer  is  determined  by  formula  (4.11.12),  and  and  0(i  — 0)  in  (4.11.30)  are 
replaced  by  some  frequency  responses  //i,  (/i)  and  formulas  (4.11.13)  and 

(4.11.36)  are  replaced,  recpeotlvely,  by  the  foUowing: 

I  1 //, (<» //. -iO)  <3 0)tM  I' 


(4.11.37) 


(4.U.38) 


In  (4.11.37)  //»((!)  designates  the  su!(j  V/f,.* which  it  is  possible  to  consider 


/si 


as  fi-’jquisntiy  response  of  some  filter.  %ese  formulas  can  be  used  to  appraise  the 


quality  of  systems  of  detection  differing  from  optimum. 

If  spectnmi  G(>.)  is  narrow  as  compared  with  the  spectrum  of  interference  (dura¬ 
tion  of  bunch  T-  Xm)  and  with  frequency  response  of  filter,  then  from  (4.11.38)  we 


obtain 


j  J  //.  (i>)G0.)dX  I 

- 


(4.11.39) 


from  which  it  is  clear  that  the  signal-to-interference  ratio  does  not  depend  in 
this  case  on  the  form  of  frequency  response //i,(//.)  of  the  rejector  filter  suppressing 
interference.  From  the  frequency  response  of  the  storing  filter  in  practice  it  is 
sufficient  to  require  matching  with  spectrum  0(X)  with  respect  to  the  band.  If 
//„(/>.)  then 

=  (4.11.40) 

where  is  the  effective  number  of  pulses  in  the  bunch. 

Approximate  formula  (4.11.40)  is  vex^  graphic  and  can  be  used  with  success  dur¬ 
ing  practical  calculations. 

The  comparative  effectiveness  of  various  methods  of  coherent  interpsriodio 
processing  essentially  depends  on  the  form  of  spectral  density  of  interference  and 
on  the  relationship  between  the  power  of  the  interference  and  the  noise  in  the  out¬ 
put  of  a  system  of  Intraperiodlc  processing.  As  an  example,  Illustrating  this  posi¬ 
tion,  let  us  consider  the  effectiveness  of  certain  methods  of  processing  vdth  ex¬ 
ponential  and  Gaussian  functions  of  correlation  of  a  signal  reflected  from  passive 
interferences. 

In  Fig.  4,26,3  is  presented  the  dependence  of  mtlo  for  three  forms  of  pro¬ 
cessing  (optimum,  cc^orent  summation,  and  subtraction  of  roaximvim  multiplicity  n  —  1) 
on  A/„r  when  h»:  and  n  16.  All  thjcee  methods  give  very  close  results. 

When  d/uf  ••  t  coherent  summation  gives  the  same  results  as  optimum  processing.  This 
agrees  with  the  above-noted  disappearance  of  dependonoe  of  qx  ^  ffy,Uh,  occurring 


when  A/nT’  r  -  !•  Period-by-period  subtraction  of  maximum  multiplicity  for  the  considered 
approximation  of  the  function  of  correlation  differs  considerably  from  optiiuum  pro¬ 
cessing  and  during  all  A/nf  gives  approximately  a  double  loss. 

Fig,  4»26,b  presents  an  analogous  relation  for  the  Gaussian  function  of  correla¬ 
tion,  constructed  for  cohei*ent  accumulation  and  subtraction  of  maximum  multiplicity 
(which  in  this  case  is  near  optimum  processing  during  absence  of  noises)  with  various 
values  of  the  interference-toHioise  ratio  Qa-  With  large  coherent  summation  in 
this  case  gives  an  advantage  as  compared  with  subtraction.  However,  as  the  spectrum 
of  the  fluctuations  of  the  interference  narrows  during  large  gn  we  begin  to  see  the 
advantages  of  multiple  subtraction  which  when  ?n=1000,  for  example,  ensures  raaxiraum 
gain  to  11  db  at  Then  this  gain  starts  to  diminish,  and,  finally,  again 

advantage  turns  out  to  be  on  the  side  of  coherent  summation.  This  is  explained  by 
the  fact  that  with  strong  correlation  of  interference,  for  its  removal  almost  any 
operation  can  be  successfully  used,  and  the  suppression  of  noises  starts  to  play 
a  main  role,  best  ensiired  during  coherent  summation. 

We  cannot  consider  similar  dependences  in  the  total  view,  while  not  specifying 
spectral  density  of  fluctuations  and  not  assuming  a  broad-band  nature  of  the  inter- 
ferenco.  In  connection  with  this,  the  study  of  fluctuation  characteristics  of  sig¬ 
nals  from  various  kinds  of  passive  interferenoee,  the  detect!  :)n  of  the  most  charac¬ 
teristic,  reliable  approximations  for  these  oharaotoristios,  and  the  numerical  cal¬ 
culation  of  parameters  of  corresponding  optimum  systems  and  characteristics  of  de¬ 
tection  is  of  great  value. 

rXu'Lng  the  fast  fluctuation  of  reflected  signal,  a  solution  of  equatim  (4,11*9) 
can  obtained  by  Fourier  transform.  As  a  result  of  the  substitution  of  solution 
into  (4.11.8'}  for  the  oltaracieristlo  function  of  random  variable  L,  we  obtain 

(4.U.41) 


where  S,,(i)  is  the  spectral  density  of  sequence  fj,  proceeding  to  input  of  the  detec¬ 
tion  system. 

In  the  presence  of  target  S„,{X)  0  )+5o(>.).  during  the  absence  of  target 

In  its  form,  formula  (4.U.a)  coincides  with  formula  (4.4.7),  and  for 
characteristics  of  detection,  corresponding  to  the  found  characteristic  function 
analogous  approximation  can  be  fully  used.  Semi-invariants  of  the  distributive  law 
corresponding  to  this  characteristic  function  are  determined  by  formula 

m 

*,  =  (v-l)!~J'(|//,(a)!»5„(X)lVi  =  ny.;  .  (4.11.42) 


Finding,  with  the  help  of  (4.11.42),  skewnens  and  excess  coefficients  of  the 
considered  law,  it  is  simple  to  see  that  with  growth  n  these  coefficients  approach 
zero  and,  consequently,  distributive  law  converges  to  normal.  With  this,  for  cal¬ 
culating  detection  characteristics,  we  can  use  nonnal  approximation  (4.4,10)  or,  for 
more  accurate  calculations,  Edgeirorth’s  series  (4.4.11).  It  is  necessary  to  note 
that  in  the  derivation  of  formul«i  (4.11.41)  no  assumptions  were  made  about  the  form 
of  frequency  response  //„(/>.). for  v»hich  this  formula,  and  also  all  ensuing  from  it 
con  be  used  for  calculating  the  characteristics  of  nonoptimal  systems,  of  detection 
and,  in  {jarticular ,  the  systems  of  period-by-period  compensation  considered  below. 

I^t  us  consider  certain  comparatively  simple  approximations  for  the  characteris¬ 
tics  of  an  optimum  detection  system  ensuing  from  (4,ll.a).  If  nT.  is  groat  as  com¬ 
pared  with  the  time  of  correlation  of  oignal  and  interference,  then,  using  (4.4,10), 
a  very  simple  expression  can  bo  obtained  for  the  threshold  signal-to-intorferonce 
ratio  ior  one  period  when  D  0,5.  With  this,  ”  u,  and,  if  wo  .assume  addition¬ 

ally  that  for  is  used  approxiniation  (4,U,33),  fhom  (4.4.10)  m  obtain 


♦*•(1  - 


(4.U.43) 


In  the  case  of  ijiterferonce,  broad-band  as  compared  with  fluctuations  Of 


signal 


(4.11.43 •) 


where  T  is  time  of  observation,  and  band  4/,  is  determined  by  equality 


With  a  wnaiT  effeotive  width  of  fluctuation  spectrum  (4/cfr’^  1)  A/,  coin¬ 

cides  with  accuracy  up  to  a  constant  factor  determined  by  the  form  of  fluctuation 
spectrum  with  Afo  (ior  exao^e,  for  rectangular  spectrum  A/,stA/c:for  exponential 
function  of  correlation  of  fluctuation  Af|«2A/e).  During  large  A/cfr  band  A/,-« 

It  is  interesting  to  note  that  in  fomola  (4.11.43')*  as  also  in  (4.11.40),  was 
the  ratio  of  spectral  density  of  interference  at  point  1=0  to  the  number  of  Jointly 
processed  periods  of  signal. 

Usually  the  signal-to-lnterferenoe  ratio  q  for  the  period  turns  out  to  be  very 


small,  since  the  reflecting  surface  of  passive  interferences,  occurring  in  a  resolu¬ 
tion  range  with  respect  to  distance,  in  inwotioe  can  many  times  exceed  the  reflect¬ 
ing  surface  of  the  target,  nierafore,  of  greatest  interest  is  the  case  when  thres¬ 
hold  q  is  suffioiently  small.  Mien  4r<l  in  (4.4.10),  it  is  possible  to  disregard 
the  difference  of  dispersions  w^  and  and  to  reoelve  for  q  an  approximate  formula 


analogous  to  (4.11.43)»  but  valid  dmiJig  arbitrary  D| 

f  «  * (0)1  X 


(4.U.44) 


The  last  equality  in  this  formula  is  valid  during  broad-band  Interferenoe, 

For  a  case  of  broad-band  interference,  an  approodmation  valid  even  durlhg  Ocm- 
parativsly  small  n,  can  be  obtained  by  approadLaating  spectral  density  of  the  fluctu¬ 
ations  of  useful  signal  5(1)  by  a  Q-abaped  curve  having  a  width  of  2nMcT,.  With 
this,  making  the  same  transformation  as  during  ths  derivation  of  (4.4.13),  we 


obtain 


NJrS,m 


Uwcr(O) 


(4.11.45) 


The  formulas  obtained  allow  us  to  trace  the  dependence  of  the  threshold  signal- 
to-interference  ratio  q  on  the  relationship  between  time  of  observation  T  and  width 
of  the  fluctuation  spectra  of  interference  and  signal.  Let  us  consider  such  de¬ 
pendence  for  a  particular  case  of  exponential  functions  of  correlation  of  these 
fluctuations,  using,  when  I  and  a  normal  approximation,  and  producing 

interpolation  in  the  interval  between  AfT^O  and  Aff  >  1,  where  formulas  received 
for  boundary  cases  of  fast  and  slow  fluctuations  are  not  valid.  Even  during  the 
use  of  such  approximation,  a  sufficiently  accurate  calculation  of  this  dependence 
for  optimum  processing  is  connected  with  great  calculating  difficul.ties  and  requires, 
in  particular,  the  numerical  solution  of  equations  of  a  high  order  relative  to  q. 

In  connection  with  this,  we  will  omit  here  all  intermediate  calculations  and  we 
will  turn  directly  to  a  discussion  of  the  results  of  the  calculation  presented  graph¬ 
ically  in  Fig,  4.27,  when  D  =  0.9,  f  =  10"^. 

Dependence  q  (^!qT)  when  0°=  (24+ l).iin  many  respects  is  analogous  to  dependence 
of  Fig,  4.7  and,  in  particular,  also  has  a  minimum  at  some  value  of  MJ. 
decreasing  by  measure  of  decr^se  of  A/uf,  (strengthening  of  correlation  of  inter¬ 
ference).  With  this,  threshold  q  diminshes. 

The  dependence  of  q  on  MnT,  when  0«='24.‘t  has  another  character.  When  A/\7.  •  1 
magnitude  q  diminishes  with  decrease  of  AfJ,,  as  also  in  the  case  of  optimum 
speed;  however  during  decrease  of  A/J'.  when  the  signal  bescmies  correlated  more 
strongly  tJian  the  interference^  q  grows  during  a  decrease  of  AfoTr.  This  is  easily  ex¬ 
plained  physically.  During  large  A/cf  the  signal  has  a  wider  spectrum  than  the 
interference,  and,  in  spite  of  strong  overlapping  of  these  spectra  during  9»24n, 
after  suppression  of  the  interference  a  significant  part  of  the  energy  of  the  signal 
remains  unauppressed,  the  greater  the  part,  the  narrower  the  spectrum  of  interference 


When  the  spectrum  of  the  signal  is  narrower  than  the  spectrum  of  the  interference, 
its  suppression  leads  to  just  as  much  or  even  stronger  suppression  of  signal* 

It  is  interesting  to  note  that  the  best  results  during  blind  speed  are  obtadned 
during  a  complete  absence  of  correlation  in  neighboring  periods,  interference,  and 
useful  signal  (we  do  not  mention  a  case  of  correlated  interference  and  uncorrelated 
signal,  which,  apparently,  is  unreal).  This  circumstance  can  be  used  in  those 
cases  when  the  speed  of  target  relative  to  passive  interferences  is  so  small  that 
the  Doppler  frequency  turns  out  to  be  less  than  the  width  of  the  spectrum  of  the 
fluctuations  of  interference,  and  a  selection  of  target  based  on  speed  is  impossible . 
Such  cases  can  take  place  diuring  detection  of  slowly  moving  targets  on  a  background 
of  the  earth's  surface  or  artificial  interferences,  when  the  spectrum  of  inter¬ 
ference  is  very  wide  due  to  the  fast  motion  of  the  radar  (for  example,  fixed  on  an 
aircraft). 

To  remove  correlation  of  interference  periods,  we  can  retune  the  frequency  from 
pulse  to  pulse  to  a  magnitude  somewhat  larger  than  the  width  of  the  spectrum  of  modu¬ 
lation,  If  the  correlation  of  useful  signal  is  partially  preserved  then,  as  can  be 
seen  from  the  figure,  losses  in  the  magnitude  of  the  threshold  of  q  will  constitute 
approximately  3  db.  As  follows  from  the  results  of  Section  1.3,  a  resolving  power 
comparable  with  the  dimensions  of  the  target,  weakening  in  the  correlation  of  the 
useful  signal  and  interference  will  occur  simultaneously  with  an  increase  in  the 
difference  of  utilized  frequencies. 

We  will  estimate  the  possibility  of  such  a  method  of  increasing  noise-resistance. 
With  independent  periods,  optimum  interperiodic  processing  consists  of  the  summation 
of  the  squares  of  their  envelopes.  The  equation  of  detection  characteristics  in  this 
case  is  determined  by  formula  (4.6.3),  i^ioh  during  small  q  and  1  can  be  written 
in  the  form 

Whore  m  is  the  number  of  periods. 


If  D  =  0.9  and  F  =  10“^,  then  for  reliable  work  vdien  the  interference  exceeds 
the  signal  by  10  times,  m  =  2,500  periods  will  be  required.  In  order  to  ensure  the. 
independence  of  all  these  periods  due  to  retuning  of  frequency,  it  is  necessary 
with  a  10  milligram  width  of  modulation  spectrum  to  have  a  retuning  range  of  25,000 
milligrams,  which  clearly  is  unreal.  Actually  it  is  sufficient  to  use  periodic  retun¬ 
ing  with  a  period  equal  in  order  of  magnitude  to  the  time  of  correlation  of  the  re¬ 
flected  signal.  If  we  even  consider  the  retming  range  equal  to  1,000  milligrams, 
then  detection  time  will  constitute  25  times  the  correlation,  i.e,,  on  the  order  of 
3  sec  for  a  target  with  a  fluctuation  spectrum  width  of  10  cps.  The  considered 
example  shows  that  the  possibilities  of  increasing  noise-resistance  in  reference  to 
passive  interferences  by  means  of  decorrelating  periods  are  very  limited. 

In  conclusion  of  this  division  we  will  touch  upon  the  question  of  the  comparison 
of  optimum  separate  processing  of  periods  with  the  completely  optimum  processing  con¬ 
sidered  in  Sections  4.9  and  4.10,  Unfortunately,  there  are  no  exhaustive  results  on 

this  question  at  present.  The  only  case  which  can  be  considered  is  the  case  of 
broad-band  (as  compared  with  useful  signal)  interference,  when  interference  may  be, 
in  essence  replaced  by  equivalent  vdiite  noise.  With  this,  according  to  (4,11,39) > 
the  form  of  the  characteristic  of  the  filter  suppressing  interference  becomes  im¬ 
material  and  optimum  interperiodic  processing  can  be  replaced  by  coherent  accumula¬ 
tion.  Also  completely  optimum  processing  in  this  case  leads  to  multiplication  by 
the  periodic  support  signal  and  subsequent  accumulation  (see  paragraph  4,9.3),  The 
only  difference  consiats  in  the  form  of  support  signal.?  in  the  case  of  completely 


optimum  processing  the  form  of  signal  takes  into  account  the  possibility  of  fre¬ 


quency  selection  and  depends,  in  accordance  with  (4.10,29),  on 


(4,U.46) 


and  in  the  case  of  separate  processing,  the  form  of  support  signal,  calculated  only 
on  one  period  of  modulation,  depends  only  m  (in  the  derivation  of  (4,11.46) 


was  used  a  connection  between  spectral  densities  of  a  stationary  random  process  and 
a  sequence  of  values  of  this  process  at  equidistant  moments  of  time  [67] )♦ 


As  one  should  have  expected,  in  this  case  the  results  of  comparison  depend  on 
the  form  of  function  Smo(o)).  For  a  signal  with  rectangular  spectral  density  of  modu¬ 
lation,  both  forms  of  processing  are  completely  equivalent.  For  a  signal  with  slowly 


drooping  spectral  density 


5m*  (*)* 


using  (4.11.40),  (4.10.29),  (4.11,46),  (4.10.22),  and  (4.9.27),  we  obtain  an  expres¬ 
sion  for  a  relati.ve  increase  of  signal -to-interference  ratio  ,  due  to  optimum 


processing  in  the  form 

J+4'll+5,(8)J 

_  __ 

where  , 

t=*-2AfrA7r* 

Dependence  r(^)  with  various  values  of  spectral  density  of  the  fluctuations  of 
interfering  reflections  53(6)  is  shown  in  Pig,  4.28.  When  '(-*>00 


For  the  considered  form  of  function  SutH  optimum  processing  gives  a  subiitantial 
gain  when  t  and  5b('0>  <•  With  increase  in  steepness  of  the  droop  of  spectrum 

the  magnitude  of  the  gain  deoraases. 


IEfl£ 


I  i  } 

I 

Fig,  4  *28*  loss  due  tci  separate  {processing 
of  periods. 


JJ./ 


As  yet,  we  have  not  managed  to  consider  a  similar  dependence  in  the  case  (im¬ 
portant  for  a  whole  number  of  applications)  of  narrow-band  interference, 

1,11,3.  iiffectiveness  of  a  System  of  Period-by-Period  Compensation 

(PFC)  with  Internal  Coherence 

The  most  widespread  method  of  protection  from  passive  interference  is  period- 
by-period  subtraction  of  any  multiplicity  with  subsequent  incoherent  summation  [66], 
oystems  of  period-by-period  compensation  with  internal  and  external  coherence  differ. 
In  the  system  with  internal  coherence  the  signal  after  phase  detection  (or  after 
frequency  conversion,  the  subtracting  mechanism,  works  on  an  intermediate  frequency) 
proceeds  to  the  system  of  period-by-period  subtraction,  in  which  the  signal  from 
motionless  interference  is  compensated. 

If  the  intverference  moves  (for  example,  due  to  wind),  then  the  system  must  in¬ 
clude  a  mechatiisw  to  compensate  for  the  speed  of  interference,  enaui'ing  a  correspond¬ 
ing  alignment  of  h«terodyn@.  this  eircumatanoo  coneid^^rabiy  hampers  use  of  a  system 
with  internal  coJimvice,  %di«n  the  speed  of  interference  is  unknowTi,  for  example, 
during  moveaent  of  the  radar,  wh®ie  sfjsed  we  usually  o^imqt  accurately  enough* 

In  such  eases  it  is  possible,,  .in  general,  to  af^ly  a  system  ©.f  coKjpenmUon  with  ex« 
■ttmal  coherenee  iidileh  plsati^.of  alpals  are  mi  '  ■ 

'from  meri^renc-**  difference  of  their  . -to,  kusui  of  the  PPS 

■  .system  the;sigi^'''wvee-.fr4^^  nutpot  f  the- amplitude 

To  the  aMlysls  of  ■tHs.  effeetlvenesu.  of  eystift^  wiUv  'tett.rna.l  coheraneiE  as^'  . 

-  ;of  ■  wo^f.howwer,..  a  etaivhtrd  of .  effeciivan^ss.-  the.:deiree ' 

.of  suppression  of  'inttrferenctf  in  the  suhtractinf  Mm  .but .  the  ' 

eharaoteiistics.-of/dotettiOn ;.Mve.ftot.'he<int.-eoB&idemt»  [IT]  wfF)  4^s..' 

■ekloid4ie^i.  .for..a.'syat<^;.ef  '§1^  having'  iritesf^l  .ocaierence  . without 

/aceufm.tLation*  -  .Here  .lei  us’e-ontldOr  the'/effeciivefifess.  of  the  PitJ  syrt#^.  with  arhltrat^ 
.  muLl.tiplieity  of  s^ihtraetion-  ^  a  is  the  ncmter  .of  .)ointiy  proeesse<J  perl*, 

ode),'  '.The 'essenUai  .liMtation,  used  dtalng.  the  aj»alyelfe, 'ia  the ' re<iu.ir»ent  for  ■ 


shoi'tnessi  of  time  of  correlation  of  interference  as  compared  with  the  time  of  observa¬ 
tion. 

Let  us  consider  at  first  a  system  of  period-by-period  compensation  with  internal 
coherence.  With  this,  we  will  assui’e  that  compensation  is  carried  out  li  two  quad¬ 
rature  channels  or  on  an  intersneaiate  frequency.  Single-channel  compensation  leads, 
as  noted  in  [57],  to  essential  loss,  since  with  this,  is  lost  one  of  the  independent 
quadrature  components  of  the  signal  and  the  relative  magnitude  of  fluctuation  is  in¬ 
creased.  In  connection  with  this  circximstance,  two-channel  compensation  has  found 
application  in  a  whole  number  of  stations  using  the  PPG  system  on  low  frequency 
(potentioscope).  A  comparison  of  a  single-channel  and  a  two-channel  system  will  be 
conducted  the  end  of  this  division. 

A  system  of  m-raultiple  period-by-period  compensation  is  a  pulse  linear  filter 
with  frequency  response 

(4.11.47) 

Designating  by  hj^  the  pulse  reaction  of  this  filter  and  considering  that  after 
subtraction  there  will  be  formed  a  sum  of  squares  of  the  output  voltages  of  quadrature 
channels  and  incoherent  accumulation  occurs,  it  is  possible  to  represent  the  signal 
at  input  of  relay  in. a  form,  analogous  to  (4.4.1): 

nil 

Using  the  assumption  that  n,  and  producing  the  same  conversion  as  during  . 
transition  from  (4.4.1)  to  (4.4.1'),  we  obtain 

vj.fjfl,  (4.11.48) 

where 

(A.I1.4V) 

Presentation  (4.11.48)  coincides  in  form  with  (4. LI, 6);  therefore,,  for  obtainLig 
detection  characteristics  relationships  (4.11,8')  —  (4.11.10)  can  bo  used. 


With  fast  fluctuation  of  the  reflected  signi-l,  to  calculate  detection  charac¬ 
teristics  expression  (4*11.41 )  can  be  used,  which  is  correct,  as  already  noted,  dur¬ 
ing  arbitrary  frequency  response  of  filter  HaliX).  Accordingly  approximations  for 
detection  characteristics  ensuing  from  this  formula  can  be  used.  During  small  q 
(usually  interesting  to  practicians),  considering  that  the  band  of  the  fluctuation 


of  the  signal  is  usually  considerably  narrower  than  the  transmission  band  of  the  sub¬ 


tracting  mechanism  we  obtain,  analogous  to  (4.11.44), 


(4.11.50) 


(4.11.51) 


('»’*„ is  dispersion  of  interference  at  input  of  relay). 

In  the  case  of  slow  fluctuations  of  signal  reflected  from  the  target,  we  can 
find  the  solution  of  equation  (4. 11.9)  in  the  form  of  the  sum  of  the  solution  In 
the  presence  of  one  interference  and  a  certain  constant.  The  expression  for  charac¬ 
teristic  function  'F(n)  has  a  form,  analogous  to  (4.4,18); 


■tidier© 


(4.U.52) 


Considering  distribution  during  th<-  absence  of  signal  from  target  (q  »  0)  to  bo 
nomnal  and  producing  convolution  of  this  distribution  with  a  distribution  correspond¬ 
ing  !  0  the  coefficient  before  the  exponent  in  (4.11,52),  we  obtain  with  i— and 


\-D>F 


whence,  for  the  thi'oshold  8i®ial-to-interforence  ratio  of  q,  considering  ttu^t  ^ >  I 


when  1  —  D  < 1 .  we  have 


m 


m 


(4.11.53) 


1^'  ■ 


or  significant  interest  is  the  dependence  of  the  threshold  signal-to-interference 
ratio  on  multiplicity  of  subtraction.  From  (4.11.50)  and  (4.11.53)  it  is  clear  that 
this  dependence  is  characterized  by  the  ratio 


*Jn 


»=:— 2)n 


C.=j4- 


where 


(4.11.55) 


are  expansion  coefficients  of  function  5j(i)  in  Fourier  series  at  interval  {—t,  *) 

[to  obtain  formula  (4.11.54)  it  is  sufficient  to  use  binomial  expansion  in  (4.11.51)]. 
In  particular,  for  exponential  function  of  correlation  of  interference 

>  (4.11.56) 

and  for  funoticn  of  correlation  of  form  (4.11.24) 


/nifl) 


(4.U.57) 


Calculations  by  formula  (4.11.54)  are  connected  with  essential  difficulties, 
since  when  l^faT,  ^  I  a  small  sum  under  the  radical  is  received  as  a  result  of  addition 
and  subtraction  of  large  magnitudes,  which  in  connection  with  tills  it  is  necessary 
to  calculate  with  higii  accuracy  (to  5  —  6  places  and  more).  When  m  is  sufficiently 
large,  and  C,  can  decrease  almost  to  zero,  and  (2«~») (a") .  it  is  possible  to  ex¬ 
tend  in  (4.11.54)  suBiaation  ad  infinitum,  replacing  ^3*'*  Stirling‘a 

i’omula,  m  obtain 


r, 


-3*  !''')•« 


(4.U.5S) 


Ae  can  be  seen  from  this  formula,  during  large  a  and  when  l)it  the  tiires- 

hoid  signal-to-interference  ratio  very  slowly  decreases  with  an  increase  in  multi¬ 
plicity  or  the  subtraction,  and  when  an  increase  of  m,  on  the  other  liarid, 


A  .N- 


leads  to  growth  of  threshold  q.  It  follows  from  this  that  it  is  inexpedient  to  in¬ 
crease  multiplicity  of  subtraction  above  that  determined. 

Li  order  to  imagine  dependence  ri(m)  during  small  m  and  simultaneously  to  esti¬ 
mate  error  of  approximate  formula  (4.. 11. 58),  let  us  consider  more  specifically  parti¬ 
cular  cases  (4.11.56)  and  (4.11.57).  In  Table  4.3  and  4.4  are  presented  dependences 
Pi  (m) for  these  spectral  densities,  calculated  by  exact  (4.11.54)  and  approximate 
(4.11.58)  formulas  when  0  — (24-f  l)n.  During  calculation,  the  correlation  factors 


Table  4.3. 


1 

Ti 

1  1 

1  '  1 

1  2 

3  1 

Lj_ 

/  -  -v  (4.!1.54)  — TO'iiiaa 
\Cl»J  (^npvy.ia 

2.25 

0.00 

O.Of)  j 

0,05 

0,0  (ti 

f'  L)  (4.1I..W)  — npiirt.iii- 

0.063 

1 

ir; 

0 

o’ 

0.048 

0,015 

KhT:  (a)  Exact  formula;  (b)  Approxi¬ 
mate  formula. 


Table  4*4. 


Ml 

r. 

'  •  1 

3 

1  1  1 

i 

(4.U.64)  —  Tomt»M 
^ipiuy.ta 

1.8 

0.12 

0,W7 

0.013 

0,0097 

<4.1 1 .58)  -  (tpiiO.itt 
MfMiiaii  (ptpuy.u 

O.WHW 

0.0054 

i 

i 

0.0045 

KEYS  (a)  Exact  formula;  (o)  Approximate  fomuia. 


between  neighboring  periods  were  taken  as  0,82.  Prom  Table  4.3  it  is  clear. that  in 
a  case  of  exfxmet^tiai  function  of  correlation  of  interference,  the  coincidence  of 
exact  and  approximate  formulas  is  satisfactory  for  single  subtraction  and  further  in¬ 
crease  of  «sultipiieity  gives  only  a  small  gain.  Por  spectrai.  density  of  the  form 
(4.11.^24),  which  for  the  considered  value  a  “  3  is  near  to  Oaueaian,  on  increase  of 
multiplicity  up  to  3  4  is  accompanied  by  a  fast  decrease  of  the  threshold  signal. 


The  coincidence  of  the  exact  and  approximate  formulas  is  possible  to  consider  satis¬ 
factory  also  only  for  m>3,  but  vdiisn  m  =  1  we  obtain  an  error  of  20  times. 

From  the  considered  examples  it  is  clear  that  tne  effectiveness  of  an  increase 
in  multiplicity  of  subtraction  considerably  depends  on  the  rate  of  drop  and  effective 
width  of  the  spectrum  of  fluctuation  of  the  interference.  It  is  possible,  apparently, 
to  mention  the  existence  of  some  threshold  multiplicity  of  subtraction,  starting  from 
which  a  further  increase  in  multiplicity  has  little  effect  and  is  even  harmful,  con¬ 
sidering  impairment  of  the  range  of  the  PPG  system  with  respect  to  speed;  and  be¬ 
sides  this  multiplicity  ibq  turns  out  to  be  smaller  for  steeply  drooping  spectral 
densities.  To  determine  the  value  of  threshold  multiplicity  it  is  possible  to  use 
the  following  approximate  formula,  ensuing  from  conditions  of  transition  from 
(u,11.54)  to  (4.11.58): 

(4.11.59) 


We  will  compare  now  the  effectiveness  of  the  PPG  system  with  the  effectiveness 
of  the  optimum  system.  We  will  use  fonraila  (4.11,58),  considering  multiplicity  of 
m  sufficiently  great  and  the  possibilities  of  increasing  noise-resistance,  owing  to 
an  increase  of  multiplicity,  to  be  exliausted.  With  this,  the  relation  of  threshold 
values  of  q,  dotorrained  by  formulas  (4.11.50),  (4,11,53),  (4.11*40),  and  (4,11,44), 
are  written,  with  fast  fluctuation  of  the  target,  in  the  form 


Tat 


(4.11,60) 


and  with  slow  fluctuation 


r, 


(4.11.61) 


Coefficients  during  in  both  formulas  approximately  coincidie,  as  we  will 
8t?d  in  Chapter  5,  with  the  ratio  of  threshold  q  for  incoherent  and  coherent  accumula¬ 
tion  of  sigtial  in  noise,  “Phe  presence  of  interference  and  fflultlplicity  of  subtraetioji 


(4.11.61') 


is  fully  considered  by  the  factor: 

r  -  »  ■S.(n) 

When  0  » 

_L 

Subtraction  in  this  cavse  somewhat  decreases  the  loss  connected  with  incoherent 
accujnulation  of  signal;  however,  very  insignificantly.  During  other  0  the  selec¬ 
tivity  of  the  PPG  system  shows  up:  r, -►co  vrtien  0-»0. 


'j 


Fig,  4.29,  Dependence  of  r,  on  *; 

—— S,(»»  w  I!  23  0.2/e  -  «o«  »’ 

Pig,  4.29  presents  dependence  of  r,  on  J  during  various  m  for  the  above  con« 
sidered  examples  (Tables  4.3,  4.4)  and  for  interference  equivalent  to  white  noise 
.S.t'o  I.The  character  of  those  dep+mdenoes  shows  that  near  blind  speeds  the  loss  of 
the  system  of  period-l^-porioa  compensation  is  considerably  increased , 

In  conclusion  we  will  pause  shortly  on  the  qu,«-stion  of  coaparijtg  two-chaniiei 
and  single-channel  PPC  systems.  It  is  possible  to  show  that  during  the  use  of  one 
channel  the  charaoteristie  function 'fin)  is  equal  to  the  square  root  of  the  oharaoterla- 
tio  function  corresponding  to  two-channel  processing.  i)wing  to  this*  n  in  the  final 
formulas  decreases  twice,  and  in  (4.11,53)  InD  is  replaced  by  f unction. Ki''{/3)[ see 


(4.4.14)].  As  a  result,  the  gain  of  a  two-channel  system  during  slow  fluctuation 
of  signal  from  target  is  determined  by  the  ratio 

Aj-'W  ’ 

and  during  fast  fluctuation  is  near  to 

4.11.4.  Effectiveness  of  the  PPG  System  with  External  Coherence 

For  a  system  of  period-by-period  compensation  with  external  coherence  with  those 
same  assumptions  concerning  multiplicity  of  subtraction,  the  output  signal  also  can 
be  represented  in  the  form  (4.11.48),  where  instead  of  fj  enters  if  we  consider 
the  detector  quadratic.  Magnitude  L  no  Icaiger  is  a  quadratic  form  of  normally  dis¬ 
tributed  magnitude^  and  the  characteristic  function  of  this  magnitude  caimot  be 
found.  In  connection  with  this  we  will  limit  ourselves  to  consideration  of  a  case 
of  fast  fluctuation  of  signal  from  target  and  interference.  With  this,  it  is  possible 
approximately  to  consider  magnitude  L  distributed  by  normal  law  and  to  limit  our¬ 
selves  to  calculation  of  its  mean  value  and  dispersion: 

(4.11.62) 

■  /  w,«=ZT-.r«a  V  (4,U.63) 

Considering  that  the  real  and  imaginary  parts  of  are  distributed  by  normal 
law,  and  using  the  expression  for  fourth  mixed  monents  of  normal  dietribution,  it 
is  possible  to  show  that 

Substituting  <4«11«64}  into  (4,11,62)  ira  obtain  a  difftreaoe  of  aean  miuaa  In 
tim  presence  of  and  during  tha  abeeope  of  a  algnal  from  a  target,  in  equation 
(4,4.10)  of  deteetiott  oHaraetarlatiea  in  the  twm 

y  *))-}- 

(4,U.65) 

•f  *)r.(/.  4)co8(/— 
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Dispersion  ><2  is  expressed  through  eighth  mixed  moments  of  normal  distribution 
and  its  calculation  is  connected  with  an  unusually  awkward  transformation  (108 
addends  must  be  written  out  and  grouped),  as  a  result  of  which  we  obtain 

’<in  =  2  V  {2/"®  {/,  H)  +  ''y(/.  v)-f-  (4,11,66) 

+  ^^ {/•  *)  ^ (/.  1^)  '"a  (*.  v) -{- 2r, (/.  k)  r^{j,  (J )  Tj (*,  v)  r, (p,  v)-f 
+  ^{/.  !»>/■.(/.  v)r,(^,  V)}. 

Dispersion  in  the  presence  of  useftil  signal  is  expressed  in  an  even  more  com¬ 
plicated  manner.  Therefore,  we  will  limit  ourselves  to  the  calculation  of  thres¬ 
hold  q,  considering  x,^x,n. 

Let  us  consider  the  simplest  case  of  exponential  correlation  of  interference  and 
single  subtraction  (Cjj  ~ 2,  Ojj_,  —  =  — 1,  the  remaining  t*j^=0).  In  this  case, 

all  calculations  are  brought  to  an  end  and  the  expression  for  q  has  the  form 


-  _ _ 

V/T  2(1  — Jocose)' * 


(4.11,6?) 


where  and  are  coefficients  of  correlation  of  neighboring  peri¬ 

ods  of  signal  and  interference,  and 

__  'J  ”  20r»  +  lOr*  4-  4/>*  -  .V* 

\-r* 


tv 
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Fig,  L.30  shows  the  dependence  of  ratio  I'  of  the  threshold  values  of  q  for 
systems  of  period-by-pe.riod  compensation  with  intomal  aj;d  external  coherence  on 
4/,,?,  wJion  and  various  A/ef,.  As  can  be  seen  from  the  figure,  the  effec¬ 

tiveness  of  a  system  with  external  coherence  is  significantly  lower.  During  4/ j’,  , 1) 
ratio  l‘ is  limitlessly  increased  as  Po**  systems  with  higher  multiplicity 

of  subtracticm  and  steeply  drooping  spectra,  the  advantages  of  a  system  with  internal 
coherence  wUi  be,  apparently,  still  more  convincing* 

Comparatively  low  effeotivoness  io  not  the  only  deficiency  of  a  system  with 
external  coheronoo.  Another  important  deficiency  is  the  absence  at  the  output 
of  the  receiver  of  signals  from  the  target  and  from  passive  Interferences,  if  these 
sigtmls  do  not  overlap* 


iitjr  'tJi 
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Fig,  4«30,  Loss  in  the  threshold 
signal-to-interference  ratio  for  a 
PPG  system  vdth  external  coherence. 

4.11.5*  Problem  of  Blind  Speeds.  Wobbling  of  Repetition  Period 

As  was  shown  above ,  the  sure  selection  of  a  signal  on  a  background  of  passive 
interferences  is  impossible  during  so-called  blind  speeds,  when  spectral  lines  of  the 
signal  and  interference  coincide.  The  values  of  blind  speeds  are  detenoined,  as 
is  easily  seen,  by  forsula 

AswO,  ±:1 . 

where  A,  is  wave  length* 

With  a  large  repetition  period,  blind  speeds  are  so  frequent  that  sons  of  them 
must  occur  in  the  speed  range  of  the  targote,  on  which  a  given  radar  must  operate. 

If  abrubt  decrease  of  T,.  ia  irapemieeible,  it  is  neoessa  y  to  use  other  methods  of 
removal  of  blind  spssds  from  the  working  speed  range.  The  essence  of  these  methods, 
as  can  be  seen  from  the  above  muntionod  formula,  inevitably  leads  to  a  change  in  the 
tiino  of  the  repetition  period  [593  or  to  the  use  of  eeveral  signals,  delivered  on 


a  frequency,  for  which  blind  speeds  do  not  coincide.  Retuning  of  carrier  fre¬ 
quency  cannot  be  used  in  practice,  since  the  retuning  necessary  for  an  essential 
change  of  blind  speeds  leads  to  a  decrease,  practically  to  zero,  of  the  correlation 
of  interfering  reflections,  corresponding  to  various  frequencies. 

In  this  division  will  be  considered  a  system  with  wobbling  of  period.  During 
a  variable  period,  functions  of  correlation  of  interference  and  signal  p(/.  k)  and 
rjj,  k)  no  longer  depend  only  on  the  difference  of  nujnbers  of  periods  (sequence  of 
results  of  intraperiodic  processing  becomes  nonstationary).  We  will  assume  that 
this  nonstationary  nature  is  manifested  only  at  a  magnitude  of  phase  shift  o,  so 
that 

_  i:  •> 

Rjk  f  jf[  —  VP  (/.  k)  e  ‘  +  r,  (//  k), 

where  p(/,  k)  and  r,(/,  k)  are  the  same  function  of  correlation  as  in  the  case  of 

constant  7’,: 

is  phase  shift  in  thevth  period. 

Duch  an  assumption  assumes  relatively  little  change  of  period  T^,  which  usually 
takes  {dace  in  practice.  Vie  also  consider  that  wobbling  of  period  is  produced  ac¬ 
cording  to  a  certain  periodic  law  and  the  wobbling  period  is  small  as  com|iared  with 
the  time  of  observation  and  the  time  of  correlation  of  signal  fluctuation. 

With  the  assumptions  made,  it  is  possible  to  show  that  the  diagram  (Fig. 

1.21),  synthesized  under  certain  conditions  for  the  case  T^.  const,  is  optimum  and 
a  case  of  variable  period  of  alternation,  if  in  thorn  multiplication  by  vl  and.sinv't 
utilized  for  transfer  of  signal  spectrum  to  zero  frequency  before  coherent  aecu/nula- 
tion,  is  replaced  by  multiplication  by  cosV'h  It  is  obvious  that 

i»i  tTi 

®  var  methods  of  making  filters,  suppi’essing  interference,  and  carrying  out 
si^uU,  accumulation,  change.  The  delay  per  period,  utiliaod  in  these  filters,  should 
be  variable. 


• 


Let  us  consider  the  detection  characteristics  of  an  optimum  system  for  case 
Tj,  =  var.  With  slow  fluctuation  of  target,  the  signal-to-interference  ratio  of 
can  be  calculated  by  general  formula  (4*11.12),  When  calculating  the  form  of  the 


bunch  and  changeability  of  0  we  obtain 


^  * 

/ 

vfhere  S/—,  is  the  bunch  envelope  of  pulses,  (see  4.11,29), 
For  the  considered  case  Zj  is  expressed  by  formula 

^i— w(/. /)gj_,e  '  . 


(4.11.68) 


(4.11.69) 


Substituting  (4.11.69)  into  (4.11.68)  and  considering  (4.11.28),  we  find 


j  s,(X)  2] 


(4.11.70) 


Considering  the  assumption  ccmceming  a  small  change  of  for  wobbling  period 
mQ,  it  is  possible  to  convert  the  sum  under  the  integral  to  the  form 


(4.U.71) 


vdiere  J)^i»  average  phase  shift. 

* 

The  first  sum  in  (4*11.71)  is  0(Sv*,(l  — 4)]  the  spectrum  of  the  bunch  envelope 
of  pulses.  Function  — 4)1  is  periodic  with  respect  to  l  with  period  ~  and, 

in  view  of  the  great  duration  of  the  bunch,  diminishes  quickly  with  the  increase 
of  Using  the  theorem  concerning  the  average,  instead  of  (4.11*70),  we 

I  Aa  I 


obtain 


(i..U.72) 


This  formula  in  form  coincides  vdth  (4«11»40). 

For  a  case  of  fast  fluctuation,  calculation  of  mean  value  and  dispersion  of 
magnitude  L  in  the  output  of  the  diagram  in  Fig,  4.24,  modified  in  the  above  des¬ 
cribed  form  for  reception  of  signals  with  variable  Tj.,  leads  to  an  expression  for 
threshold  q^,  similar  to  (4,11.44)  in  which  5„(0)  is  replaced  by  where 

is  expressed  by  formula  (4.11.72)  if  S,(0)  is  replaced  oy  As  in  the  deriva¬ 

tion  of  (4.11.44),  during  calculation,  assumptions  are  used  concerning  the  fact  that 


When  ihq  =  2  and  p{/,  k)~ 


l-a» 

A8  ’ 

1  -f  o*  —  2a  cos  9  cos  -j- 


(4.11.73) 


HI. 


•So  »K5  (®)"“ 


.  ,  [oosh  48  awi 

4(fl)  (a  cos  9)  --  cos  la  cos  9) 


(4.11.74) 


Similar  relationships  are  obtained  also  for  5' ^^^(8); 

5;:..  («)“-: — - — — 7-«' 

(l  +  a*)*-!  is»eos»8~8a(l  +  <»*)eo**‘: 


(4.11.75) 

(4.11.76) 


As  can  be  seen  from  relationships  obtained,  the  magnitude  of  threshold  q  consider¬ 
ably  depends  on  average  phase  shift  0  and  difference  of  phase  shifts  AS,  FJest  results 
are  obtained  when  4- 1) r.  when  depends  on  0  very  weakly  (in  case 

(A. 11, 73)  not  at  all,  and  in  case  (4.11.74)  is  less  t^ian  during  all  5]* 

In  accordance  with  this  it  is  necessary  to  select  the  magnitude  of  srdft  pericxis  in 
such  a  manner  that  (f  —f  )  is  near  to  (Zk’t-l)  «  in  the  working  speed  raiige 

'  r|  #1 

r.  Width  is  of  the  range  in  which  blind  speeds  do  not  affect  detection  qiiallty 
depends  on  allowable  increase  of  as  compared  with  minimuja  wt..  i'4  })«. 

It  is  imsible vfco  consider  permissible  an  increase  of  wty  ':■/  •  this,  even 
in  the : case  of  very  narrow-band  interteronce  (ast  d'lring  the  least 


favorable  6  turns  out  to  be  approximately  2  times  more  than  during  cvs~j-—0.  For 
width  of  speed  ranges  with  this  we  obtain 


S  +  9 


and  besides  central  speeds  of  ranges 

practical  problems  this  range  turns  out  to  be  too  narrow,  and  for  satisfying  the 
placed  requirements  it  is  necessary  to  select  a  number  of  shift  periods  larger 


than  two.  To  the  most  uniform  working  speed  range  of  equivalent  spectral  density 
'SoaKi(B)  one  should,  as  may  be  seen  from  (4,11»72),  select  value  of  Fr,  in  such  a  man¬ 
ner  that  the  modulus  of  the  sum,  in  (t»«ll,72),  is  approximately  identical  for  all 


k  and  changes  little  in  the  shown  range. 

In  existing  radar  systems  for  reception  of  signals,  wobbolated  with  respect  to 

repetition  period  systsu  of  period-by-period  coopensation  are  used  [59}*  wtatieti- 
cal  characteristics  of  interference  la  the  <mtput  of  such  a  system,  mder  the  assump¬ 
tions  made  about  small  change  of  period,  do  not  differ  in  any  way  from  omrresponding 
oharaotwristics  during  a  coastant  period.  To  oaloulate  detection  charaoteristins 
during  fast  fluctuation  we  have  to  oaloulate  the  differenot  of  moan  values  of  signal 


with  Intsrfatnos  mad  ths  Intsrfsrsnes  aad  dispsrsion  of  iatsrforsnes  la  ths  cutpot 
of  the  system  of  detsotion*  &  aecordaaoo  with  (4*il»4S)  ms  obtain 


Considering  k)  as  changing  so  sloidy  that  t).  it  la  posalble 


to  convert  this  expression  to  the  form 


^  SflL— a  — 1» 


(4.11.77) 


Assuming  the  thi^shold  q  to  be  sufficiently  small  so  that  otti  uaing 


(4.4*10},  wo  obtain  for  a  tNo*iOhannel  eircuit  of  compensaticn 


(4.U.78) 


This  fomtuls  is  cmpletely  analogous  to  (4.11.50),  received  for  Tj,  =  const, 
with  the  only  difference  that  //(/O)  is  replaced  by 

To  determine  the  threshold  q  in  the  case  of  slow  fluctuation  it  is  necessary 
to  solve  equation  (4.11.9)  in  the  presence  of  a  signal  for  a  case  of  variable  Tj., 

Making  all  necessary  calculatims,  manage  to  show  that  diiring  l—D^F  and 
threshold  q  is  expressed  by  formula  (4.11.53),  vrtiere  should  be 

replaced  by  |//»h»(<9>1*-  Thus,  equivalent  frequerjcy  response  completely 

determines  the  dependence  of  threshold  q  on  I. 

When  vtQ  °  2  and  single  subtraction 

Best  results  in  the  given  case,  as  for  an  optimum  circuit,  are  obtained  vdten 
49-^2il:  +  !)R.  Obviously,  also  in  force  are  fonmilas  relative  to  the  width  of  the 
speed  range.  When  m,>2  the  uniformity  of  frequency  response  is  determined  by  the 
behavior  of  the  square  of  the  modulus  of  the  sum  in  (4.11.72)  and  (4.11.77). 

The  maffdtude  of  loss  of  a  PPG  system  in  comparison  with  an  optimum  circuit  is 
detersdned,  as  is  easily  seen,  by  the  same  formulas  as  in  a  case  of  constant  Tj. 
when  replacing  s,(|)  and  by  and 

4.U.6  The  Rfoblem  of  BLind^  S  The  Use  of 

Sevex«l  Frequency  caiannels  - 

As  already  noted,  to  eoidaat  bUM  speeds  we  can  also  use  siimiltansous  operation 
on  several  (for  «(aaple,  two)  carrier  frequencies  chosen  so  that  the  blind  speeds 
corresponding  to  these  frequ^cioies  do  not  coincide  in  \>he  >^rking  speed  range.  We 
will  assicae  that  separation  of  frequeneiea  is  suffici''nv.iy  great  that  reflection  of 

.f  •  .  -  •  .  . 

slgnils  from  target  and  from  passive  interfereneeti  corresponding  to  various  carrier 
fi«equenoles,  can  be  ocnsidered  atatistleally  iitdepandent  (bel<m  this  assue^ition  is 
wtU-groimded),  With  this,  as  %ms  shoim  In  Section  4.1,  optimum  operations  consist 
in  optimum  procssslng  of  siud^  of  ths  signals  sepAratiUy  with  subsequent  addition  of 


> 


the  results  of  processing.  The  circuit  of  an  optimum  receiver  consists  of  several 
channels,  built  according  to  the  diagram  of  Section  4.21.  The  number  of  channels  is 
equal  to  the  number  of  working  frequencies.  Outputs  of  channels  are  summarized  and 
are  compared  with  threshold.  In  the  case  of  fast  fluctuation  of  sugnal,  the  summation 
can  be  carried  out  directly  after  forming  the  square  of  the  envelope  of  the  filtered 
signal.  With  this,  for  incoherent  accuraualtion  is  used  one  accumilLator  common  for 
all  channels. 

Let  uf  consider  detection  characteristics  corresponding  to  optimum  processing. 
With  this,  we  will  consider  that  the  statistical  properties  of  signals  on  all  fre¬ 
quencies  are  identical.  During  fast  fluctuation  of  signal  and  interference,  semi¬ 
invariants  of  distribution  can  be  found  by  summation  of  semi-invariants  for  separate 
channels^  expressed  by  formulas  (4.11,42),  Using  these  semi-invariants,  it  is  pos¬ 
sible  to  e.xamine  the  detection  characteristics  using  either  formula  (4o4.10),  if  n 
is  sufficiently  great,  or  expansion  (444ill). 

Let  us  consider  the  most  interesting  case  for  the  practician  when  the  threshold 
value  of  q  is  small.  With  this,  assuming  the  time  of  correlation  of  interference 
to  be  small  as  compared  with,  the  time  of  correlation  of. signal,  we  obtain  similarly 
to  (4.11,44) 


'm'J' 


y  2*12j's»pr 


fc.\ 


) 


(4,U.79) 


where  8;  are  the  phase  shifts  for  period,  corresponding  to  various  frequencies, 

Lot  us  note  that  magnitude  q  in  (4.11,79)  represents  the  signal -to-interference 
ratio  in  one  channel,  determined  by  the  power  in  this  channel  and  the  level  of  noises 
in  it.  If  noises  can  bo  disregarded,  than  the  signal -to-interference  ratio  does 
not  depend  on  radiated  power  and  is  equal  to  the  same  magnitude  for  a  separate 


frequency  channel  and  for  a  combination  of  channels. 


Threshold  q  depends  on  magnitudes  of  phase  shifts  through  magnitude 


/=! 


Radiated  frequencies  should  be  selected  so  that  this  sum  has  the  largest  possi¬ 
ble  magnitude  in  the  working  speed  range. 

In  case  iiTq  =  2  we  obtain 
when  r,{f,  A)  — 


t- 


3(1  f-i*)’  -f-  l^cos*  ^8  +  )  J 


(4.11.80) 


—  a* 


A8  ’ 

—  &j(l  -f  a’) cos  0  cos 


when  S,(8)'v  0*'^“** 


(4.11.81) 


The  lowest  value  of  equivalent  spectral  density  of  the  interference  in  both 
cases  is  obtained  when  40  -^{24-1- !)».  With  this,  Sawi  tunas  out  to  be  times  less 

than  spectral  density  expressed  by  fomulas  (4.11,75.)  and  (4,11,76), 

Thus,  during  fast  fluctuation  and  AO.  near  to  (2A-+’l)n.  the  effectiveness  of  a 
two-frequency  system  turns  out  to  be  higher  than  a  system  with  two  shift  periods. 
This  is  explained  by  the  fact  that,  differing  from  detection  on  a  background  of 
noises,  weakening  of  fluctuation  owing  to  multi-frequency  is  not  accompanied  by  a 
decrease  of  the  signal -to-intorforence  ratio  in  each  frequency  chatmel,  inasmuch  as 
the  power  of  the  signal  and  interference  equally  depend  on  power  radiated  on  each 
channel. 

During  slow  fluctuation,  the  distributive  law  for  the  sum  of  output  voltages  of 
frequency  channels  is  convolution  ra^  of  exponential  distributions.  In  the  absence 
of  useful  signal,  statistical  characteristics  of  components  are  identical  atid  for 


s.*.. 


a  sum  is  obtained  chi-square  distribution  with  2mQ  degrees  of  freedom.  In  accor^amce 
with  this,  the  probability  of  false  alarm;  is 

,  ?  r— .'*■  a.11.82) 

P  (c)  —  J  2"  (/»  —  1)! 

where  c  is  the  relation  of  the  threshold  of  operation  to  the  dispersion  of  inter¬ 
ference  at  output  of  the  storing  filter. 

In  the  presence  of  the  signal,  distributions  of  components  are  equal  because 
of  the  difference  in  phase  shifts  Oj.  Characteristic  function  of  the  sum  can  be 
represented  in  this  case  in  the  form  of  (4.6,l),  The  corresponding  equation  of 
detection  characteristics  coincides  with  (4,6,2),  if  is  replaced  by  the  signal- 
to-interference  ratio  in  the  j-th  channel  9ij* 

Let  us  consider  more  specif icfilly  the  case  of  two  working  frequencies.  With 


this, 


(4,U.83) 


licpendenoe  Vm  and  (?n  on  and  is  determined  by  formulas  in  paragraph 

In  p^ti-ieuiar,  assuming  the  time  of . correlation  of  interference  to  bo  small 
In  comparison  with  the  duration  of  the  bunch,  it  is  possible  to  calculate  by  fpmu 
la  (4,11,40), 

Fig,  4,31  presents  the  dependence  of  threshold  q  on  —  for  a  case  of 

*ix[!onflntiai  correlation  of  interfei*ence  when  D  “  0,9,  n  25,  F  “  10**^, 

inasmuch  as  q  depends  on  8,  in  the  figure  there  is  a  shaded  region,  in  which  q  can 
cnango  at  ft  giv«n  i8.  For  oon^>ariion,  on  the  same  graph,  the  dependence  of  threshold 
q  111  fto  in  presented  for  a  syetoin  with  two  shift  periods  with  the  same  vjilues  of  all 
iwrfunutura,  Tfio  smallest  q  is  obtained  when  i'j :  *  1)  ■“*'  With  this,  differing  from 

a  case  of  shirt  periods,  q  continues  to  depend  on  8. 

c:oms)ft risen  of  results  for  a  two-frequency  diagra«i  and,  a  diagram  with  shift 
p.'ri(xis  shows  that  during  slow  fluctuation  the  two-frequency  diagram  possesses 


noticeable  advantages  which  are  the  result  of  a  relative  decrease  of  target  fluctu¬ 
ation  during  the  use  of  two  independently  fluctuating  signals.  A  similar  effect 
was  noted  above  during  fast  fluctuation;  however,  there  it  was  less.  Range,  with 
respect  to  speed,  as  one  may  see  from  the  figure,  also  can  be  determined  from  con- 
dition  cos-^e=d::  1/2.  With  this,  q  increases  not  more  than  twice,  as  compared  with 
its  value  when  A0r=:(2)i:-f- l)i:.  Speed  ranges,  in  which  the  influence  of  blind  zones  is 
removed,  are  concentrated  nearby 


where  A/  is  the  difference  of  carrier  frequencies,  and  they  have  the  width 

1  e  2 

6  A/r,  3“  '’•* 

It  is  necessary  to  note  that  the  tendency  to  remove  blind  speeds  in  the  working 
range  along  with  the  considerations  presented  in  Section  4.6  also  leads  to  the  use 


Fig.  4.31.  Dependence  of  threshold  q  on 
A»  for  a  system  with  two  shift  pericxls 
and  two  working  frequencies. 

KKYt  (a)  Two  shift  {>eriod8;  (b)  Two  work¬ 
ing  frequencies. 

of  frequency  channels  detuned  to  a  magnitude  sufficient  for  statistical  independence 
of  corresfjonding  reflected  signals.  As  can  be  seen  from  the  above  mentioned  formulas, 
in  order  to  combine  first  optimum  speed  with  the  center  v  of  the  working  range. 


detuning  is  necessary: 


For  example,  when  500  m/sec  and  Tr  =  lO^^  sec,  detuning  is  A/mho*^200  megacycles. 
Such  detuning  is  fully  sufficient  for  statistical  independence  of  signals  .from  air¬ 
craft  and  all  the  more  so  for  interfering  reflections. 

Above  have  been  analyzed  detection  characteristics  for  a  case,  when  the  signal 
in  each  frequency  channel  is  processed  in  an  optimum  manner.  We  will  see  what  the.' 
consequences  will  be  if  we  replace  optimum  processing  with  period-by-period  subtrac¬ 
tion.  With  this,  for  simplicity  we  will  limit  ourselves  to  the  case  of  fast  fluctu¬ 
ation,  when  it  is  possible  to  consider  distribution  at  input  of  relay  to  be  norm.il. 
For  x'  -  -  x'  and  x'  we  have 

•  «.  «♦ 

v^j// W.  (4.11.84) 


J (4.11.85) 

Using  (4.11.84)  and  (4.11.85)  considering  q  to  be  small,  we  can  find  an  expres¬ 
sion  for  threshold  q  in  a  similar  manner  as  was  done  for  an  optimum  system.  The 
result  of  c&lcuLatisn  is  |»^sentad  grftphieally  in  fig.  4.32  for  a  eaaa  of  alngle  tub- 

traction  and  exponential  functions  of  correlation  of  interference  and  signal  when 

n  ”  50/ 

!)  ^  0.9,  F  10“^,  r  “  0.8,  ?  /rnsQ  «  2  in  the  form  of  dependence  of  q  bn  dl 
!n  th»  figure  there  is  a  shaded  region,  in  which  q  con  be  changed  during  a  given  M. 

:•  v,r  comjiarlson  in  the  same  place  is  shown  a  similar  dependence  for  an  optimum  sys- 
with  th'^  saitto  values  of  j>arameters.  ■ 

For  a  case  of  two  carrier  frequencies,  as  a  natural  further  simplification  of 
opt:mi.ra  processing,  let  us  consider  a  variant  with  unification  of  frequency  channels 
bofors?  subtraction.  Such  unification  cm  be  attained  by  means  of  the  mixing  of 
signaU  soaped  by  frequency.  With  t^iis,  further  processing  should  bo  carried  out  on 


t 


5/ 


a  difference  frequency.  Let  us  consider  the  case  when  this  processing  is  period- 
by-period  subtraction  in  two  quadrature  channels.  With  this,  as  is  easy  to  see, 


Fig.  4.32.  Dependence  of  threshold  q  on 
for  three  methods  of  processing  a  two- 
frequency  signal, 

KEY:  (a)  Unification  of  channels  before 
PPC:  (b)  PPG  in  each  channel}  (c)  Optimum 
processing, 

signals  at  input  of  system  of  subtraction  can  be  represented  in  the  form 


♦I  ®  T  Khi  “  Mil  “  Im  A 


where  !u  and  fa  are  results  of  intraperiodic  processing  of  signals  in  the  first  and 


second  frequency  channels. 

The  accumulated  ti^ml  : is  the  sum  of  two  magnitudes: 


P*  M 


(4,11.86) 


The  possibility  of  such  a  signal  oaf^ccept  has  alre^  been  discussed  in  paragraph 
4,11,3|  wherbr  the  eKpresSion  for  is  introduced  through  the  fr^uency  characterls- 
tics  of  the  system  of  subtraction.  Using  the  symmetry  of  cpeffioients  it  is 
easy  to  show  that  (4,11 ,86}  can  be  written  in  the  form 


(4.U.86‘) 


Wo  cannot  find  a  distributive  law  for  L*  in  the  general  case.  We  will  limit 
ourselves  to  the  consideration  of  a  case  of  fast  fluctuation,  when  this  law  can  be 
considered  nonnal.  Considering  the  independence  of  magnitudes  fij  and  /j;,  we  ob- 

*1  -  ^ S  f W*  (/.  *)  e'  ‘^ “*»  **  + 

/.*  t 

At  ] 

cos-^j. 


+  2p(/.  — 


(4.11.87) 


*)r,(|i.  v)r.(/.  ti)X 


(4.11.88) 


X'.(*.  v)  +  rj(/*  v)l. 

In  a  particular  case  of  single  subtraction  and  exponential  functions  of  cor¬ 
relation  of  interference  and  tignal 

Xl— «i.  =  2?[«(l-P’cosM)  +  2pr^l  -cos'Kos“^j,  (4.11.89) 


+  (1,.U.90) 

••  I  — ■ 

Fig,  4.32  shows  the  dependence  q  on  AO,  calculated  on  the  bisvsis  of  these  formulas 
with  the  same  values  of  initial  parameters  as  the  other  curves  of'  this  figure.  As 
can  be  seen  from  the  graph,  threshold  q  when  AOsa  (2*4- 1  )n  turns  out  to  be,  for  the 
given  method  of  processing,  approximately  10  times  more  than  for  optimum  processing, 
atici  approximately  3  times  more  than  for  a  systos  with  subtraction  before  unification 
of  c^iannels.  Such  a  sharp  increase  in  the  threshold  signal-to*interferenoe  ratio 
is  connected  mainly  with  expansion  of  the  interference  spectrum  during  the  mixing  of 
reflected  signals,  decreasing  the  effeotivmese  of  subsequent  prooeeeing. 

^•12.  The  affect  of  Active  Interferencee  on  S-veteas  of 
Detection  of  Coherent  Signal 

In  this  paragraph  let  us  outsider  ths  question  of  the  effect  of  certain,  most 
widespt*oad  forms  of  active  interferences  (noise,  random  pulse  and  relay)  on  systems 
of  radar  detaotioti  of  target.  The  problem  of  this  oonsideration  is  the  quantitative 
ftpomieal  of  the  effectiveness  of  the  effect  of  various  interferences. 


4.12,1.  Noise  Jamming  Interference 


Noise  jamming  interference  is  a  broadband  random  process,  whose  distributive 
law  depends  on  the  method,  of  creating  interference  and  can  differ  considerably  from 
normal.  However,  under  the  effect  of  this  process  on  the  narrowband  mechanisms  in 
a  number  of  elements  of  the  system  of  detection  of  coherent  signal,  there  occurs  a 
mutual  imposition  of  large  number  of  independent  values  of  this  process,  distant  from 
each  other  in  time  at  intervals,  larger  than  the  time  of  correlation,  but  smaller 
than  the  time  c<»istant  of  the  given  mechanism.  With  this,  due  to  the  central  limit 
theorem,  the  process  on  output  approaches  normal.  Therefore,  if  the  spectrum  of 
interference  within  limits  of  the  width  of  the  modulation  spectrum  can  be  considered 
uniform,  the  effect  of  interference  on  the  detection  system  does  not  differ  in 
character  from  the  effect  of  Gaussian  white  noise  with  equivalent  spectral  density 
In  the  equation  of  detection  characteristics  instead  of  the  signal-to-noise 
ratio  we  will  enter  the  signal-to-interference  ratio: 

Therei ore, the  reliability  of  detection  with  the  same  probability  of  false  alarm  is 
considerably  lowered. 

The  increase  in  intensity  of  noise  during  a  constai;t  level  of  operation  of  the 
relay  leads  also  to  on  increase  in  frequency  of  false  alarm  in  the  systian  of  detec¬ 
tion.  In  order  to  avoid  an  increase  in  this  frequenoy  above  that  peraissible,  usually 
In  the  receiver  is  introduced  a  system  of  automatic  noise  gain  ccmirol  (ANCC),  en¬ 
suring  approximate  constancy  of  noise  lev^>l  in  the  output  of  the  receiving  channel* 

In  systems  of  visual  detection  ANQC  is  frequently  replaced  by  hand  adjustment.  The 
signal  directing  ANGC  is  usually  taken  from  a  section  of  distances  or  frHsquencies, 
in  which  the  presence  of  a  target  ia  excluded.  An  ANQC  system  is  constructed  usually 
just  as  a  system  of  automatic  control,  working  on  a  signal  from  target.  We 


will  idealize  the  work  of  Al'IdC,  considering  that  this  system  ensures  the  bringing 
of  interference  and  noises  to  a  level  equal  to  the  level  of  natural  receiver  noises. 
With  this,  an  increase  in  the  frequency  of  false  alarms  does  not  occur  and  the  effect 
of  interference  is  considered  by  the  corresponding  change  in  the  signal-to-noise 
ratio.  The  range  of  the  radar  in  the  presence  of  interference  is  expressed  through 
distance  corresponding  to  the  same  probabilities  of  F  and  D  during  the  absence  of 


interference,  in  the  following  manner: 


d. 


V  ‘  +  ^  K 


(4.12.1) 


where  A/wa.i  is  the  spectral  density  of  the  radiating  power  of  the  jamming  trans¬ 
mitter  in  the  receiver  band; 

Oa  is  the  antenna  gain  of  the  station  of  interferences; 
is  the  distance  to  jamming  transmitter; 

is  the  directivity  factor  of  the  radar  antenna  in  the  direction  of  the 
jamming  transmitter; 

1  is  the  wave  length; 
k  is  the  Boltzmann  constant; 

is  the  absolute  temperature  o£  ant^ma; 

6»is  the  noise  factor  in  the  receiving  device. 

If  the  problem  of  the  radar  set  is  the  deteminaticm  of  the  direction  to  the 
rourct  of  interference,  then  the  detection  system  ehould  accomplish  the  capture 
of  interference  on  anglee.  With  this,  inasmuch  as  the  level  of  interference  is  un¬ 
known,  capture  can  occur  and  tracking  of  interference  start,  effective  in  the  dlrec- 
tioti  of  the  (parasitic  lobe.  To  combat  this  phenomenon  it  is  possible  to  use  ANGC 
with  a  limited  dynamic  range,  selected  or  regulated  with  respect  to  interference  in 
such  a  majmer  that  the  interference  received  by  the  parasitic  lobe  is  pi'oeessed  well 
by  the  system,  and  during  the  hit  of  interference  in  the  main  lobe,  control  is 
st»ppe?(  <u\d  ojKiration  of  the  relay  takes  place.  This  method  is  useful  only  in  a 


limited  range  of  interference  levels,  and  its  effectiveness  vd.ll  be  greatly  v/eakened 
vdth  a  variable  level  of  interferences, 

A  more  radical  method  of  protection  [59]  consists  in  the  use,  along  vd.th  a  sig¬ 
nal  recieved  on  the  main  antenna,  of  a  signal  from  an  additional  antenna,  for  v^ich 
the  amplitude  diagram  coincides  vdth  the  form  of  parasitic  lobes  of  the  diagram  of 
the  main  antenna  (or  the  corresponding  adjustment  of  amplification  factors  is  used). 
As  a  result  of  joint  processing  of  signals  from  the  output  of  both  antennas,  inter¬ 
ference  effective  in  the  parasitic  lobe  is  partially  compensated. 

Let  us  consider  the  optimum  method  of  processing  the  signals  received  and  v^e 
vd.ll  estimate  the  potential  noise-resistance  of  the  suggested  method.  For  synthesis 
of  an  optimum  system  in  this  case,  assumir.g  the  signal  and  interference  to  be  normal 
random  processes,  it  is  possible  to  use  relationships  (4,2,9)  —  (4.2,11),  Inter¬ 
ference,  in  accordance  vd.th  the  above,  vd.ll  be  replaced  by  v^hite  noise.  The  sig¬ 
nal  from  the  target,  received  by  the  additional  antenna,  will  be  disregarded, 

.dth  this,  for  functions  of  correlation  of  signals  yj_(t)  and  y2{t)  received  on  the 
main  and  additional  ctiannols  m  have,  respectively, 

where  and  spectral  densities  of  noises  in  channels; 

1  is  the  attenuation  factor  (taking  into  account  the  3ign«  depending 
on  the  nuRdjer  of  the  lobe)  of  interference  in  the  second  channei 
ovdng  to  the  differenee  in  the  directivity  factors  of  antennas. 

[Solution  of  equation  (4.2,10)  for  this  ease  can  be  presented  in  the  form 

/if/4, (4.12,2) 

.  *  *'  **  .  ■  . 


In  the  case  of  slow  fluctuation,  coefficients  /,)  do  not  depend  on  time 


and  with  accui’acy  up  to  immaterial  factor  A  are  equal  to 

=  A\  =  Bti  =  ~A  («‘iv,+v„)  ' 

Substituting  these  expressions  into  (4«2.9),  we  find 


Ay)'^  I  j^J/,  (t)  -  y*  (0  j«  (t  - 1)  e'"-' 


dl 


(4.12.3) 


(4.12,4) 


Thus,  optimum  processing  in  the  considered  case  includes  subtraction  (or  addi¬ 
tion  if  a<0)  of  output  of  channels,  and  in  the  remaining  does  not  differ  from  opti¬ 
mum  processing  of  signal  in  one  channel  on  a  background  of  noises.  If  the  directivi¬ 
ty  factor  of  an  additional  antenna  directed  toward  interference  coincides  with  the 

noise/ 

level  of  the  corresponding  parasitic  lobe  of  the  main  antenna,  and/in  the  additional 
channel  is  small  as  conpared  with  interference,  then  the  factor  during  y2(^) 
replaced  by  one  in  (4.12.4). 

During  fast  fluctuation  of  signal*  the  solution  obtained  is  fully  analogous.  The 
difference  of  output  voltages  of  channels  naist  in  this  case  pass  through  a  filter 
with  frequency  response  (4.3.8),  be  detected  and  be  integrated  during  the  time  of 
observation  and  with  this  parameter  h  in  (4*3.8)  in  this  case  is  equal  to 

*•“  Tisakiar  •  - hnr —  ■  a.ia.5) 

'“P3TOTJ.*'+Ai) 

Detection  oharaoteristios  for  the  considered  system  of  detection,  as  is  e^y  to 
see,  have  the  sane  form  as  for  a  single-channsl  system.  Only  the  si^ial-tc« 

irtUrference  ratio  changes! 


(4.U.6) 


From  (4.12.6)  it  foll<Ms  that  when  the  effect  of  interference  during 

optLitum  processing  is  oetapletely  removed,  and  only  the  sum  of  noises  in  both  <hanneXs 
affects  the  quality  of  deteotlpn.  In  praetloe,  the  effeotivonees  of  doa^.satian 


turns  out  to  be  significantly  lower  because  of  inaccurate  matching  of  amplification 
factors  and  values  of  directivity  factors  in  chajinels. 

It  is  necessary  to  note  that  compensation  of  interference  can  be  carried  out 
by  such  a  method  only  when  interference  acts  in  the  direction  of  the  parasitic  lobe 
of  the  main  anterma.  During  a  hit  of  target  and  interference  in  a  becun  of  the 
diagram,  levels  of  signals  received  on  both  channels  become  commens^orable  [taking  in¬ 
to  account  the  ''actor  during  y2(t)  in  (4.12,4)]  and  the  signal  is  compensated  simul¬ 
taneously  vdth  the  interference.  However,  even  in  this  case  the  considered  method 
has  an  important  advantage;  capture  of  a  source  of  interference  by  angles  becomes 
impossible  when  it  hits  the  parasitic  lobe  of  the  antenna  radiation  pattern. 

It  is  necessary  to  note  that  the  given  method  of  selection  of  signal  may  be, 
obviously,- used  with  success  for  protection  also  from  active  interferences  of 
another  form,  ..effective  in  the  direction  of  the  parasitic  lobe.  It  is  essential 
that  a  change  in  the  intensity  of  interference,  in  tine  does  not  lower  the  effective¬ 
ness  of  the  method. 

4,12,2,  Interference— wtaticnary  flandom  Process. 

Above  it  was  assi^ed  that  interference  affecting  the  system  of  detection,  has 
a  spctrum  ividth  significantly  larger  than  th®  spectrum  width  of  modulation.  Cases 
ai*®  encountered  wiiere  this  assumptio.*;  is  not  fulfilled  (narrow-band  spot  jaming, 
rarid^  pulse  j^aming, .etc,.),  .^caaiiiation  of  these  eases  not  only  allows  us  to  esti¬ 
mate  the  effectiveness  of  such  interferences,  but  also  answers  the  liuestioa  con- 
ceming  the  exp‘»diencv  of  ex);andinf  the  mduUtimt  spectrum  from  the  viewpoint  of 
nrotectien  from  active  iftterfei*enees. 

Thus,  let  us  consider  interference  in  the  foi^n  of  an  arbitrary  stationary  random 
process,  assurdni  that  the  speclrui^i  width  significantly  exceeds  the  narrow-b^uid 
filter  transmission  band  in  the  receiver.  This  will  allow  us  to  consider  the  pro¬ 
cess  at  output  of  filter  to  be  Qaussian,  not  being  Interested  in  the  exact 
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distributive  law  of  the  interference,  and  to  replace  interference  at  input  of  filter 
by  equivalent  noise.  With  this,  all  detection  characteristics  can  be  used,  which 
relate  to  a  case  of  detection  on  a  background  of  noise,  in  \diich  the  signal-to-noise 
ratio  should  be  replaced  by  the  signal-to-interference  ratio.  Equivalent  spectral 
density  of  the  interference  at  input  of  the  narrow-band  filter  is  determined,  as  it 
is  easy  to  show,  by  relationship 

j  f ^ (4,12,7) 

'00 

where  Am  is  the  difference  in  ^  frequencies  of  the  interference  and  the  expected 
signal; 

the  envelope  of  the  correlation  function  of  interference. 

Expressing  r(t;  —  ta)  in  (4.12.7)  through  spectral  density  of  Interference 
5a(®).  we  obtain 


(4.12.7«) 


Substituting  this  t)i|n«ssl(^^^  into  :Uie  formula  the  slgnal-to-n^ss  ratio, 
we  obtain  a  siipad-ta-^erfersnct  ratio  to 


€•••••* 


J  Aa)rfe 


(4*12.d) 


^Stt  ttstog  fonsaOa  (4.12.8),  we  should  piy  atisntion  tn  ths  fact  toat  is 
the  spiral  deiwity  of  a  low-frequanoy  sRvtlops  of  toterfsrancs,  ccnaaotsd  idth  the 
speht«d  density  of  toterfsw  hCf  ralationship 

X  (•)  “  T + 5,  (•  4*  M  > 

The  msxifitum  ^  is  twice  larger  than  the  audam  of  Si'Jm),  cciittected  with 
which  is  the  presei^e  bef^  the  integral  to  (4.12.8). 

If  .aMxltttottan’'-to 
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(4.12.9) 
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from  which  it  is  clear  that  in  a  narrow  band  of  interference,  smaller  than  the  repe¬ 
tition  frequency,  it  affects  the  receiver  only  when  this,  due  to  the 


broadband  nature  of  the  modulation, 


fi  « 

(Au>)  5n  (Au>  —  itfl,) 


(4.12.10) 


In  the  case  of  a  band  of  interference,  great  as  compared  with  the  repetition 
frequency,  it  is  possible  to  replace  the  sum  in  (4.12,9)  by  the  Integral 

w.  —  J_  f  «  (4.12,11) 


I  4u>)d«. 


In  order  to  imagine  the  character  of  the  dependence  of  the  signal-to-interferenoe 


ratio  on  the  width  of  the  spectra  of  interference  So{u>)  and  modulation  S|(,(»),we  ap¬ 
proximate  these  spectra,  for  example,  by  II -shaped  curves  with  a  width  of  4/„  and 
i/^  respectively.  Then^  taking  into  account  (4.12,11)  and  disregarding  shift  we 


where  is  power? 

Vtt  is  the  maximuRi  of  the  spectral  density  of  interference, 

Frotf.(4.I2,12)  it  is  clear  Uiat  the  effectiveness  of  interfei^nce  is  determined 
by  the  relative  wa^tude  of  daasity  of  eqtuiwalent  noise  .  dimin¬ 

ishes  during  expansion  of  the  speetmia  of  modulation,  this,  by  one  should 
understand  the  power  of  the  interferOnco  in  the  modulation  band.  Hence  expansion 
of  the  modulation  spectrum  leads  to  an  increase  of  noise-resistance,  when  the  width 
of  this  spectrum  is  more  tJuift  the  vddth  of  the  interference  spectrum. 

inuring  expansion  of  the  interference  sjsectrum  the  CollowiRg  pattern  Is  observed. 
At  first,  interference  affecti  the  only  durinl  V*.  near  to  the  aagnitude  of 

the  mltipie  frequency  of  repetition,  where  effectiveness  is  lowered  idth  ej^jansion 
of  the  moduiatiori  spectrum#  If  the  width  of  the  prior  interval  of  Doppler  fre¬ 
quencies  is  slpiflcaiitly  less  than  the  repetiti<^  frequency,  then  it  if  rather 


difficulc.  for  such  interference  to  hit  in  this  interval. 

Narrow-band  interference  can  be  used  as  a  false  signal  for  withdrawal  of  the 
tracking  system  with  respect  to  speed  or  false  operation  of  the  system  of  capture 
’With  respect  to  speed.  To  combat  such  effects  it  is  possible,  apparently,  to  use 
the  immutability  of  the  properties  of  interference  depending  upon  the  magnitude  of 
delay  of  the  expected  signal:  operations  have  to  occur  in  tiie  same  channels,  de- 
t'oned  with  respect  to  speed,  at  all  distances  simultaneously, 

Vfnen  requirements  for  accuracy  of  adjustment  of  interference  are 

considerably  lowered.  It  is  sufficient  to  have  an  accuracy  comparable  with  the 
width  of  the  modulation  spectrum.  The  effectiveness  of  interference  with  this  does 
not  depend  on  the  width  of  its  spectrum  and  decreases  during  expansion  of  the  modu¬ 
lation  spectmm.  Vflien  h/n>A/„  requirements  for  accuracy  of  adjustment  of  inter¬ 
ference  continue  to  lower,  llffectiveness  of  interference,  obviously,  decreases 
during  an  increase  of  *["  (an  even  greater  part  of  the  power  does  not  affect  the 
receiver)  and  is  determined  by  the  relative  magnitude  of  spectral  density  of  inter¬ 
ference  in  the  modulation  band. 

As  an  example  of  stationary  interference,  let  us  consider  random  sequence  of 
pulses,  whose  moments  of  appearaince  are  distributed  evenly,  and  the  number  of  pul¬ 
ses  in  a  fixed  time  interval  is  distributed  according  to  the  law  of  Poisson,  Phases 
of  high-frequency  filling  of  separate  pulses  will  be  consi-.lered  random  (incoherent 
sequence  of  pulses).  With  this,  the  correlation,  function  of  a  sequence  of  n  pulses, 
appearing  at  interval  T,  much  larger  than  pulse  duration,  is  equal  to 

«.(<)  =  Re  P.  -J-  J  u.  (f)  //  (( -  ,)  dl  ’  , 

where  is  poweiq 

is  complex  modulation  of  pulse. 

During  T-^co  ^  v  avei'age  frequency  of  pulses. 


(4.12.13) 


Finally,  for  the  spectral  density  of  interference  5n(<o)  we  obtain 

Sjf  ('.a)  “  P cj^Stia (u*)t 

where  is  the  average  power  of  interference; 

S^n  is  the  spectral  density  of  the  modidation  of  interference; 

ta  is  the  effective  pulse  duration. 

The  effectiveness  of  random  pulse  jamming,  as  one  may  see  from  (4.12.13),  is 
determined  by  the  form  and  width  of  the  spectral  density  of  modulation  and  is  identi¬ 
cal  to  the  effectiveness,  for  example,  of  noise  interference  with  the  same  spectral 
density. 

This  affirmation  is  true,  of  course,  only  under  the  condition  that  we  consider 
a  receiver  designed  for  the  detection  of  signal  in  noise  and  not 
having  a  special  means  of  protection  from  random  pulse  jamming  of  the  type  of 
mechanisms  [591  which  cut  off  the  receiver  during  the  effect  of  a  powerful  pulse. 

The  use  of  such  means  is  expedient,  apparently,  only  with  pulse  signal.  With  con¬ 
tinuous  radiation,  their  presence  would  lead  to  a  loss  of  part  of  the  receivable 
signal  -which  greatly  lowers  the  effectiveness  of  the  use  of  modulation  during  re¬ 
ception. 


4.12,3.  Relay  Interference 

Modem  generators  of  relay  interference  have  a  very  wide  band  (Ch,  1)  and  allow 
us  to  amplify  and  re-radiate  signals  with  any  practical  law  of  modiHation.  Owing 
to  motion  of  a  target  carrying  a  jamming  transmitter,  the  re-radiated  signal  ac¬ 
quires  shift  with  respect  to  frequency  and  delay  the  same  as  a  reflected  signal. 

If  additional  shifts  with  respect  to  frequency  and  delay  are  absent,  then  this  sig¬ 
nal  is  distinguished  only  by  power  from  that  reflected  from  a  target  carrying  inter¬ 
ference,  The  presence  of  such  a  re-radiated  signal  can  prove  dangerous  only  when  a 


relay  is  fixed  on  a  false  target  used  for  camouflaging  a  true  target.  Usually  in 
relays  additional  delay  of  the  re-radiated  signal  is  carried  out  and  also  shift  of 
signal  with  respect  to  frequency  can  be  carried  out.  In  this  case,  relay  inter¬ 
ference  can  be  used  also  to  camouflage  a  target  carrying  interference. 

To  discern  a  signal  from  a  target  and  interference,  additional  delay  of  re¬ 
radiated  signal  can  be  used.  Out  of  a  group  of  signals  the  nearest  should  be  taken. 
If  there  are  several  targets  or  high  ambiguity  with  respect  to  distance,  then  this 
method  can  be  ineffective. 

If  the  power  of  interference  is  many  times  more  than  the  power  of  signal,  then 
this  difference  in  power,  in  principle,  can  also  be  used  for  selection  of  target. 

In  particular,  during  a  hit  of  powerful  relay  interference  on  the  parasitic  lobe 
(if  sensitivi-ty  of  relay  aJl.ows  such  a  possibility)  interference  compensation  de¬ 
scribed  in  paragraph  4*12.1  can  be  used.  In  principle,  discerning  the  signal  and 
interference  in  this  case  can  be,  apparently,  carried  out,  using  the  difference  in 
statistical  properties  of  these  signals;  however,  such  a  method  requires  long  track¬ 
ing  of  both  signals,  and  its  possibilities  as  yet  have  not  been  studied. 

4.13.  Conclusion 

In  the  process  of  analyzing  systems  of  detecting  coherent  radar  signals  on  a 

background  of  noises  and  of  various  kinds  of  active  and  passive  interferences  we  have 

discussed  basically  three  forms  of  problems  having  great  practical  value:  the  selec- 

ths/ 

tion  of  the  main  signal,  the  selection  of/processing  method  of  the  reflected  signal 
and  a  quiuititative  appraisal  of  the  qiwlity  of  work  of  the  various  detection  systems, 
which  has  been  reduced  to  a  calculation  of  thu  threshold  signal -to-noise  ratio  or 
signa] -to-interference  ratio,  corresponding  to  the  given  probabilities  of  correct 
detection  and  false  alarm.  These  three  forms  of  problems  we  will  touch  upon  once 
again  in  this  conclusion. 


We  vd.ll  start  vdth  the  methods  of  processing  the  received  signal.  As  analysis 
has  shovm,  optimum  methods  of  processing  depend  considerably  on  the  properties  of  the 
reflected  signal  and  the  form  of  interference  affecting  the  radar.  With  the  prac¬ 
tical  structure  of  radar  it  is  natural,  it  seems  to  us,  to  take,  for  a  basis,  a  pro¬ 
cessing  method  sufficiently  near  the  optimum  method  of  signal  detection  in  noise, 
supplementing  and  partially  modifying  it  during  operation,  depending  upon  the  form 
of  interference.  With  this,  in  the  radar  receiving  mechanism,  vrorking  vdthout  the 
participation  of  an  operator,  there  should  be  an  indicator  determining,  by  the 
character  of  received  signal,  the  form  of  interference  and  directing  a  change  in  the 
character  of  processing. 

In  a  majority  of  cases  it  is  possible  to  indicate  a  nvimber  of  characteristics, 
by  vdiich  the  character  of  affecting  interference  can  be  determined  sufficiently 
accurately.  The  distinctive  peculiarity  of  noise  interference,  for  example,  is  its 
broadband  nature  and  the  fact  that  it  affects  all  receiving  channels,  detuned  vdth 
respect  to  distance,  equally.  It  is  possible  to  include  in  the  receiver  an  additional 
channel,  tuned  to  distance,  where  the  appearance  of  a  target  is  excluded,  and  to  use 
this  channel  as  an  indicator  of  noise  interference.  For  an  indication  of  passive 
interference  in  a  large  number  of  cases  it  is  possible  also  to  use  its  large  ex¬ 
panse  (as  compared  vdth  the  target). 

For  detection  in  noise  in  contemporary  radar  sets,  using  inherent  coherent  sig¬ 
nal  resolving  power  vdth  respect  to  speed,  it  is  necessary  to  use  multi-channel 
detection  systems.  Separate  channels  should  be  detuned  vdth  respect  to  distance 
and  speed  to  a  magnitude  of  the  order  of  the  resolving  power  vdth  respect  to  these 
parameters  and  should  overlap  prior  ranges  of  distances  and  speeds  of  detectable 
targets.  Certain  elements  of  channels  can  be  combined.  This  question  v^as  dis¬ 
cussed  in  detail  in  Section  A. 5*  In  every  channel  multiplication  of  the  received 
signal  by  the  expected  signal  should  be  produced  (or  gating  of  output  of  the  reducing 
filter,  vrhich  can  be  common  for  all  channels),  narrow-bond  filtration,  detection. 


and  if  the  reflected  signal  fluctuates  rapidly,  incoherent  accumulation  during  the 
time  of  observation. 

In  the  presence  of  passive  interferences,  if  interference  is  broadband (A/n?' ^  1) 
and  the  modulation  spectrun  drops  sufficiently  fast,  the  described  system  of  detec¬ 
tion  on  a  background  of  noise  can  be  used  with  success.  In  this  case  coherent  ac¬ 
cumulation  carried  out  in  a  narrow-band  filter  ensures  almost  the  same  suppression 
of  interference  as  the  corresponding  optimum  processing. 

In  a  case  of  narrow-band  interference,  for  its  suppression  a  system  of  period- 
by-period  subtraction  can  be  used.  During  the  corresponding  selection  of  multipli¬ 
city  and  the  magnitude  of  attenuation  in  the  delay  circuits  and  during  coherent 
accumulation  of  signal  after  subtraction,  such  a  system,  as  analysis  has  shown,  in 
a  large  number  of  cases  is  near  optimum.  In  order  to  avoid  changing  the  character 
of  processing  during  the  appearance  of  passive  interferences,  it  is  possible  to  use 
an  increase  in  time  for  examining  the  directions  occupied,  by  interference.  Such  a 
method  can  give  good  results  when  the  angular  dimensions  of  interferences  are  small 
as  compared  with  the  width  of  the  sector  of  survey, 

•  Use  of  a  special  method  of  processing  a  received  signal  [coherent  compensation 
of  ititorforance  (Section  4,9)]  is  inevitable,  in  the  case  of  point  interference  with 
an  assumed  distance  from  a  target  smaller  than  the  resolution  range  with  respect 
to  distance.  Processing  of  such  form  can  be  carried  out  by  means  of  multiplication 
of  tho  received  signal  by  the  support  signal  equal  to  the  difference  between  the 
expected  signal  from  the  target  and  the  signal  from  interference,  taken  with  the 
corresponding  factor,  or  by  means  of  corresponding  subtraction  of  values  of  the 
output  voltage  of  the  reducing  filter. 

Let  us  tom  to  the  question  concerning  selection  of  the  main  signal.  Here  we 
can  mention  the  number  of  utilized  carrier  frequencies,  tho  law  of  modulation  on 
each  of  tlie  working  frequencies  and  concerning  the  width  of  the  modulation  spectrum, 
determining  resol'V'lng  power  with  respect  to  distance. 


As  analysis  has  shown,  the  simultaneous  use  of  several  working  frequencies, 
spaced  from  each  other  far  enough  that  the  corresponding  reflected  signals  are  sta¬ 
tistically  independent,  allows  us  to  increase  considerably  the  free-space  range  of 
a  slowly  fluctuating  target  and  during  the  corresponding  selection  of  frequencies  to 
ensure  reliable  selection  on  a  background  of  passive  interference  in  a  given  speed 
range.  If  the  signal  from  the  target  fluctuates  rapidly,  then  the  range,  with  an 
increase  in  the  number  of  working  frequencies,  no  longer  increases,  and  from  this 
point  of  view  multi-frequency  work  becomes  inexpedient. 

The  law  of  modualtion  of  the  main  signal  from  the  viewpoint  of  the  problem  of 
detecting  a  single  target  on  a  background  of  noise  has  no  value.  The  effect  of  this 
law  begins  to  show  only  when  it  is  necessary  to  distingxush  several  signals,  which 
can  be  signals  from  several  targets,  signals  from  a  target  and  passive  interference, 
or  a  signal  from  a  target  and  active  interference. 

Results  of  Section  4.10  show  that  the  best  selection  of  a  target  with  respect 
to  speed  is  ensured  during  the  use  of  a  signal  with  line  spoctjrum,  and  if  it  is 
desired,  to  combine  this  property  with  high  resolving  power  with  respect  to  distance, 
the  munber  of  spectral  lines  must  be  increased.  Such  properties  of  the  main  sigral 
are  easiest  to  obtain,  using  a  periodic  signal  with  intraperiodic  modulation,  ensur¬ 
ing  good  distance  resolution  (for  example,  a  pulse  signal  or  continuous  signal  with 
phase-code  manipulation).  To  remove  ambiguity  in  distance  and  speed,  inherent  to 
the  periodic  signal,  in  those  cases,  when  this  ambiguity  cannot  be  avoided  by  selec¬ 
tion  of  repetition  frequency,  it  is  possible  to  use  a  change  of  repetition  fre¬ 
quency  in  the  process  of  operation  or  a  combination  of  several  frequency  channels  with 
various  repetition  frequencies  (paragraph  4.10,3). 

Width  of  the  spectrum  of  intraperiodic  modulation  determines  the  extent  of  the 
resolution  range  \d.th  respect  to  distance.  As  discussion  in  paragraph  4,10,4  has 
shown,  from  the  viewpoint  of  reliability  of  target  detection  on  a  background  of  noises 


and  passive  interferences,  it  is  expedient  to  decrease  the  resolution  range  only 
as  long  as  it  does  not  become  less  than  the  dimensions  of  the  target. 

In  certain  radar  stations  it  can  be  expedient  to  change  resolving  power  with 
respect  to  distance  in  the  process  of  operation.  An  increase  of  resolving  power 
after  capture,  with  respect  to  angles  and  speed,  can  be  used  to  decrease  the  number 
of  channels  in  the  system  of  detection  (Section  4.5), 

The  canparative  analysis  of  various  forms  of  signals  and  the  methods  of  their 
processing,  the  results  of  which  were  briefly  enumerated  above,  is  possible  only  with 
the  use  of  their  quantitative  characteristics.  In  this  chapter  we  obtained  a  large 
number  of  relationships  determining  the  form  of  detection  characteristics  and  allow¬ 
ing  us  to  find  the  probability  of  correct  detection  and  false  alarm  and  the  magnitude 
of  the  threshold  signal -to-wioise  ratio  or  signal -to-interference  ratio  corresponding 
to  the  chosen  probabilities.  Many  formulas  for  threshold  signal -to-noise  ratio 
( signal -to-interforence)  are  sufficiently  simple  and  can  be  used  during  engineering 
calculations. 

It  is  necessary  to  note  that  during  the  analysis  and  synthesis  of  detection 
systems  we  have  considered  basically  two  extreme  cases  —  fast  and  slow  fluctuation 
of  reflected  signal.  For  the  intermediate  case,  the  relationships  obtained,  were 
not  defined  duo  to  essential  calculating  difficulties.  Results  for  this  case,  re- 
latiiig  to  the  synthesis  of  optimum  systems,  do  not  present,  in  our  opinion,  an  es¬ 
sential  practical  interest  (these  systems  are  vei'y  complicated  and  will  haixily  be 
used,  and  moreover,  they  apparently  give  small  gain  as  compared  with  the  mechanisms 
usually  utilized),  whose  detection  characteristics  it  is  impossible  to  mention* 

The  problem  of  determining  detection  characteristics  in  an  intermediate  case 
between  fast  ai;d  slow  fluctuation  very  frequently  appears  in  practice  and  the  so- 
lution  of  it,  furthermore,  would  allow  us,  finally,  to  establish  vdiere  slow  fluc¬ 
tuation  ends  and  vdiere  fast  fluctuation  begins.  On  graphs  illustrating  the  character 
of  the  dependence  of  threshold  signal -to-noise  (signal -to-interference)  ratio  on  the 


width  of  the  spectrum  of  fluctuation  of  the  signal,  the  corresponding  sections  of 
the  curve  were  plotted  by  interpolation.  For  a  whole  number  of  problems  the  accuracy 
thus  obtainable  is  apparently  sufficient.  Nonetheless,  accurate  calculation  of  de¬ 
tection  characteristics  on  this  section  of  change  .A[cT  at  least  for  a  particular  case, 
presents  essential  interest  and  is  an  urgent  problem. 

It  is  possible  to  indicate  in  this  chapter  also  several  other  questions  relating 
to  the  detection  of  coherent  signal  not  receiving  a  suf'ficiently  complete  reflectitm. 
In  particular,  there  is  the  problem  of  synthesizing  an  optimum, detection  system  de¬ 
signed  for  a  group  of  interferences  capable  of  acting  jointly  or  separately.  As 
already  has  been  noted,  such  a  system  should  possess  properties  of  self -adjustment 
and  include  an  indicator  of  interferences,  directing  a  change  in  the  character  of 
signal  .processing  and  possibly  a  change  in  the  properties  of  the  main  signal.  This 
prob.len  is  very  great  and  complicated.  At  present,  we  probably  do  not  have  even  a 
stiffiolently  clear  mathematical  formulation  for  it, 

imother  proilem  is  comiacteci  wltih  the  selection  of  the  form  of  main  signal,  in 
i;ectton:H»lO  it  shown  that  a  signal  ensuring  good  target  selection  with  7p®®P«ct 
to  speed  on  a  background  of  jiassive  interferences  should  possess. line  spectrum. 

At  th6'  some  time  it  is  dosirablo  to  contblne  this  property  ’^th  itigh  resolving  power 
with  respect  to  distanao,  A  combination  of  these  properties  takes  place  in  the 
periodic  signal,  wiiich  possesses,  however,  high  ambiguity  in  distance  and  speed. 

Hence  tho  question  appears  whether  it  is  possible  to  form  a  signal  with  line  spectrum 
and  high  resolving  power  with  respect  to  d-*  stance,  in  which  the  deficiencies  of 
periodic  signal  would  bo  at  least  partially  reduced,  Solution  of  this  problem  would 
be,  it  seems  to  us,  an  important  contribution  to  the  theory  of  radar  signals. 

An  important  problem  for  investigation  is  also  tho  problem  of  detecting  a  fluc¬ 
tuating  coherent  signal  during  variable  observation  time  depending  on  tho  obtained 
realization  and  during  the  use  of  a  multi-channel  detection  system.  In  our  opinion, 
the  solution  of  this  problem  is  of  special  interest,  taking  into  account  the  possible 


s.''' 


presence  of  active  and  paaaive  interferences. 

And,  finally,  a  whole  number  of  problems  appears  in  connection  with  optimizing 
survey  and  investigation.  Enumeration  of  these  problems  has  already  been  given  in 
Chapter  3  (Sections  3*8  and  3.9).  We  will  note  only  that  the  particular  questions 
examined  in  Section  4,7,  relating  to  this  problem,  indicate  promising  investigation 
in  this  field. 


S' 


CHAPTER  5 


DETECTION  OF  INCOHERENT  PULSE  SIGNAL 

5.1.  Introductory  Remarks 

In  accordance  with  the  definition  introduced  in  Chapter  1,  an  incoherent 
signal  differs  fron  coherent  by  the  presence  of  additional  random  phase  shifts  for 
separate  periods  of  modulation.  These  phase  shifts  are  stipulated  by  the  method  of 
seneratins  of  sijtnals  of  such  form.  A  high-frequency  generator  is  started  in  every 
period  by  the  pulse  of  the  modulator.  Here,  the  phase  of  oscillations  of  the 
generator  changes  from  pulse  to  pulse  in  random  f jrm.  Initial  phases  of  oscillations 
is  in  seperate  periods  are  independent  and  are  distributed  evenly  in  the  interval 
(0?  2  t). 

Obviously,  the  distinction  between  incoherent  and  coherent  signals  is  kept 
only  as  long  as  the  values  of  initial  phases  are  not  remembered  and  are  not  used 
during  reception.  In  systems  of  selsoticm  of  moving  targets  sometimes  are  used 
[651  so-called  coherent  heterodynes,  phased  by  every  pulse  of  the  transmitter.  Here, 
the  signal  on  the  output  of  the  sdxer  is  coherent. 

The  distinction  between  coherent  aivl  incoherent  signals  becomes  immaterial  in 
the  case  %rhen  the  bandwidth  of  the  filter,  carrying  out  coherent  storage,  is  signif¬ 
icantly  larger  than  the  frequency  of  repotition. 

If  the  off-duty  factor  of  pulses  is  high,  then  such  expansion  of  the  band  does 
not  lead  to  distortion  of  modulation)  for  the  pulse  duration,  the  filter,  as 


before,  works  as  an  Intsgrator.  During  th«  tlas  between  pulses,  voltage  on  the 
output  of  the  filter  is  decreased  almost  to  sero,  so  that  the  neighboring  pulses 
are  detected  independently.  This  clrcusstanee  allows  us  to  use,  in  this  chapter, 
in  the  investigation  of  the  characteristics  of  detection  of  an  Incoherent  signal, 
a  number  of  results,  received  in  Chapter  4  for  a  coherent  signal. 

The  consideration  in  this  chapter  starts  from  the  investigation  of  properties 
of  the  relation  of  verisinilitude  for  an  incoherent  signal.  It  seems  that  the  form 
can  be  added  to  the  optimum  operations,  acceptable  from  a  technical  point  of  view, 
only  for  extreme  cases  of  slow  and  fast  fluctuating  at  a  very  large  and  minute 
signal'>to> noise  ratio.  To  find  the  characteristics  of  detections,  corresponding  to 
optimum  operations,  iti  the  general  case  is  not  possible.  Therefore,  proceeding 
from  a  number  of  other  works  [9,  19},  we  consider  these  characteristics  only  for 
a  system,  carrying  out  sumokation  of  squares  of  envelops  pulses  during  the  time  of 
observation.  Besides  this  system  of  detection,  the  chapter  is  analysed  a  system 
with  binary  storage,  and  also  a  systam  with  integratim  of  scanning  by  distance. 

For  the  considered  systems,  equally  with  reliability  of  detection  on  a  background 
of  noises  is  investigated  the  nolae-resietanoe  in  reference  to  active  interferences , 

5.2.  Relation  of  Verisimilitude  For  an  Incoherent  Sisnal 

The  character  of  optimum  proceeaing  of  an  incoherent  signal  is  detemined  by 
the  relation  of  verisimilitude.  This  relation  may  be,  obviously,  found  from  the 
relation  of  verisimilitude  for  a  o<^erent  signal  by  msans  of  averaging  by  additional 
phase  shifts  in  every  period.  If  the  signal  was  coherent  end  additional  phase  shifts 
are  absent,  then  the  relation  of  verisimilitude  for  the  case  of  deteotion  of  such 
a  signal  in  a  noiae  would  be  recorded  in  the  form  of  (4.11.5): 

A'voxp  tl. 

where 
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v(j,  k)  is  dstsminsd  by  equation 

o(/.  k)-^q^vU,  D'AI.  k)^^gAi,  ky. 

t 

q— signal-to-noise  ratio  for  the  period. 

In  the  presence  in  the  J-th  period  of  an  additional  phase  shift  Oy  in  (4.11.5) 

f,  is  replaced  by  f,  exp  (  /Oy).  Averaging  by  all  9y,  we  obtain 

**  **  f  . 

(5.2.3) 
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where  >ty  =  t/yl  is  the  value  of  the  envelope  on  the  output  of  the  system  intra- 

period  processing  (reducing  filter  or  IPA,  if  intrapulse  modulation  is  absent). 

Integration  in  (5.2.3)  cannot  be  produced  without  introduction  of  additional 
limitations  on  elements  of  matrix  A)|},  In  connection  vdth  this,  let  us \ 
immediately  turn  to  consideration  ox*  particular  cases. 

Let  us  assume  that  the  signal-to-noise  ratio  during  the  time  of  observation  nq 
is  small  as  compared  to  one.  Here,  the  exponent  in  (5.2.3)>  the  index  of  which  with 
high  probability  turns  out  to  be  minute,  can  be  replaced  by  the  first  two  members  of 
its  Taylor  series.  With  accuracy  up  to  SNimbers  on  the  order  of  q'^,  we  obtain 

A-vl-f.  (5.2.4) 
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Optimum  interperiod  processing  consists,  in  this  cass,  of  sunation  of  squarss 
of  envelops  signals,  oocuring  in  various  periods  on  ths  output  of  the  syst«B 
intraperiod  processing,  with  cosffioisnts  v(J,  J),  which  in  extresw  oasts  of  fast 
and  slow  fluctuations  of  a  signal  do  not  depsnd  on  j.  Proosssing  of  such  form  can 
bs  carrlsd  out  with  the  help  of  a  square-law  detector  and  storing  meehaaisa  (for 
example,  a  potentialoscope). 

The  saas  result  occurs,  as  is  simple  to  sss,  with  an  arbitrary  signal-to-noisi 
ratio,  if  ths  correlation  of  fluctuations  of  si^al  in  neighboring  periods  Is  abeeni 
Hare,  the  relation  of  verisimilitude  has  ths  form 

‘-.•'.I'lrL' 

With  a  large  signal-to-noise  ratio  q  elaaenta  of  aatrix  ||cm|I  have,  relative 
to  q,  a  magnitude  on  the  order  of  one.  If  in  the  received  signal  y(t)  thexs  is  s 


useful  signal  (exactly  in  this  caae^  it  is  desirable  to  continuously  reproduce  the 
relation  of  verisljailitude  on  the  output  of  the  receiver),  then  with  high  probability 
coefficients  at  e^**^'**’  in  (5.2.3)  have  a  magnitude  on  the  order  of  q  and  integrand 
in  (5.2.3)  quickly  diminishes  by  measure  of  removal  from  maximum,  taking  place  at 
9,-t,  s, . . .  =  In  connection  with  this,  the  magnitude  of  the  integral  is  deter¬ 

mined  mainly  by  the  behavior  of  the  function  in  the  nearest  environment  of  the 
maximum,  where  e*'*^''***  it  is  possible  to  decompose  into  Taylor  series  by 
As  a  result,  we  obtain  iv'  1 

«p{2iPC/. 
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The  coefficient  at  the  exponent  depends  on  A,  sii^^ificantly  less,  than 

Xf  ♦  s  *  I  ,n ,  -  ^  • 

the  exponent,  and  its  presence  during  interpretation  and  embodiment  of  aptu<^ 
operations  cati  not  .be  considered.  Basically,  these  operatl'^s  reduce  to  the 
fotiQMitien  of  a  quadratic  form  To  a  formation  pf  aiiutlogtniji  Tom  is 

reduced  also  Ute  optimum  operations  during  ccJMkrent  ai^l,  only  th«e  tl»  direct ' 
results  of  intraperiod  processing,  end  n<rt  tJ^ir  moduli  are  entered  in  it.  Ai  was  ; 
indicated  in  the  lamination  of  a  coherent  signal,  the  f<s«  of  such  ki(4  ri^  be 
{deceived  os  the  reeuU  of  tramuilssion  of  the  oc^iveried  eignal  thrm)^  a  storing 
filter,  coordiiwied  with  the  spectrum  of  fluctuations  of  the  rtf 3^c ted  signal 
(during  fast  fluctuations)  or  in  the  tias  of  obeervetiim  (during  slow  fluctuations), 
quadratic  detection  atkl  subsequent  storagi  during  the  time  of  observation  (the 
Utter  only  in  caet  of  processing  of  envelopes  A.  and  quadratic  dsteeti«i 

is  replaced  by  raising  to  a  square,  which  during  slow  fluotuation,  when  subsequent 
storage  is  absent,  is  an  Inverse  operatitm  (see  Chapter  3)  and  can  be  rejected. 

Thus,  during  slow  fluctuation,  the  optimum  interpsriod  prooeasing  for  the  considered 
ease  of  q  1  reduces  to  linear  deteotlcm  and  storage.  During  fast  fluctuation, 
this  accumulation  should  be  carried  out  with  the  Nip  of  a  pulse  filter,  coordinated 
with  the  spectrum  fluotratlons,  the  result  of  storage  should  be  raised  to  o  square 


and,  in  turn,  ba  stored  already  for  the  whole  tine  of  observation.  In  a  linited 
case  of  fast  fluctuations,  when  the  amplitudes  of  neighboring  pulses  are  statistically 
independent,  storage  after  the  linear  detector  disappears  and  optimum  processing 
reduces,  as  alread,v  was  noted,  to  summation  of  squares  of  the  envelopes. 

Actually,  in  radar  stations  using  an  incoherent  signal,  the  interperiod 
processing  consists  in  detection  and  storage  of  a  predetected  signal  during  the  time 
of  observation.  The  characteristics  of  utilized  detectors,  as  already  was  noted  in 
Chapter  2,  are  similar  to -quadratic  at  saiall  input  signals  and  to  linear  with 
a  high  level  of  the  signal.  Thus,  in  existing  radars,  processing  is  used  iddch  is 
similar  to  optimum  in  two  cvxtrese  cases  of  fast  and  slow  fluctuations.  In  the 
interval  between  theee  cases,  optiamm  processing  considerably  differs  from  utilised, 
begin  significantly  more  complicated.  Unfortunately,  mathematical  difficulties  do 
not  allow  us  to  produce  a  sufficiently  strict  comparison  of  these  methods  of 
proeeseing,  which  would  permit  us  finally  to  solve  the  question  about  expediency  of 
transition  to  the  optimum  method.  The  aocwilated  experience  of  eompariaon  pf 
various  methods  of  signal  prooessing  allows  us  to  assuias  that  in  this  ease  the 
transition  to  optimum  processing  does  not  provide  an  aseential  lUin*  The  effec* 
Uveness  of  both  compared  methods  is  ensured  a  decreaee  of  the  influence  of 
fluctuations  during  aceunmlation  of  independent  values  of  the  signal  fgw  the^^^^^o^^ 
of  the  detector  and  hardly  considerably  chants  upon  certain  modification  .of  the 
.BKithcd  of  accumulation. ' 

Regarding  the  dependence  of  threehcld  ei^l»to«ftoi8e  ratio -mi  the  form  of 
detector  eharaeterietic,  then  to  this  question,  as  it  is  known,  at  the  dawn  of  the 
development  of  radar  theory,  was  devoted  *  gjtui  deal  of  theoretical  and  experimental 
morks,  as  the  result  of  which,  it  wee  fixed  that  the  influence  of  this 
is  hardly  easential*  In  the  i^lture,  in  the  calculation  of  charaoteriaUcs  of 
.  detection  of  incoherent  signal,  we  shall  consider  tlw  detector  to  be  quadratic,,  in 
order  to  receive  final  results  in  sufficiently  simple  form. 


In  the  investigation  of  various  systens  of  detection,  we  will  be  interested 
only  in  post-detector  processing,  considering  intraperiod  processing  of  the 
optimum  type.  Calculation  of  deviations  from  optimality  can  be  done  in  this  case, 
as  it  is  easy  to  see,  with  the  help  of  the  same  relationships  as  with  the  coherent 
signal  (see  Section  4.4) • 


5.3.  Characteristics  of  a  System  with 
SuBwation  of  Squares  of  Envelopes 

We  shall  calculate  the  characteristics  of  detection  for  a  system,  on  the 
output  of  which  is  fonied  and  eoopared  with  the  threshold  the  magnitude 

(5.3.1) 

/-*  /-I 

It  is  easy  to  see  that  expression  (5.3.1)  is  a  partial  case  of  formula  (4.11.7)« 
when  v(j,  k)  Considering  this  oiroumstanoe  and  using  (4.11.8)«-(4.11.10), 
for  the  oharaoteristio  function  of  nagnltudie  L*  we  obtain 


where  —function  of  interptrlod  oorrelatim  of  received  elgnal  [see  (4.11.4*  )3« 
and  a(J,  U  y  )  i*  determiitsd  by  eq^tlon 

0(/,  ki  t)-t^C(/*  ii  (5.3.3) 

If  the  input  of  the  •ystem  of  detection  it  influenced  only  by  noieee,  than 
the  deteminant  in  denominator  (5.3.2)  beocmaa  diagonal  and  easily  ia 
calculated  ’*'’.(l)*®(l—/|)’*. 

This  oharaetaristio  function  oorreaponda  to  ohl<-aquai*o  diatribution  with  2n  degrees 
of  freedom.  In  accordance  with  this,  for  Ute  probability  of  false  alani«  there 
takes  place  formula  <4*11.82)* 

In  the  presence  of  useful  si^pial 


where  q  is  the  signal-to-noise  ratio  on  the  output  of  the  system  of  intraperiod 
processing. 


At  optimum  intraperiod  processing,  q  is  equal  to  the  ratio  of  average  power  of 
signal  for  the  period  of  spectral  density  of  noise.  Dependence  of  q  on  various 
withdrawals  from  optimum  processing  was  considered  in  detail  in  Chapter  4. 

Calculation  of  probability  of  exceeding  of  threshold  for  that  case  in  general 
form  cannot  be  done.  Therefore,  as  earlier,  will  distinguish  cases  of  fast  and 
slow  fluctuations.  During  slow  fluctuation  (  p (J,k)  1  J,k  »  a,...,n)  the 

determinant  in  (5.3.2)  also  can  be  calculated  innediately.  As  a  result,  for  char¬ 
acteristic  function  'K(ri),  we  obtain  an  expression,  fully  analogous  to  (4.4.20) 


(5.3.4) 

lAence  for  equatiwi  of  characteristics  of  detection  analgous  to  (4,4.21)  m  have 
atF<l-D  _ _ 

r  (5.3.5) 

Pfob  (5.3*5)  for  threshold  signal-to-noise  ratio  corresponding  to 
probabilities  F  and  D,  we  obtain 


- j - -  —  I. 


(5.3.6) 


Coaparison  of  (5*3*6)  and  (4*4*26)  shows  that  dependence  of  threshold  power 
of  signal  on  the  number  of  incoherently  stored  pulses  carries  the  sims  charaoUr, 


as  dependence  of  on  the  product  of  the  transmission  band  of  the  filter  for  the 
time  of  obeervation  during  detection  of  coherent  signal.  Correspcndinglyi  the 
loss,  stipulated  by  use  of  incoherent  aCcusulatica  instead  of  coherent,  coincides 


with  the  loss,  stipulated  by  expansion  of  the  filter  band  as  compared  with  that 
coordinated  J  ^  *  number  of  tliss,  equal  the  number  of  stored  pulses  n. 

If  n  is  great,  then  threshold  ^fo  owing  to  incoherent  accumulation  is  increased  by 
approximately 


During  fast  fluetxiation,  th«  solution  of  equation  (5 >3  *3)  can  be  received  bjr 
Fourier  transform.  Substituting  this  solution  in  (5*3.2),  ws  obtain 

<r(,)=exp|-^  |ln{l-/ij{l  +  7S(i)]}dl|.  (5.3*7) 

where  S(  A )  la  spectral  density,  corresponding  to  the  fxinctlon  of  correlation 

P(/.  k). 

Using  (5.3*7),  it  Is  simple  to  find  the  seml->lnvarlants  of  the  sought 

distribution  •, 

^-(v-i)!^  r(i+^S(a)jva. 

A  (5*3.8) 

For  calculation  of  characteristics  of  detection  at  large  d/ef  can  be  used 
normal  approximation  (4.4*10)  or  Sdgeworth  series  (4*4.11).  In  a  limited  ease  of 
fast  fluctuations,  tdien  SfcT>  n  and  the  neighboring  pulses  fluctuate  independently, 
a  clear  expression  can  be  obtained  for  dependence  vhloh  coincides, 

obviously,  with  (4*6.3)  (upon  rtplaeemsni  of  m  by  n),  since  in  this  ease  we  also 
deal  with  incoherent  aeoumuXatlon  of  a  certain  number  of  independent  components 
of  a  signal. 

The  Edgeworth  series  can  be  used  for  calculation  of  oharaoteristios  of 
detection  also  at  arbitrary  values  of  In  conneotion  with  this,  it  is 

useful  to  give  here  an  esquressicn  for  ssHsi-ivariants,  not  using  solution  of 
equation  (5*3*3)  by  the  method  of  Fourier,  received  for  the  case  of 
lito  shall  find  the  solution  to  (5*3*3)  in  the  form  of  a  Mriss 

<^(/.  *J  t)«f  4!)f,  (5*3*9) 

by  substituting  which  in  (5*3*3)  end  equating  the  coefficients  at  idanticai  dagrssa 
V  in  both  parta  of  the  aqnality#  it  ia  aimpls  to  be  oonviheod  that 

0,0*  *)|*  (5*3.10) 

l.e*,  that  matrix  |jO,(/.  4)j)  la  obtained  by  raising  tha  matrix  *)||  to 

the  (v  >  l)th  ds^s*  aubtituting  (5*3*9)  in  (5*3*2),  ws  obtain 


(5.3*11) 


wh«nce  it  follows  that  the  sought  seml-iYariants  trttioh  are,  as  we  know,  coefficients 


St  (<>,)’/ v!  In  the  deccaposltlon  of  loT(i)in  a  series  by  degrees  of 
mined  by  formula  ^ 

x.=(v~l)l  /)=(v~l)lTrli5;*+^p(/.  k)l\\ 


/t|,  are  deter* 


(5.3.12) 


where  Tr  ([0^*11*  designates  the  sign  of  the  v-th  power  of  matrix  |iaj4{[. 
From  the  matrix  theory,  we  know  that 

Tr||a„ir=Vr;, 

iai 


where  . «) 

by  equation 


are  the  charaeteristlo  nuadmrs  of  matrix  .liaikll.  determined 

(5.3.13) 


It  is  easy  to  see  that  charaeteristlo  numbers  of  matrix  ||<jA+VF(/t  ^)li 
are  connected  with  charaeteristlo  niabers  •>  of  matrix  by  the  relationship 

so  that 

s,«(e-l)sV(l+?si)\  (5.3.14) 

/■I 

The  problem  of  calculation  of  semi-lvariants,  entering  Bdgeworth  series,  wee 
reduced,  thus,  to  determination  of  eharaetsrlstio  numbers  of  matrices  i.e., 

to  solution  of  equatim  (5.3.12)  for  this  matrix.  In  the  majoidty  of  practical 
oases,  the  soluticn  of  this  equation  can  be  done  only  tdth  use  of  ocmputational 
engineering. 

In  Fig.  5.1  are  represented  graphically  the  results  of  calculation  of  Charaoter- 
istios  of  detection,  oonduoted  by  1.  N.  imiaatoe  and  Yu.  0.  Soeulin  for  eignal  with 
exponential  function  of  correlation. 

From  the  figure  it  is  cisar  that  tependence  gdCs)  at  constant  i/er>0  has 
a  miniSRim,  i.e.,  there  exists  an  optimum  number  of  pulses,  into  which  it  is 
expedient  to  divide  the  power  of  the  emitted  signal,  in  order  to  ensure  maviw 
range,  fidstence  of  the  optimum  is  connected  with  the  effect  of  decrease  of 
relative  magnitude  of  fluctuations  in  the  use  of  several  not  oempletaly  correlated 
random  signal  ecaponsnts. 

j;r' 


At  A/cT'-O  an  optijftua,  naturally,  is  absent  and  the  threshold  signal-to- 
noiso  ratio  qo  monotonically  grows  with  increase  of  number  of  pulses,  between  which 
the  emitted  power  is  distributed. 


Thii  growth  ii  eonntoud  with  tha  daeraaae  of  powar  of  aignal,  procMMd 
coherently  (power  of  atparate  pulMs).  It  la  neoeaeary  to  note  that  at  6lJ>0 
at  auffiolently  large  n  there  alao  takea  plaoe  growth  of  with  Inoreaae  of  fl, 
Whereby,  aa  one  aay  aee  froa  the  figure,  grows  with  approxlaaUV  the  aaM  spMtt, 
as  during  alow  fluetuatlon,  l,e,,  approiliMUly  proportional  to 

The  proportionality  faotor,  depending  on  probabilitiee  of  eorraot  dataetlon 
and  falae  alam  and  on  tha  relationahip  batwaen  tiiM  of  obaarratlon  and  width  of 
spectrua  of  fluotuatlone  for  the  ease  of  faat  fluctuations,  can  ba  found,  eonsldtrlng 
the  distributive  law  of  stored  eignal  to  be  Cauesian.  Tha  oorreaponding  aquation 


of  characteristics  of  detection  has  the  form 


£)=:  I  r  _ 


(5.3. li>) 


At  LfcT>n  the  neighboring  pulses  fluctuate  independentiy  and 


Here, 


Krt  ;  • 

fn 


(5.3.16) 


If  n  >  1,  the  second  component  in  the  denominator  can  be  disregarded  and 
turns  out  to  be  proportional  to  Yn  .  At  very  large  n,  i^n  n  turns  out  to  be  com¬ 
parable  with  A/cf.  the  neighboring  pulses  become  correlated.  Here, 

(5.3.17) 


I 


Js‘(i)dAft! 


an 

w 


where  a  is  the  coefficient,  depending  on  the  form  of  spectrum  of  fluctuations.  For 
the  case  of  exponential  function  of  correlation  a  «■  0.5. 

By  substituting  (5.3*17)  in  (5*3*15)  and  disregarding  components  l4-2q  under 
the  radical  (this  is  possible  to  do,  if  9o>l)»  es  obtain 

-  {5.3.1B) 

Using  Fig.  5*1»  it  it  easy  to  cheek  that  ealoulation  ^  approximate  foraitlat 
(5*3.16)  and  (5*3*18)  fives  results  fully  satisfactory  in  accuracy  in  regicns  of 
large  n. 


From  the  curves  in  Fig.  5*lt  it  is  clear  that  the  dependence  soCA/ff)  at 
constant  n  considerably  differ  from  the  analogous  dependence  at  c<^rent  signal. 

With  an  incoherent  signal,  monotonieally  diidnishes  with  the  growth  of  Af^T, 
when  tfith  the  eoherent  signal,  this  depmdenoe  had  a  very  clearly  expressed  minimum* 
This  distineti«i  is  eoruweted  with  the  fact  that  in  the  considered  case,  an  increase 
of  A/r  does  not  lead  to  lowering  of  effectiveness  of  coherent  processing,  carried 
out  only  within  the  limits  of  each  pulse,  inasmuch  as  fluctuating  ehanges  of 
siimal  for  pulse  duration  are  issumirt  to  be  small*  Due  to  this  assumption,  ws 


always  rsmain  In  that  region  of  A/cf,  where  the  useful  influence  of  expansion  of  the 
spectrum  of  fluctuations  (increase  of  number  of  independent  cos4}onents  of  signal) 
acts  in  full  measure,  and  the  harmful  influence  (isqcairDsnt  of  coherence)  is  cam» 
pletely  absent,  i.e.,  alws^  remains  on  the  left  of  the  minimum. 

5.4.  Effectiveness  of  Use  of  Several  Frequency 
Channels  and  Several  Independent  Scanning  Cycles 

The  questions  which  are  the  subject  of  this  paragraph,  were  already  considered 
in  the  preceding  chapter  for  the  case  of  the  coherent  signal.  It  was  shown  that 
during  s:!ow  fluctuation  of  a  reflected  signal,  there  exists  an  optimum  number  of 
statistically  independent  ccm|)onents  of  the  signal,  ensuring  a  maximum  of  f^-space 
range  with  a  given  total  average  power.  These  components  can  exist  eithsr  due  to 
emission  on  seversl  frequencies,  or  due  to  the  application  of  several  cycles  of 
apace  scanning.  With  fast  fluctuations,  ths  threshold  signsl->to-noise  ratio  ^ 
monotonically  inortasss  with  ths  increase  of  the  number  of  oompantnts,  so  that  ths 
best  results  art  providsd  in  this  cast  by  a  slngls-freqiMnoy  radar  sst  or  a  radar 
set  with  slow  scanning  (one  cycle  for  the  entire  time  used  in  detection). 

Analogous  dspsndsnoss  with  Ineohsrent  signal  have  a  number  of  peculiarities, 
which  we  will  now  consider.  We  shall  etart  from  the  case  of  multlfreqMitncy  work, 
when  the  powmr  of  eech  emitted  pulM  is  distributed  equally  between  m  ftrequetwy 
channels.  If  the  frequency  difference  between  channels  is  suffioisntly  great,  then 
the  eorreeponding  reflected  algnele  fluctuate  independently.  Ae  was  ahom  in 
Chapter  4,  the  optimum  msihod  of  Joint  proeeseing  of  such  signals  is  ths  suMetion 
of  results  of  proosesing  of  separeie  algnele*  Ths  corresponding  oharaeterlstie 
function  M'w(it)  for  tetel  eignel  is  equal  to  the  product  of  eheraeterieUe  funetiont 
of  results  of  procsselng  of  separets  frsqusiMy  oenpensnts.  We  ahell  ccosider  that 
in  svery  frequancy  ehannsl  Umf  la  earrled  out  aumalition  of  aquarea  of  envelopsa 
of  separate  pulses.  Hire,  the  ohereeterisUe  functions  of  output  voltagea  of 
atparats  ohanmle  ire  detemiiisd  by  oorrespcndlng  fcraulss  in  Ssotion  5*3.  In 


particular,  whan  the  reflected  signal  fluctuates  slowly,  in  accordance  with  (5*3.4) 

+  -'’1)"^"“*'  (5.4.1) 

where  qt,  is  the  relation  of  total  power  of  signal  to  spectral  density  of  noise 
(one-sided). 

If  mn  is  sufficiently  great,  then  the  distributive  law  of  total  signal  in  the 
absence  of  a  target  can  approximately  be  considered  normal.  Then,  at  1— D  >  Ff 


we  have 

whence 


”1 


^0  se  m  — 0 


(5.4.2) 

(5.4.3) 


Dependence  qa(»)  at  F  »  10*^,  n  «■  100  and  various  D  is  shown  in  Fig.  5.2.  At 
D  >0.5,  function  q,)  (ni)i  as  also  in  the  case  of  coherent  si^ial,  has  a  mlnisnim, 
which  corresponds  to  the  optiaun  number  of  Independent  ooeponents  mAST.  somewhat 
less,  than  for  a  coherent  signal.  Function  ^^(b)  quickly  changes  at  small  i,  so 
that  for  obtaining  a  gain  in  distance,  near  to  maximum,  it  is  sufficient  to  use 
2—4  frequency  channels. 

During  fast  fluctuation  in  a  limit,  when  s  end  neighboring  pulses 

fluctuate  independently,  the  use  of  m  frequency  channels  is  ec^uivalent  to  an  increase 
of  m  times  the  number  of  pulses.  Here,  in  accordance  with  (5.3.16)  g,ia  increased 
by  approximately  /m  times.  It  follows  from  this  that  by  measure  of  increase  of 
tfjg  the  optimum  number  of  channels  decreases.  With  n«  ecmparabls  to  A/«r.  and 
A/,r  t  analogous  to  (5.3. IS),  ws  have 

In  the  ease  of  multi^reqiisnoy  operation,  it  is  uchnieally  acre  simpls, 
apparently,  to  have  a  radar  set,  in  whioh  the  freq[usney  channels  operate  alUmately, 
i.e.,  to  use  retunlng  of  frequency.  Here,  the  received  signal  is  divided  into  m 
sections,  fluctuating  independently.  Such  a  method,  obviously,  is  completely 


Fig.  $.2.  Dtptndonot  of  thrMhold  tlgnal-to- 
nolao  ratio  m  tht  nuabtr  of  Indtpandonti^ 
fXuetuAtlng  eo^ponanU  idth  aathocta  of 

thtir  obtAiiaont  and  proetMlngt 

- -  ratunlng  of  fraqutncy  (aubdiviaion  into 

oyelaa)  during  aoounilation!  «  -  -  -  aubdiviaion 
into  ojrelaa  during  indapandant  ooaQMtriaoi}  iiith 
thraahold(  aultifraquanoy  eparation 

during  aeouaulation;  aMltifraquanoy 

oparation  during  indapandant  eo^parlaon  with 

thraahold. 

oquivaiant  to  tha  diatribution  of  total  tiaa,  uaad  f^  irradiation  of  tha  givan 
tarinit,  batwaan  ■  oyolaa. 

During  alow  fluctuation,  tha  corraaponding  charactariatica  of  dataction 
car  bo  racaivad  tram  thoaa  juat  now  oonaidarad  by  taaana  of  raplaoanant  of  w 
by  (iji  (  Ha  it  tha  ntabar  of  jointly  procaaaad  pulaaa,  n  ia  tha  nuabar  of 
of  each  frtquanoy)  and  g#/m  by  inaaintoh  at  at  oach  fraquanoy  tha  total 
powar  of  tha  trananittar  ia  anittad.  In  aooordanea  with  thia,  tha  thrtahold 
aignal-to-noiaa  ratio  tumt  out  to  ba  for  that  caaa  approxiaauly  yHST 
lijftas  laas,  than  during  alaultanaoua  operation  of  fraquanoy  ohannala  (Fig«  5.2) 
ii  and  monoto^vioally  dioiniahaa  with  tha  growth  of  a.  Boat  raaulto  aro  obtalnad 


at  m  -  no)  «>han  aach  pulae  is  aisltted  at  Its  own  frsqusney  and  fluetuatss  indepen¬ 
dently  of  those  remaining.  Physically^  the  gain  as  compared  with  the  case  of  channels, 
operating  simultaneously,  is  explained  by  the  fact  that  in  the  use  of  retuning,  the 
power  of  separate  pulses,  processed  coherently  is  increased. 

During  fast  fluctuation  (d/^r  ^  !)»  the  received  signal  turns  out  to  be  ccm- 
sisting  of  several  independently  and  randomly  variable  eonpcwtents  due  to  the 
fluctuations  themselves.  Retuning  of  frequency  or  subdivision  into  cycles  does  not 
lead  to  increase  of  of  eomponents  as  long  aa  d/ef,  is  the  time 

of  operation  at  each  of  the  frequencies  or  exposure  time  of  target  for  one  eyoiU 
of  scanning)  remains  significantly  greater  than  one.  In  aeoordence  with  this,  the 
magnitude  of  threshold  signal-to«noite  ratio  does  not  change.  t‘po2t  further  inereaee 
of  m,  the  ratio  q,  diminishes,  also  tsndihdt  in  limit  to  the  value  oorrespondihg  to 


the  indepsndently  fluctuating  pulses* 

With  the  use  of  several  independent  cycles  of  seanning»  due  to  ppesible 
displaoMMnts  of  ths  target  duriiif  cycle  and  from  ccnsideratlonB  ^  teohniciU 
oonvenienoe^  it  ia  mace  expMiUmt  to  miJdi  a  coiqpari^  the  output  eighil  with 
the  threshold  in  each  cycle,  taking  the  section  of  the  {Heesenoe  pf  a  target.  If  at 
leaat  in  k  eye  lea  irm  m  thera  oeeumi  ejoNmding  of  threihold.  for  aiidalicity,  let 
us  cdnaldar  the  case,  wh«>  k  1*  <i<»Taepcniting  to  thle  eaae,  Uie  eharacurietica 
of  detection  can  be  received  firam  the  charaoterlatioe  of  detection  for  one  cycle  by 
replacement  of  $  by  f  ^  n  ttd  2  and  g  . 

At  ^611  ^  I  in  accordance  wtt^ 


I 


(5.4.5) 


A  graidi  of  dep«mlinee  ($.4.5)  at  f  •  lO**^!  n  »  100  and  varicua  0  alj(M>  la 
ahewi  in  fig.  $«a.  At  0  >0.5,  tha  depacidanee  qi(m)  baa  rntnlwii  at  oartein  nut,,. 
Ute  thraahold  aigBel^to.eiolae  ratio  tumt  out  to  be  In  this  case  acmatdiet  amaller, 
than  during  acecmuleticn  of  output  voltaiaa  of  aimultanaouily  ^pmraiiibl  Ireqiemiey 


channals,  but  significantly  larger,  than  during  accuniulation  of  independent  cycles 
of  scanning  (and  upon  retuning  of  frequency). 

During  fast  fluctuation  •),  an  increase  of  m  leads,  obviously,  to 

increase  of  threshold  signal,  since  here  near  to  optinum  processing,  the  accuomlation 
of  otatistically  independent  signal  sections,  due  to  fluctuations,  is  replaced  by 
independent  cc«parison  of  the  results  of-  accumulation  in  these  sections  with  the 
threshold. 

Independent  comparison  with  the  threshold  of  results  of  processing  of  separate 
statistically  independent  components  of  a  signal  can  be  used  also  in  case  of 
3 ittviitaneously  operating  channels  spaced  by  frequency.  Such  processing,  in  particular 
takes  place  during  aimultaneous  irradiatioti  of  a  detected  target  by  several  radar 
stations.  During  slsw  fluctuation,  calculation  of  characteristics  of  detection  can 
also  be  dbfte  on  the^^:^b^  of  (5.346),  Rtplacing  in  (5.3.6)  by  P  by  •  and 


by  .  m  obtain 

.flt 


m 


II 
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(5.4.6) 


<?,?(•)  for  that  ease,  also  ehown  in  Pig,  5.2|  has  s  minimum  for 


at  m  sii^ifloan^  smsUer,  thsn  during  acoumulstion  of  output  voltages  of 
frequeitcy  channels.  Curves  of  pete  signifleentijr  above  the  eorreeponding 


urves  fiir  other  methede  of  proeeseing  of  etat  'tieaUy  independent  eignsl  coeiiionenu 

considered  here. 

5.5.  Visual  Petectlcai 

;rt  a  great  number  of  redar  statlone,  the  solution  on  the  presence  of  a  target 
is  taken  by  the  operator  on  basis  of  observati<mui  of  the  output  eignal  of  the  redar 
set  on  the  screen  of  the  cathode<.rey  Indicator.  The  signal  from  the  video  detector, 
prov.eeding  to  the  input  of  the  electron-beam  tube,  is  stored  on  the  screen  of  tube, 
due  to  the  laerinesi  of  the  lumlnophor,  covering  the  screen.  Therefore,  by  the  method 
of  processinj?  of  the  signal,  the  eystem  of  vieuai  detection  is  similar  to  an  automatic 


system  with  incoherent  accumulation  of  signal  and,  in  particular,  to  a  system  with 
accumulation  on  a  potentialoscope.  The  essential  difference  consists  of  the  fact 
that  the  system  of  reading  and  relay  are  replaced  during  visual  detection  by  the 
eyes  and  brain  of  the  operator. 

Any  strict  theory  of  visual  detection  is  absent  and  will  hardly  appear  quickly, 
since  it  is  not  possible  to  quantitatively  consider  the  entire  mass  of  psychological 
and  physiological  factors,  introduced  by  the  operator  in  the  process  of  detection. 

The  role  of  the  theory  in  this  questi<Mi  reduces  to  finding  a  method  of  calculation 
of  characteristics  of  detectibh,  the  results  of  which  are  more  or  less  well  coordi¬ 
nated  with  experience.  Com^ison  of  results  of  calculation  and  experiment  is 
devoted,  in  particular,  to  a  significant  part  of  tne  book  "Threshold  signals"  [1], 
and  also  a  great  number  of  periodical  articles  [69-731. 

Correct  placement  of  the  experiment  for  determination  of  the  characteristics  of 
visual  detection  is  connected  with  a  whole  series  of  essential  diffioulties.  for 
the  most  part,  the  e)cper|Mni  is  placed  in  idealised  conditions,  whereby  the  validity 
of  the  received  idealisaticK^  is  dster^ned  only  by  the  intuition  of  the  eiqperimenters. 
in  particular,  in  the  experiments,  ope^torv  usually  was  placed  the  problem 

of  taking  a  •olutlm  cm^cernihg  in  which  of  the  limited  number  of  fixed  poaitions 
aoneared  a  signal,  if  It  is  i^urately  toowh  that  it' exists,  here,  it  remains  in* 
definits  such  an  impoH^t  pt^smeier,  the  probability  of  falso  alarm,  idiich 
siitnif leant ly  lowers  the  value  of  ih|  received 

for  estimation  of  threshold  sigH^Ho-noise.  ratio  In  visual  detection  frequently 
it  used  the  sp-ealled  'criterion  of  deviation":  they  consider  that  the  signal  can  be 
detecuid  with  a  prt^dability,  near  to  0.$  if  the  dlfferenoe  of  mean  values  of  stored 
•ignal  in  points  of  the  sermsii,  where  the  usef^il  eifnal  is  Iceaied  and  wtwire  it  it 
not,  ie  approximmiely  equal  tO  the  mMH-aqumre  deviation,  this  criterion  givte 
result,  ^te  jcear  to  ekperiiisniAl  and,  in  pirtic  ilar,  truly  reflaots  the 
dependsnce  eharaetsrlsUe  for  inemherent  aeetsmilaiion 


For  calculation  of  qo  at  various  D  and  F  it  is  necessary  to  obtain  some  kind 
of  model  of  a  system  of  visual  detection.  As  such  a  model  can  serve,  for  example, 
a  system  with  an  accumulator  in  the  fom  of  a  potentialoscope  and  relay.  The 
operator,  using  observations  only  for  one  cycle  of  scanning,  is  not  able,  apparently, 
to  ensure  reliability  of  detection  higher,  than  the  proposed  model,  since  conversions 
of  the  signal  carried  out  by  this  model  are  near  to  optimum.  If  such  a  model  is 
used,  then  for  calculation  of  characteristics  can  be  used  the  results  of  Section  5.3* 

The  results  of  the  experiment,  described  in  [71],  show  that  in  reality,  the 
operator  uses  several  cycles:  with  an  increase  of  number  of  cycles,  the  probability 
of  detection  growed  faster,  than  this  would  be  during  independent  processing  of  cycles. 
It  follows  from  this  that  an  increase  of  range  of  the  radar  set  with  visual  detection 
can  be  received  by  means  of  increase  of  speed  of  rotation  of  antenna.  A  reasonalie 
limit  of  such  increase  should  be  fixed  experimentally,  since  the  mechanism  of  use  of 
neighb'oring  cycles  is  unknown  to  the  operator.  Conducted  in  the  preceding  paragraph, 
the  calculation  of  characteristics  of  detection  for  various  methods  of  processing  of 
statistically  independent  components  allows  to  assums  that  for  visual  detection,  the 
range,  near  to  maximum,  can  be  received  in  2—4  cycles  during  the  time,  used  for 
detection  of  target. 

5.6,  Influence  of  Active  Interferences  On  a  System 
Aoomnulation  of  Souares  of  Envelopes 

We  shall  now  investigate  the  influence  of  active  interferences  on  a  system  of 
detection  of  Incoherent  signal  with  summation  of  squares  of  envelopes  of  separate 
pulses,  subjected  to  intraperiod  processing.  As  varieties  of  interferences,  we  shall 
consider  noise  and  random  pules  jamming.  With  respect  to  relay  interference,  we 
cannot  add  anything  new  to  what  has  already  been  noted  in  the  disoueeion  of  the 
coherent  signal}  and  therefore,  this  form  of  interference  ie  not  specially  considered 
here . 

Dui'ing  the  analysis  of  noise-resistance  of  incoherent  systems  we  will  not  alio 


specially  remain  on  the  question  of  influence  on  these  systems  of  passive  inter¬ 
ferences.  The  question  of  passive  interferences  was  considered  in  detail  in 
Section  4.11,  vrfiere,  along  with  optimum  systems  of  detection,  were  considered 
systems  with  period-by-period  subtraction  of  arbitrary  multiplicity  and  subsequent 
incoherent  summation.  It  is  not  difficult  to  see  that,  considering  in  final  formulas 
the  multiplicity  to  be  equal  to  aero,  we  can  obtain  all  necessary  results  for  a 
system  with  incoherent  accumulation.  Analysis  of  these  results  immediately  shows 
the  low  interference-stability  of  the  considered  system,  which  is  fully  coordinated 
with  the  conclusion  made  in  Chapter  4  about  the  impossibility  of  effective  protection 
from  passive  interferences  without  the  use  of  selection  by  speed.  In  connection  with 
this,  a  more  detailed  analysis  of  these  results  does  not  present  practical  interest. 

Analysis  of  the  influence  of  noise  barrage  interference  on  the  system  is  con¬ 
ducted  just  as  for  the  case  of  coherent  aignal.  The  distinction  consists  only 
in  the  fact  that  for  normalisation  of  interference  due  to  the  absence  of  a  narrow- 
band  filter  in  the  receiver,  it  is  necessary  to  consider  the  width  of  the  spectrum 
of  interference  to  be  large  as  compared  to  the  width  of  the  apeotrum  of  modulation!.. 
In  practice,  this  condition  is  usually  fulfilled.  This  assumptim  allows  to  replace 
interrei*enoe  by  equivalent  white  noiae  with  corresponding  spectral  density 
With  automatic  or  manual  gain  control,  ensuring  constancy  of  frequency  of  false 
alarms,  ths  harmful  influsnoe  of  interference  reduces  to  a  decrease  of  the  equivalent 
signal-to-nolae  ratio.  A  oorraaponding  daoreaae  of  tha  frea-apaca  range  of  the 
target  with  given  probabilities  0  ai^  F  may  ba,  as  with  tha  coherant  aignal,  cal¬ 
culated  by  the  formula  (4,12.1). 

For  lurottotion  from  intarferenoa,  acting  in  tha  direction  of  the  lateral 
lobe,  as  in  the  case  of  the  coherent  signal,  the  method  of  caeqMnaation  of  inter¬ 
ference,  described  in  paragraph  4.12.1  o«n  ba  uaad. 

Lat  us  consider  interference,  represented  by  a  random  aaquenoe  of  pulses  with 
arbitrary  intrapulae  modulation  u^U),  Tha  influanoe  of  this  intar ferenee  on  the 


system  of  detection  in  the  fora  considered  here  does  not  reduce  to  the  influence 
of  equivalent  white  noise.  Strict  analysis  of  this  influence  is  connected  with 

4 

the  calculation  of  interaction  of  the  signal  and  interference  in  an  amplifier 
of  intermediate  frequency  (due  to  nonlinearity  of  the  amplifier,  which  we  cannot 
disregard  due  to  the  high  level  of  interference)  and  video  detector.  In  order  to 
simplify  calculations,  we  shall  consider  that  due  to  limitation  in  the  IFA,  with 
coincidence  of  signal  from  the  target  and  interference  in  time,  the  signal  and 
noises  of  the  receiver  can  be  disregarded.  Under  this  condition,  the  influence  of 
interference  on  the  system  reduces  to  the  appearance  of  an  additional  fluctuating 
component  on  the  input  and  to  vanishing  of  a  certain  part  of  pulses  of  the  signal, 
coinciding  with  the  interference. 

If  the  frequency  of  tracking  of  pulses  of  interference  is  not  very  great,  then 
vanishing  of  part  of  the  pulses  of  the  signal  in  the  first  order  of  approximation  can 
be  disregarded  and  considered  only  as  an  additional  fluctuating  component  on  the 
input  of  the  relay,  and  also  a  change  of  amplification  factor,  stipulated  by  the 
Influence  of  interference  on  the  automatic  gain  control.  With  automatic  gain 
control  and  sufficiently  frequent  interference  such  a  case  is  possible,  when  the 
interference  emerges  from  under  the  limitation.  Usually  this  case  corresponda  to 
the  impermissibly  lowered  reliability  of  detection  and  we  will  not  octftsider  it. 

In  accordance  with  the  assumptione,  tha  aocumulatad  voltage  in  the  presence  of 
random  pulse  Jamming  (RPJ)  recorded  in  the  form 


Where  is  the  square  of  the  envelops  of  voltage  of  interference  in  the  Jth  period 
on  the  output  of  the  system  of  intraperiod  processing, 
is  the  mean  value  of  the  square  of  the  envelope  of  noise  on  the  output  of 

the  same  system. 

The  distributive  law  of  the  first  oomponent  in  (i».6.1)  in  detail  was  invsstigaisd 
in  the  preceding  paragraph.  Tha  distributive  law  of  the  second  component  at  n  1 


is  possible  to  consider  due  to  the  independence  of  values  of  interference  in  various 
periods.  We  must  JKnd  the  mean  value  and  dispersion  of  the  second  component  and  produce 
contraction  of  the  distributive  laws  of  components,  in  order  to  find  distribution 
p(V). 

Considering  the  appearance  of  pulses  to  subordinated  to  the  law  of  Poisson 
with  average  frequency  v,  we  have 

(5.6.2) 


=»(")■ 


(5.6.3) 


vt. 


where  C^(  t,  A*)  is  the  function  of  mutual  correlation  of  pulses  of  interference 

«■(/)  and  signal  u(t):  ^ 

C,(t.  A«)=>  (5.6.4) 

and  T  and  Aw  is  detuning  of  pulses  of  interference  and  expected  signal  from 
target  in  time  and  in  frequency. 

In  (5.6.2)«->(5.6.4)  it  is  assumed  that 


(5.6.5) 


Bn  in  (5.6.2)  and  (5.6.3)  designates  the  energy  of  pulse  of  irterferenoe  on 
the  input  of  the  systm  of  intrapsriod  prooessingi  i.e.,  after  passage  through  IFA. 
Obviously,  in  the  presence  of  limitation 

where  is  the  level  of  Hmitatiai, 

««  is  the  effective  pulse  duratiw  of  intfrferenoe. 

Let  us  turn  to  the  oalculatiort  of  eharaoteristios  of  detection.  If  there  is 
no  signal  from  the  target,  and  if  n  >1,  then  the  distributive  law  for  V  may  be 
considered  normal.  Uaing  (5.6*2),  (5*6*3)  and  expressing  the  threehold  of  operation 
of  relay  by  the  probability  of  false  alam  without  RPJ,  for  the  probability  of 
false  alam  we  obtain 

(5.6.7) 


whore 


1 

(5*6.8) 


and  is  the  interference-to-noise  ratio  in  the  period  of  repetition. 

Z/V, 


From  (5.6.7)  and  (5.6.8)  it  follows  that  in  the  case  RPJ,  AGC  does  not  ensure 
constancy  of  frequency  of  false  alarms,  which  diminishes  with  an  increase  of  frequency 
of  interference. 

We  shall  now  calculate  the  probability  of  correct  detection.  For  that,  lot 
us  recall  [see  (5.3.4)],  that  during  alow  fluctuation  the  distributive  law  of  stored 
signal  is  a  contract  of  the  exponential  law  and  chi-square  of  distribution  with 
2(n~l)  degrees  of  freedom.  At  n  >  1,  this  law  can  be  replaced  by  the  nomal  one. 
Inasmuch  as  the  distributive  law  of  accumulated  interference  also  is  assumed  to  be 
normal,  the  law  of  p(V)  is  obtained  as  a  result  of  contraction  of  exponential  and 
normal  distributions.  Integrating  p(V)  fjrom  c  to  oo  and  replacing  the  integral  of 
probability  by  the  step  function,  we  obtain 

(5.6.9) 

where  D  is  the  probability  of  correct  detection  with  RPJ,  and  v  is  detsrmlned  \>y 
formula  (5.6.8). 

During  fast  fluctuation,  assuming  distribution  for  the  stored  signal  in  all 
cases  to  be  normal,  wm  have 


(5.6.10) 


FYom  (5.6.9)  and  (5.6.10),  it  is  clear  that  dialniahas  with  an  inoraasa 
of  frequency  of  intarfararca. 

The  critical  algnal-to-intarfaranca  ratio,  corraaponding  to  tha  givan  probability 
of  detection,  la  inoraasad  in  tha  prasanoa  of  intarfaranoa  approximaialy  in  proportim 
to  the  average  power  of  intarfaranoa  on  tha  output  of  tha  ayatam  of  intri^riod  prcoffm- 
ing  l  >  vr,9a).  The  same  Ineraasa  of  q  alao  takaa  pXaot  during  noise  intarfaranoa, 

So  that  these  forms  of  intarfaranoas  are  approximately  aquivalant. 


For  prottctlon  fron  RPJ  with  great  pulse  poi<er  it  is  possible  to  use  cutoff 
of  the  receiver  for  the  tisw  of  incooe  of  the  pulse,  large  as  coaq)ared  with  the 
pulse  of  the  signal.  In  this  case,  the  probabilities  of  false  alam  and  correct 
detection  will  decrease  by  measure  of  growth  of  frequency  of  interference,  since 
part  of  the  stored  pulses  of  noise  or  signal  with  noise  falls,  due  to  coincidence 
with  interference.  The  number  of  stored  pulses  diminishes  m  the  average  of  (1— p^) 
tiMS,  tdiere  p^  is  the  probability  of  pulse  of  signal  and  interference.  In  accord¬ 
ance  with  this,  the  threshold  slgnal-to-interference  ratio  for  the  period  increases 
l/j/'i  times.  Probability  p^^  is  equal  to  approximately  where  %c 

and  «a  are  the  durations  of  pulses  of  signal  and  interference. 

For  protection  from  RPJ,  it  is  possible  also  to  use  ordinary  circuits  of 
protection  from  ncn-synchronous  interferences  (delay  lines  for  a  period  with  «i»ei"adM 
of  coincidence,  et.).  In  the  use  of  a  delay  line  with  a  cascade  of  coincidence,  to 
the  output  of  the  latter  passes  only  that  pulse,  idiieh  corresponds  to  the  pulse  in 
that  same  point  of  the  preceding  period,  due  to  which  the  number  of  pulses  of  inter¬ 
ference,  appearing  in  the  intervals  betWMn  pulses  of  the  siffrtal  decreases 
times,  and  accordingly,  the  frequency  of  false  slam  is  lowered. 


5.7. 


Sometimes  it  is  sufficient  only  to  establish  the  fact  of  the  presence  of  the 
tari^t,  not  indicating  the  distanoeto  it.  As  was  noted  in  Chapter  3,  close  in 
effectiveness  to  the  optimum  aystam  of  detection  in  this  case  is  the  aultlchannel 
system,  which  compares  with  the  threshold  the  relation  of  verisimilitude  for  various 

I 

values  of  distance.  In  certain  cases,  such  a  system  can  be  unjustly  complicated. 

In  this  paragraph  m  shall  consider  several  simpls  systems,  whieh  in  prineipls 
can  be  used  for  the  solution  of  this  problem. 

frobably,  the  simplast  and  most  evident  method  of  detection  of  incoherent 
pulse  signal  without  detamination  of  megnltuda  of  delay  is  integration  of  seamiiiic 
fay  diatanci,  carried  out  through  the  output  of  tha  video  detector  (or  video 


anplifiar) .  If  tha  a  priori  Intarval  of  dalaya  d  r  ia  lass  than  tha  pariod  of 
rapatitlon^  tha  vidaoanpUfiar  or  IFA  is  gated  with  a  duration  of  d  r .  Tha 
tins  constant  of  tha  integrator  is  datarainad  by  the  duration  of  tha  bunch. 


Considering  integration  during  tha  tine  T  to  be  Ideals  tha  detector  quadratic 
and  the  video  a^ilifiar  linear,  it  is  possible  to  register  voltage  on  the  input  of 


tha  relay  in  the  fom 


(5.7.1) 


where  is  the  voltage  envelope  on  the  output  of  the  systea  of  intraperiod 
processing  (on  output  of  coordinated  IFA,  if  intrapulsa  modulation  is  absent)  t 
seconds  after  the  beginning  of  the  J-th  period. 


Voltage  Ai(t)  has  a  spectrum,  limited  by  the  transmission  band  of  the  system 
of  intraperiod  processing,  coinciding  with  the  width  of  the  spectrum  of  modulation, 
and  in  accordance  with  the  theorem  of  V.  A.  Kotel'nikov,  can  be  ocmplstely  character¬ 
ised  by  discrete  values  in  points,  distant  from  each  other  by  Examining 

this  ciroumstanoe  and  oonsidsring  that  in  the  gats  d  r  there  is  a  signal  from  one 
target,  (5.7.1)  can  be  rewritten  in  the  form 

imIGf 

Where  A^j  is  the  signal  envelope  with  noise  in  the  Jth  period, 

/luit  is  the  noise  envelops. 

All  /{(A/mIt-I)  of  valvies  4tti/  are  statistioally  independent  and  possess 
identical  properties.  Therefore,  for  calculation  of  distribution  p(V),  the 
belonging  of  /lut  to  sosN  period  does  not  have  meaning,  which  is  also  considered  in 
the  notation  (5.7,2). 

The  distributive  law  of  p(7)  can  be  received  by  contraction  of  laws  for  the  first 
an  'ioond  components  in  (5*7.2).  The  distributive  law  of  the  first  component  was 
otnsidered  in  detail  In  Section  5.3.  The  second  component  is  subordinated  to  chi- 
square  distribution  with  2  n(AfuAt-lf  degrees  of  freedom  (4>»t  oen  be  represented 
in  the  form  of  the  sum  of  squares  of  sine  and  cosine  of  the  noise  components  on 


the  Input  of  the  detector,  tdiieh  are  Independent). 

In  the  ease  of  slow  fluctuations,  in  accordance  with  (5 *3 >4)1  for  character¬ 
istic  distribution  function  p(V)  we  have 

_ I _  (5.7.3) 

where  k=stfu^x. 

From  (5*7.3),  for  an  equation  of  the  characteristics  of  detection  analogous  to 
(5.3.6)  we  have 


2ln-g- 


In-g- 


(5.7.4) 


from  t^ich  it  is  clear  that  due  to  integration  of  scanning,  the  threshold  signal-to- 
noise  ratio  is  increased  by  ^'k  —  ySf^x  times,  at  the  sans  value  of  probability 
of  false  alarm. 

If  the  frequency  of  false  alarm  is  given,  the  probability  of  false  alarm  in  a 
system  with  Integration  of  scanning  turns  out  to  be  k  times  less  than  the  probability 
for  one  section  in  the  multichannel  system*  With  real  values  of  k  and  P,  calculation 
of  this  circumstance  leads  only  to  an  insignificant  deviation  tram  dependence  fo(4). 

In  the  ease  of  fast  fluctuations  with  the  use  of  normal  approximation^  the 


equation  of  characteristics  of  demotion  has  the  form 


1 1  -I—"  M 

y 


(5.7.5) 


At  q  ^  1,  the  second  componmt  under  the  radical  may  be  dleregardsd  msd  for 
calculation  of  we  can  use  the  characteristics  in  Section  5*3i  by  increasing  the 
threshold  value  of  c,  by  ‘times. 

It  is  Interesting  to  note  that  in  a  sMlar  manner,  on  the  number  of  sections 
in  distance  depends  the  threshold  signal  for  the  system  of  detection  with  search* 

In  search,  the  number  of  pulses,  stored  in  every  section,  decreasea  k  times,  due 
to  which  Thus,  the  system  with  integration  of  scanning  and  the  system 

with  search  turn  out  to  be  equivalent*  The  very  same  aleo  takes  place  for  coherent 
systems  during  slow  fluctuation  of  reflected  signal  [see  (4*4*26)3* 


The  effect  of  integration  of  scanning  in  a  certain  interval  of  delays  frequently 
takes  place  also  in  a  multichannel  system  (and,  in  particular,  during  visual  detec¬ 
tion)  due  to  the  contracted  band  Af,  of  the  video  amplifier  or  the  insufficiently 
high  resolving  power  of  the  electron-beam  tube,  in  these  cases,  the  interval 
is  approximately  equal  to  l/Af^  or  (b  is  the  diameter  of  a  spot  on  the  screen 

of  the  tube,  Vp  is  the  speed  of  scanning).  Calculation  of  the  influence  of  the 
mentioned  technical  errors  can  be  performed  with  the  help  of  the  formulas  I'eceived 
here. 


It  is  possible  to  expect  that  the  influence  of  noise  in  a  system  with  Integra- 
tion  of  scanning  will  decrease  with  the  use  of  a  nonlinear  video  amplifier,  in 


which  the  detected  signal  is  limited  from  below.  Here, 

^  At  n 


l»l 


(5.7.6) 

where  f(x)  is  equal  to  sero  at  x  less  than  the  level  of  limitation  of  a  and  equal 

to  X  •  a  at  X  ^  a. 

Calculation  of  the  characteristics  of  detection  for  that  case  can  be  produced 
only  in  the  case  of  fait  fluctuations  of  signal  and  interferencs,  using  the  normal 
apjMToxijBation,  tute  shall  find  an  expression  for  the  msan  value  and  dispersion  of 
magnitude  V.  Considering  that  is  subordinated  to  exponential  distribution,  for 
7  we  easily  obtain  (with  accuracy  up  to  nonossential  constant  factor) 


n  7  • 

aJdjf-fa  (^  —  l)J.'f/>ut(*v-f  a)d.v 
«afl[(t-J-g)c  — l)r*“ 

Just  as  simply  is  calculated  dispersion  of  random  variable  V  without  a  si^l 
from  the  target. 

(2  — «“•)«-*.  (5,7.g) 

Using  formulas  (5.7.7)  and  (5.?.d)  and  considsrinf  the  law  of  distribution  for 
V  to  be  normal,  it  la  easy  to  reosivs  the  following  equation  for  threshold  8ignal«to« 


noise  rat.io  q,  corresponding  to  a  50^  probability  of  detection: 

— e  *  — e-“  ,  ( 

whore  is  the  signal-to-noise  ratio,  corresponding  to  D  -  0.5  without  iimitatior; 

(a  0).  When  q^<l,  the  value  of  a,  ensviring  minimum  q,  turns  out  to  be  equai.  to 
zero. 

When  ^  1  and  q  >  1 

.  (5.7.10) 

from  which  it  is  clear  that  q  monotonically  diminishes  with  increase  of  a.  The 
same  result  is  also  given  by  graphical  solution  of  the  equation.  It  shows  that  the 
n>.mai  uporoximation  is  impossible  to  use  for  determination  of  optimum  level  of  a. 
ihe  fact  that  this  level  exists  is  clear  from  physical  considerations:  with  un¬ 
limited  increase  of  a  even  at  the  level  of  operation,  equal  to  the  level  cf 
I  n  i  tai ..ion,  the  probability  of  detection  should  infinitely  diminish.  Here,  the 
oo>.cilt..'ous  of  application  of  the  normal  approximation  are  executed  poorly,  since 
'bore  occurs  a  number  of  components  different  than  aero  in  (5.7.6).  Aoparently, 
tiic  optimum  of  a  has  a  magnitude  of  the  order  q  and  is  increased  by  measure  of 
1  :.<;]!  ease  of  the  number  of  pulses  n.  A  corresponding  gain  in  the  threuhold  signal- 
!  ''-noise  ratio  cun  be  approximately  calculated  by  the  formula  (5.7.10).  The 
/  0  tif>ut  the  accurate  value  of  the  optimum  and  magnitude  of  gain,  due  to 

l  a  '  is  the  simplest  of  all,  apparently,  in  every  separate  case  to  solve 
'iyiu:r  ijnf't.il,iy. 

N  dse -resistance  of  the  system  with  integration  of  scanning  in  reference  to  noino 
and  random  pulse  jamming  is  determined,  as  is  simple  to  be  convinced  of,  by  the  same 
relationships  as  in  the  case  of  a  system  with  accumulation  of  squares  of  envelopes. 
Introduction  of  limitation  from  below  in  no  wny,  obviously,  affects  the  noise- 
resistances  in  reference  to  rendom  pules  jaasiing,  inasmuch  as  the  level  of  limitation 
H  loss  than  the  amplitude  of  pulses  of  the  interference. 

Apnroxlmately  the  same  results  will  be  obtained,  obviously,  if  ins  it  cad  of  the 


constant  componant  of  detected  voltage,  x^leaeed  during  integration  of  scanning,  we 
use  some  harmonic  of  frequency  of  repetition,  released  with  the  help  of  a  filter. 

The  signal-to-noise  ratio  for  these  harmonics  turns  out  to  be,  in  the  case  of  a 
coordinated  filter  of  intraperiod  processing,  equal  to  the  signal-to-noise  ratio 
on  the  aero  harmonic. 

5.8.  System  of  Detection  with  Binary  Accumulation  of  Signal 

For  accumulation  of  a  signal  in  large  tiias  Intervals,  analog  Integrators,  on 
the  strength  of  a  number  of  deficiencies  inherent  to  them,  turn  out  to  be  not  ^olly 
useful.  In  order  to  carry  out  accumulation  with  the  help  of  a  digital  device,  it 
is  necessary  first  of  all  to  convert  all  detected  voltage  into  a  number.  Here, 
inasmuch  as  the  number  of  digits  in  a  digital  installation  is  limited,  there  in¬ 
evitably  takes  place  replacement  of  voltage  by  the  nearest  of  possible  numbers,  l.e., 
quantization. 

The  simplest  case  of  quantisation  is  quantisation  by  two  levels  of  0.1,  which 
is  carried  out,  for  exaBq;>le,  by  means  of  feeding  a  video  signal,  selected  in  the 
appropriate  way  according  to  distance,  on  a  relay  with  one  steady  state.  The  total 
number  of  standardised  pulses  obtained,  during  the  time  of  bbservaticn  T  "  nT,,  (n 
is  ths  number  of  periods  of  durstion  Tj.)  is  esloulated  end  is  oosqMred  to  the 
threshold  k,  exceeding  of  idiioh  indicates  the  presence  of  a  target.  As  showed  the 
simulation  t75!}»  such  a  method  of  prooeesing  quantised  signals  ensures,  along  with 
detection,  suffioiently  aeourate  location  of  a  bunch  of  pulsea,  refleotad  from  the 
target. 

Hie  main  problam  oonnaeted  with  binaxT  aeoumulation,  ia  the  eonpariaon  of  it  with 
the  analog  type.  It  is  also  intarestlng  to  note  the  question  of  in  Miat 
are  the  operations,  carried  out  in  this  case  on  the  qnantised  pulses,  near  to 
optimum. 

We  shall  oonatitute  the  relation  of  verisimilitude  for  quantised  signals.  For 


I  hat.,  let.  us  consider  at  first  a  sequence  of  pulses  with  fixed  anplitudes,  which 

correspond  to  sipial-to-noise  ratio  q\ . q„.  For  realization,  consisting  of  v 

ones  and  n  -  ▼  seroes,  the  relation  of  verisimilitude  in  this  case  is  recorded  in 


the  .for» 


A (y; .  ^h)  ==  n n  a) 

II  1—^(0,  a)* 


(5.8.1) 


w!-if5rf?  a)  is  the  jjrpbability  of  exceeding  the  threshold  of  quantization  a 

of  the  signal  envelope  %dth  noise  at  signal-toHioise  ratio  qi. 

The  first  ]»*oduot  in  (5.8.1)  is  taken  for  all  periods,  in  which  there  appeared 
a  one,  and  the  second  product— for  all  remaining  periods. 

The  relation  of  verisinilitude  for  a  fluctuating  signal  can  be  received  by 
(5.8,1)  for  all  (/®1,. ..,/!) 

(5,8,2) 

Tn  the  case  of  slow  fluctuations  with  probability  ons  and  relation  of 

verisimilitude  ^»"ss^,=s,..s!3g» 


The  relation  pf  ^rislodlitude  A(y)  is  a  aonotonioally  inortasing  function  of 
the  ntimber  of  <mes  Vi  oonparison  of  which  with  the  threshold,  carried  out  during 
binary  aeoumulationt  ia  the  optiauii  for  this  oaae  of  operation.  An  analogous 
resuU  is  obtainad,  if  pulsea  of  ttw  aignal  fluotuata  indapandantljr.  Hart, 


where 


«)• 


.  a)dq^, 


(5.8.4) 


(5.8.5) 


Tn  a  oaae,  IntanMdiaU  between  vary  alow  and  vary  feat  fluotuation,  .My) 
depends  not  only  on  the  nuabar  of  enea,  hut  also  on  thslr  distribution  in  saquaneas 
This  result  la  not  auddan.  Froa  qualttatlva  oonaldarationa  it  ia  quite  elaar  that 
at  a  auffioiantly  large  algnal-to-noisa  ratio  q,  tho  onaa  in  the  aaquenoaa  ahould 
with  gi'eut  probability  be  arranged  in  groupa,  the  duration  of  tdiioh  ia  dataralnad 


by  the  tins  of  correlation  of  fluctuations.  Calculation  of  A(^)  for  that  inter¬ 
mediate  case  is  connected  with  significant  difficulties. 

Calculation  of  characteristics  of  detection^  corresponding  to  binary  accunulation 
ccmparatively  siiq)ly  is  conducted  for  the  case  of  independent  pulses.  Here,  the 
number  of  ones  is  subordinated  to  binoedal  law  and  for  probabilities  of  correct 


detection  and  false  alarm,  we  hawe^ 

(5.8.6) 

^«|](C)/(0,  a)[\  -p(0.  a)r\  (5.8.7) 

Excluding  k  from  here,  we  can  find  dependence  D(P,  q,  a)  and,  maximising  D 
(minimising  q),  by  a-^optiaum  magnitude  of  threshold  of  quantisation  and  oorrespon'* 
ding  value  of  k.  The  reverse  can  be  done:  express  a  by  F  and  find  the  optimum  value 
of  k.  The  necessary  calculations  can  only  be  done  numerically* 

Dependence  90  (F^  D,  k)  for  IndepMdently  fluctuating  pulses  already  was 
considered  in  Chapter  4  in  connecticm  with  the  problem  of  survey,  la  Fig.  46ld« 
dependence  ^(i(k)  is  shrmi  graphically  for  various  D  and  F  10*^,  n  »  10.  ITom 
the  graph,  it  is  clear  that  dependence  90  (k)  is  near  opilaum,  lying  in 

vicinity  of  3— 5*  and  is  rather  weak.  Ihe  cptiaiHi  value  of  p(0,  a)  is  2*10~^  7 

■  -2  ’  ‘ 

2.10  .  lose  as  ooetpared  with  analog  accumulation,  as  shows  the  eaqparieoo  of 
corresponding  curves  in  Fig*  4*18  and  5*lf  is  1*5*-.1*7  db. 

Xn  the  ease,  when  n  ^1  and  djjpi*  it  is  poceible  to  uee,  for  calculation 
of  oharaotarlsUos  of  dataeticn,  tha  normal  anroxiaaticn.  Tha  msan  valua  and 
dispersion  of  aceiantlatad  voltage  art  detarminad  ty  fonmtlas 

whars  pik(f‘i,6)  is  tha  joint  dlatribtttica  of  squaras  of  anvelopaa  of  the  fluetiiitiag 
sliPMaAdth  nolea  in  j-th  and  k^  psrloda  [sia  (2.4.44)  j 


W»  shall  use  daeos^xMiltiaii  of  pik(rv  r»)  in  sarlas  according  to  Laguerrt 


polynottials 


•«»0  ... 

V  f-i- ill 

2 

y/hw  9  is  tha  powsr  of  noiaa  on  outiMt  of  ths  dataetor* 

«(/-«)» 

is  tha  coaffieiant  of  intarpariod  oorralation  of  totality  of  signal  and  noiaa  on 
input  of  dataetor, 

^  if  tha  aignal^to-ndlaa  ratio* 

|)(/~ik)ia  tha  coaffieiant  of  oorralation  of  signal  fluetuationa. 


Mi  shall  aaatas  that 


By  suhititutlng  (5*6»9)#  (5»^*10)  in  at  obtain 


(5.8.10} 


(5.8,11/ 


(5.8.U> 


Tha  aartaa  < 5.8.18)  oonairgaa  ^oldy  and  can  ha  uaad  In  praotieal  oalnulatlono. 
Tha  ramlta  of  auoh  calattUUan  art  rapraianta8  la  fig.  54  in  tha  fcm  of  dapandaaet 
^  on  a  idiia  D  •  (^9»  It  eaa  ^  aata  iy«a  tha  0wp^  tha  ; 

loss*  eauaad  hf  riplanwnt  of  analog  aeouiMlation  hy  Unaiy*  la  iaaraaaad  idtli 
tha  growth  of  n{  howaiar*  tha  rata  of  thin  laeraaaa  gi«iliially^^^<^^ 

Calottlatien  of  tltaraotariatioa*  oowaapendiat  W  hiaacy  aottanalatloa  da^^ 
alow  fliiettiation*  asy  ha  oplttad*  avaraiiai«  hr  tte  al«iali4o<4M^  ratio*  tto 
ohai«et«rlatloa  of  datoetlen  for  a  ragiUar  ai«ial  (aaa(5.8«8)3.  tha  latlar*  ^ta 
in  datall  ara  oonaidarad  la  t7t3»  whata  it  waa  ahoitt  that  tha  opUawa  la  Magnitada 


of  threshold  of  qumtiiatlon  in  th«  ea«o  of  a  ragular  algnal  alao  la  hardly  critical. 
Magnitude  a  la  proposed  to  selout  by  proceeding  frcn  the  condition  p  (0,a)'~^0,l. 

Here,  the  loss  in  the  signal-to-nolse  ra^i^lo  as  cosipared  idth  analog  accuamlation  is 
1.5  -  2  db.  Ayeraging  of  characteristics,  corresponding  to  the  regular  signal,  in 
the  magnitude  of  the  signal-to->nolse  ratio  can  only  be  done  numerically. 


Fig.  5.3.  Change  of  loss  in  distance  due 
to  replacement  of  atialog  accumulation  by 
binary,  depending  upon  number  of  stored 
pulses. 

In  Fig.  5.3  is  shown  the  calculated  dependence  of  ^ on  n  when  1 
and  D  -  0.9.  Comparison  of  curves  of  this  figure  shows  that  the  loss  of  binary 
accumulation  grows  with  the  increase  of 

The  available  results  of  oonparison  of  systems  of  detection  with  binary  and 
analog  accumulation  of  detected  pulses  show  that  binary  accumulation  gives,  in 
general,  an  unessential  loss  and  can  be,  with  success,  used  in  cases,  tdien  rsalisa* 
tion  of  the  system  with  analog  accumulation  encounters  technical  difficulties. 

Binary  summation  may,  obviously,  be  used  also  for  accumulation  of  a  detected 
signal  in  systems  of  detection  of  coherent  signal.  Here,  quantisation  should  be 
carried  out  by  amplitude  and  by  time.  The  interval  of  quantitation  in  time  should 
be  stoall  as  compared  with  the  time  constant  of  the  prenleteotor  naxrow-band  filter. 

5*9*  Conclusion 

Comparison  of  coherent  and  l''coherent  systems  of  dstsetion  shows  that 
incoherent  systems  frequently  here  eignlfioant  loss  in  distance.  In  the  most 


typical  case  of  slow  fluctuations  of  target,  this  loss  grows  with  the  increase  of 
number  n  of  stored  pulses  approximately  as  Only  in  the  case  of  independently 

fluctuating  pulses  of  a  signal  idien  coherent  Joint  processing  of  these  pulses  is 
impossible,  there  is  no  loss.  Hence,  follows  the  expediency  of  transition  to  the 
use  of  coherent  systems  of  detection  in  those  radar  stations,  for  which  such  transi¬ 
tion  technically  is  possible. 

In  the  solution  of  this  question,  one  should  consider  that  transition  to 
coherent  detection  requires  introduction,  to  the  receiver  of  the  radar  set,  usually 
of  a  very  significant  number  of  channels,  detunned  by  Doppler  frequency  and  covering 
a  prioii  interval  of  frequencies  (see  Chapter  4).  In  Incoherent  systems,  the 
multichannel  effect  in  speed  is  usually  absent,  inasmuch  as  Doppler  frequency  turns 
out  to  be  low  as  compared  with  the  width  of  the  spectrum  of  the  pulse.  In  certain 
systems,  the  shown  complication  of  the  receiver  turns  out  to  be  impermissible  and 
for  them  incoherent  signal  processing  is  more  acceptable. 

With  the  incoherent  signal,  the  system  of  d'itection  should  be  multichannel 
with  respect  to  distance,  i.e.,  it  should  ensure  independent  accumulation  and 
comparison  with  threshold  of  signals,  arriving  from  various  distances.  Analysis  of 
the  system  with  integration  of  scanning,  conducted  in  this  chapter,  showed  that  the 
abandonment  of  the  multichannel  effect  entails  an  essential  loss  in  the  free-space 
ranges.  For  construction  of  a  uultlohaniMl  receiver  storing  devices  dan  be  used  of 
the  potentialssoope  type  or  delay  lines  with  feedback,  or  blocks  of  gated  amplifiers, 
the  gates  of  which  are  detunned  with  respect  to  distance,  with  subeequent  analog  w 
binary  accumulation.  In  the  laet  eaae,  accumulation  can  be  carried  out  with  the 
use  of  computers. 

Loss  with  rsspset  to  distance,  due  to  binary  accumulation  upon  correct  salmotion 
of  threshold  of  the  standardising  device,  turns  out  to  be  ocmparatively  email 
(10-15«). 

For  daereaae  of  number  of  ohannele  with  reepeot  to  distance,  as  with  the 


coherent  signal,  it  is  possible  to  use  an  increase  of  resolving  power  up  to  that 
required  after  detection,  for  example,  by  means  of  connecting  intrapulse  modulation. 

During  slow  fluctuation  of  reflected  signal,  for  increase  of  range  simultaneous 
or  alternate  operation  can  be  used  on  several  carrier  frequencies,  and  also,  an 
increase  of  frequency  of  survey  (subdivision  of  time,  used  for  detection,  in  indepen 
dently  fluctuating  cycles).  For  obtaining  a  gain  in  distance,  near  to  maximum,  in 
each  of  these  cases  it  is  usually  sufficient  to  take  2  to  5  operating  frequencies 
(cycles  of  survey).  The  biggest  gain  is  obtained  with  the  use  of  retuning  of 
frequency  with  accumulation  of  results  of  processing  separate  pulses  during  the  time 
of  observation.  For  example,  at  5  alternately  utilized  carrier  frequencies,  the 
free-space  range  with  probability  0.9  is  increased  by  1,5  times. 

Calculation  of  the  possible  presence  of  active  interferences,  as  in  the  case  of 
coherent  signal,  should,  apparently,  be  produced  with  the  help  of  additional 
devices  introduced  in  the  receiver  for  protection  from  interferencea,  connected  upon 
appearance  of  any  form  of  interference. 

For  protection  from  random  pulse  Jamming,  it  is  possible  to  appiy  selection  of 
pulses  by  amplitude  or  by  frequency  of  sequence.  On  the  whole,  the  noise-resistance 
of  incoherent  systems  of  detection  is  significantly  lower  than  coherent  ones.  This 
especially  refers  to  passive  interferences,  for  protection  from  »riiich  with  an  in¬ 
coherent  signal  only  the  system  with  external  ooherenoa  can  be  used,  which  was 
considered  in  the  preceding  chapter. 

In  spite  of  the  abundance  of  incoherent  systems  of  detection,  some  of  the 
problems  connected  with  these  systems  remain  unsolved  or  are  not  solved  until  the 
end.  In  particular,  there  are  no  sufficiently  full  results  on  the  oharaoteristics 
of  binary  accumulations,  eonoeming  seleotlon  of  thresholds  of  the  standardising 
cascade  and  relay  and  oonsiderlng  the  presence  and  character  of  fluctuations  of  a 
useful  signal.  This  problem  obtained  at  present  a  large  meaning  in  connection  with 

the  wide  use  of  digital  technology  in  systems  of  processing  radar  data.  Its 
solution  Is  connected  with  large  calculating  difficulties,  the  auuvounting  of  which 


will  demand,  apparently,  the  use  of  high  speed  computers. 

Some  interest  is  also  represented  by  the  investigation  of  characteristics  of 
detection  for  optimum  processing  of  an  incoherent  signal  in  those  cases  (see  Section 
5.2),  when  it  does  not  coincide  with  accumulation  of  squares  of  envelopes.  Apparent¬ 
ly,  such  consideration  is  simple  to  make  for  a  small  number  of  stored  pulses  (for 
example,  n  -  2).  Very  desirable  also  is  the  stricter  comparison  of  characteristics 
of  detection  with  linear  and  square-law  detectors.  We  enumerated  typically 
"incoherent"  problems.  Furthermore,  a  number  of  unsolved  problems,  enumerated  in 
the  conclusion  of  Chapters  3  and  4,  is  common  for  coherent  and  incoherent  signals. 
Here  is  the  problem  of  optimum  survey  and  target  search,  the  problem  of  detection  of 
nonpaussian  signal  for  the  f^ase,  when  it  is  impossible  to  disregard  the  problem 
of  detection  of  a  target  on  trajectories  with  the  use  of  a  memory  from  cycle  to 
cycle,  etc, 
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